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Carbon nanotube Bloch equations are proposed to analyze the many-body electron dynamics for optical
interband transitions in carbon nanotubes. As a first approach, the Bloch equations for microscopic transitions
and occupations are discussed within the screened Hartree-Fock approximation. The potential of the Bloch
equation approach is illustrated for linear and nonlinear optical spectra and ultrafast electron dynamics in
carbon nanotubes.
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INTRODUCTION

The electronic and optical properties of carbon nanotubes
�CNTs� are dominated by many-body effects, such as
electron-electron and electron-phonon interactions. Ex-
amples include the formation of excitons1,2 and their cou-
pling to vibronic modes.3 Recent theoretical work on CNTs
is focused on the stationary response of these nanotube ex-
citations to cw fields: Several frequency range descriptions,
using Hubbard models4,5 or ab initio approaches based on
density functional theory methods and the Bethe-Salpeter
equation,6,8,7 have been developed.

In this paper, we describe a dynamical approach to CNT
properties which can be used to directly describe their linear
and nonlinear optical response to ultrashort optical pulses.
For this purpose, the many-body density matrix theory9–12 is
combined with tight-binding band structure calculations of
CNTs.13,14 We show that the derived carbon nanotube Bloch
equations �CNBEs� contain excitons as elementary optical
excitations, both for weak excitation as well as for optical
nonlinearities, including gain for high excitation. We illus-
trate the temporal response to ultrashort pulses by calculating
the time dependence of the electron density and the optical
Stark effect. Our goal is to give compact equations for the
CNT interband optical transitions and band occupations that
can be used to describe experiments relying on testing tem-
porally resolved quantities.15,16

Our starting point is the CNT Hamiltonian H=Hf +Hee,
where Hf =H0+HA-el is the free particle electron Hamiltonian
in the tight-binding approximation containing the single-
particle energy and the electron-light interaction for a spa-
tially homogeneous field �long wavelength approximation�.
Here, Hee accounts for the electron-electron interaction. The
theory is evaluated in second quantization to include the fer-
mionic character of the CNT electrons,
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Here, a1
† �a1� creates �destroys� an electron with the com-

pound quantum number 1= ��1 ,k1�, describing CNT states in
band �1 including the electronic wave number k1=k1� +k1�.
Moreover, k1� is the continuous component parallel to the
nanotubes axis, while k1� is the discrete, perpendicular com-
ponent in the zone-folding approximation. E�1�=E�1

�k1� are
the tight-binding single-particle energies.13 At is the time de-
pendent vector potential describing an incident optical pulse.
At is split into a fast rotating term with frequency �L and a
slowly varying pulse envelope A0�t�: At=A0�t��ei�Lt

+e−i�Lt�. The single-particle tight-binding wave functions
�� ,k� have the form13
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with N the number of graphene unit cells in the single-walled
carbon nanotube. Here, ��r−R j

s� are the 2pz atomic orbitals
located at the lattice positions R j

s, where s labels the two
sublattices and j the atomic positions. M12=�k1,k2

�1���2�
are the optical momentum matrix elements in a tight-binding
basis analyzed in detail in Refs. 17–19. m0 denotes the
free electron mass and e0 the elementary charge.
V

34
12= �1��2�V�r−r���3��4� are the Coulomb matrix elements20

and V�r−r�� is the Coulomb potential. As the bare Coulomb
potential can give rise to infinite exciton binding energies in
one-dimensional systems, a regularized CNT Coulomb po-
tential is used to account for the finite tube radii. This is done
by averaging the three-dimensional Coulomb potential using
an electron density 1

2�	0
��	−	0� �	0 is the radius of the

CNT�. This procedure leads to Coulomb matrix elements
similar to Ref. 21, but it also takes into account the proper-
ties of the tight-binding wave functions and atomic orbitals,
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Here, 
��k ,q� is a factor accounting for the CNT structure
via the tight-binding wave functions with the band index �
= ��1 ,�2 ,�3 ,�4�, S�q��= �P0

2+q�
2�6, I0�x� �K0� are the modi-

fied Bessel function of the first �second� kind, ��q�� is the
internal static ��→0� screening in random phase
approximation,20 �r is the background dielectric �external�
screening constant ��r=1 throughout this paper�, and P0
=Zef f /aB, where Zef f is an effective atomic number and aB is
the Bohr radius.

