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We present a microscopic calculation of the Rayleigh �elastic light� scattering spectra for single-walled
carbon nanotubes. Combining density-matrix formalism and the tight-binding model, we obtain results for
nanotubes of arbitrary chiral index. In agreement with experiment, the calculated Rayleigh spectra of metallic
nanotubes show a double-peaked structure resulting from the trigonal warping effect, with the low-energy
feature exhibiting greater intensity. We explain the intensity ratios by the wave-vector dependence of the
optical matrix elements. Also in accord with experiment, the Rayleigh line shape of each peak is asymmetric,
with an enhanced cross section for lower photon energies. This behavior arises from contributions of the
nonresonant optical susceptibility to the Rayleigh scattering process.
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The characterization of specific single-walled carbon
nanotubes is a substantial challenge for current research.
Nanotubes, as prototypical one-dimensional systems, show
well-defined optical transitions that can be exploited for
structural assignment. In addition to the established methods
of optical spectroscopy, such as absorption, photolumines-
cence, and Raman spectroscopy,1–4 Rayleigh scattering has
recently emerged as a characterization technique for indi-
vidual single-walled carbon nanotubes �SWCNTs�.5–7 Simi-
larly to other optical methods Rayleigh scattering spectros-
copy provides information about the nanotube structure
through resonant enhancement of the elastically scattered
light when the photon energy matches that of an electronic
transition. An advantage of Rayleigh scattering lies in its
ability to uncover the optical properties of individual
nanotubes.5 Optical absorption, in contrast, is challenging for
individual nanosystems, because the sample �e.g., single
tubes and nanoparticles� changes the intensity of the incom-
ing light by �10−5–10−4. Scattering techniques measure an
absolute signal instead of a fractional change. In this respect
Rayleigh scattering �elastic light scattering� is similar to Ra-
man scattering �inelastic scattering�. However, to obtain the
optical properties from a Raman experiment we need to