To illustrate the potential of our approach, we focus on
one valence ��=v� and one conduction ��=c� band �pz or-
bitals� and include only the two subbands at the minimum
gap energy. Further subbands or valence and conduction
bands �� orbitals� can be included in a similar fashion. For a
spatially homogeneous carrier distribution along the CNT,
the expectation values of two operators pk�t�ª �avk

† ack� and
nk

��t�ª �a�k
† a�k� describe the transition probability ampli-

tudes between the two bands and the occupations of band �
��=c ,v� at wave number k, respectively. These quantities
can be used to calculate the total electron n��t� and current
density j�t� as a function of time,20
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2e0

L�
�
k

nk
��t� ,
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k


Mk
vcpk�t� + c.c.� , �5�

with L� the length of the nanotube. n��t� and j�t� as macro-
scopic quantities can be used to characterize the absorption
spectra or the ultrafast response, both accessible in experi-
ments. n��t� and j�t� will be calculated via a Bloch equation
approach for CNTs.

CARBON NANOTUBE BLOCH EQUATIONS

To obtain the current and charge density 
Eq. �5��, the
equations of motion �EOMs� for the microscopic transition
amplitudes pk�t� and occupations nk

��t� are derived from the

Heisenberg equation of motion i�Ȯ= 
O ,H� for an observ-
able O. Evaluating the commutator, we find the free carrier
propagation and the electron-field and the electron-electron
contributions, ṗk= �ṗk�0+ �ṗk�A-el+ �ṗk�ee 
analog equation for
nk

��t��. Employing the rotating wave approximation �RWA�
with the ansatz pk�t�→pk�t�e−i�Lt, we find for pk�t�,

�ṗk�0 + �ṗk�A-el = i��L − �k
cv�pk − �nk

v − nk
c� , �6�

where =
e0

m A0�t� ·Mk
vc. The energy dispersion of the inter-

band transition �k
cv= 
Ec�k�−Ev�k�� /� is calculated from the

tight-binding band structure.14 The Pauli blocking �second
term�, which reduces the electron-light coupling if nk

c�t��0
�finite conduction band electron density�, is determined by
the difference of the band occupations nk

v�t�−nk
c�t�. As a

first approach, which can be refined within the same

formalism,9,11,12,23 the electron-electron interaction � ṗk�ee is
treated in a statically screened Hartree-Fock factorization.20

The contributions of the electron-electron interaction take the
form,

�ṗk�ee =
i
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Here, we employed the definitions R�k,q�
1 =V�k,q�

cccc −V�k,q�
cvvc and

R�k,q�
2 =V�k,q�

vvvv −V�k,q�
vccv . The screened Hartree-Fock contribution

to the CNT EOM 
Eq. �7�� contains an exchange shift �first
sum� and an excitonic contribution �second sum�, both
screened; all other contributions vanish in RWA. These two
contributions correspond to the self-energy and the direct
contribution in a Bethe-Salpeter equation approach.24 The
first term in Eq. �7� causes a renormalization of the single-
particle energies �exchange shift�; the formation of excitons
is due to the second term �excitonic contribution�.

In the case of linear absorption 
sufficiently weak incom-
ing pulse A0�t��, the ground state electron occupation re-
mains unchanged �nk

c =0 and nk
v =1�. For strong optical

pulses, the electron occupations nk
� have to be considered

dynamically. A similar evaluation 
see Eqs. �6� and �7�� gives
the occupation dynamics ṅk

�= �ṅk
�� f + �ṅk

��ee,

�ṅk
v� f = �ṅk

c � f = − 2 Re�pk ,

�ṅk
v�ee = − �ṅk

c �ee =
2

�
Im�pk

*�
q

V�k,q�
vcvc pk+q� . �8�

In the following, we demonstrate the ability of the CNBEs

Eqs. �6�–�8�� to reproduce the well-known excitonic
spectra.2,6,8,22,24 However, the main purpose of our model is
to describe nonlinear optics and ultrafast electron dynamics.

EXCITONS IN CARBON NANOTUBES

To benchmark the CNBEs 
Eqs. �6� and �7�� and to illus-
trate that the Bloch equation approach reproduces well-
known aspects of CNT excitons, we discuss the linear ab-
sorption of the semiconducting �11,6� CNT. We solve Eqs.
�6� and �7� numerically to calculate the linear absorption
spectrum �calculations were performed with a phenomeno-
logical dephasing �=12.5 meV�. The current density 
Eq.
�5�� can be used to calculate the absorption coefficient

���	 Im
j���� /A����� for light polarized parallel ��� to the
nanotube axis.19 We reproduce exchange and excitonic en-
ergy shifts resulting from Eq. �7�. Both contributions to the
binding energy are shown in Fig. 1. The free carrier van
Hove singularity, typical for a one-dimensional free tight-
binding spectrum �short-dashed line�, is shifted by the ex-
change contribution to higher energies �renormalized band
edge, long-dashed line�. The excitonic contribution causes a
strong excitonic resonance well below the renormalized band
edge �all contributions, solid line�. As a result, we observe a
net blueshift of the electron-electron interaction induced
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excitonic resonance compared to the free spectrum. The inset
shows the details of the excitonic spectrum near the renor-
malized band edge. In this logarithmic plot, higher excitonic
states are visible.

The effect of an external dielectric screening �r caused by
the surrounding material �opposed to the internal screening
described by the Lindhard formula� can also be addressed

see Eq. �4��. Here, �r leads to an overall suppression of the
electron-electron interaction � ṗk�ee. Hence, the excitonic
resonance is redshifted toward the free band gap, and in the
limit �r→�, the free spectrum is obtained �not shown�.

CARBON NANOTUBE GAIN SPECTRA

Next, we illustrate that the CNBEs predict exciton satura-
tion and optical gain if electrons and holes are injected
within a quasiequilibrium situation into the conduction and
valence band of the CNT. nk

c and nk
v form Fermi-Dirac dis-

tributions fk
c�Ne ,T� and fk

v�Ne ,T�, fixed by temperature T and
the occupation percentage of excited electrons Ne. Here, Ne
=nc /Nm, where Nm is the electron density of the fully occu-
pied valence band. Such a quasiequilibrium situation may be
generated similar to semiconductor gain materials, since the
relaxation times for interband transitions �radiative decay�
are long in comparison to the intraband relaxation times.25

Figure 2 shows linear absorption spectra of the �11,6� CNT
for different occupations Ne �T=77 K�. For increasing carrier
density, the interplay of excitonic effects, exchange shift, and
dielectric screening 
Eq. �7�� leads to exciton saturation and
optical gain. The broad shoulder appearing above the reso-
nance with increasing carrier density is a signature of the free
particle spectrum �see Fig. 1�, which is reproduced for high
carrier density. A detailed analysis of the different contribu-
tions shows that the overall redshift mainly originates from
internal screening. This effect results basically from the static
screening model and is probably reduced by dynamical

screening.26 At about Ne=20%, optical gain �negative ab-
sorption� occurs, since the occupation at k states near the
band minimum is inverted. Such gain calculations are a pre-
requisite for future CNT lasers.

ADIABATIC FOLLOWING AND RABI OSCILLATIONS

In order to demonstrate the ability of the CNBEs to de-
scribe the many-body response to ultrafast pulses, we discuss
two effects known from two level systems: adiabatic follow-
ing and Rabi oscillations.23,27 Here, we focus on off-resonant
�detuning � below linear excitonic resonance� excitation
where electron-electron scattering is not important and the
Hartree-Fock approximation is a valid description. Figure 3
shows the dynamics of the electron occupation Ne
=nc�t� /Nm 
see Eq. �5�� if a CNT is excited by a 118 fs �full
width at half maximum� pulse. For detuning � of 100 meV
�or larger�, the occupation density adiabatically follows the

FIG. 1. Absorption spectra of the �11,6� chiral nanotube: free
tight-binding calculation �short-dashed line with a resonance at
0.7 eV�, HF spectra with �solid line� and without �long-dashed line,
exchange shift only� excitonic contribution. The excitonic reso-
nance at 0.82 eV 
experimental value for an air suspended �11,6�
nanotube �Ref. 22�: 0.9 eV� lies 0.62 eV below the renormalized
band edge at 1.44 eV. The inset shows details of the higher exci-
tonic levels near the renormalized band edge.
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FIG. 2. Absorption spectra of the �11,6� nanotube for different
occupation densities Ne at T=77 K. A finite occupation density
yields a redshift and bleaching of the excitonic resonance. At high
occupations, the absorption changes into gain as a result of occupa-
tion inversion.
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FIG. 3. Occupation dynamics of the �11,6� CNT with hm

=21 meV and �=50 fs for different detunings �. For off-resonant
excitation ��=100 meV�, it is seen that the occupation density fol-
lows the pump pulse �adiabatic following�. With decreasing detun-
ing �, the occupation increases. At about �=60 meV, Rabi oscilla-
tions begin, which are even more pronounced at �=0 meV.
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pump pulse.23 With decreasing detuning �, the excited car-
rier density is increased; below �=60 meV, density oscilla-
tions between the conduction and valence band �Rabi flop-
ping� set in.

DYNAMICAL STARK EFFECT

In experiments, the detection of pump-induced electron
dynamics n��t� can be studied using a pump-probe setup.
After a delay time �, the pump-induced response of the sys-
tem is probed by an ultrashort resonant probe pulse. To as-
sure the validity of the Hartree-Fock approximation, we fo-
cus on the off-resonant pump excitation �see Fig. 3� for �
=100 meV. Hence, the off-resonant pump pulse excites only
virtual occupations to the conduction band near the band
minimum that follow adiabatically �see Fig. 3�. Additionally,
to suppress relaxation contributions beyond the Hartree-Fock
approximation, the calculations are performed for �=0.28

First, the density dynamics induced by the pump pulse �with-
out the probe pulse� are calculated. As the weak and short
probe pulse does not affect the excited carriers, the pump
pulse induced dynamics can be used to obtain a probe spec-
trum. Figure 4 shows the absorption spectra for different
maximum amplitudes A�

m of the pump pulse given in terms of
the maximum Rabi frequency m=e0A�

m max�M�k
vc� /m0. Due

to the virtual electron density excitation in the conduction
band, the excitonic resonance is shifted due to the Coulomb-
induced energy and field renormalization and the internal
screening 
Eq. �7��.

CONCLUSION

Many-body optical Bloch equations for carbon nanotubes
�CNBEs� offer the potential to go beyond linear optics and to
describe the nonlinear electron dynamics in optically excited
CNTs. In the present version of the CNBEs, the electron-
electron interaction is included within a screened Hartree-
Fock approximation. To improve the theory, higher Coulomb
correlations such as electron-electron scattering or multiex-

citon states as well as electron-phonon �polaron� interaction
can be included in a self-consistent way similar to Refs.
9–12, 23, and 29 for semiconductors. Next, improvements
should address �non-Markovian� self-energy shifts and
electron-electron scattering induced by correlation effects to
check the validity range of the screened Hartree-Fock ap-
proach. We hope that our work stimulates more research in
nonlinear and ultrafast30 phenomena in CNTs.
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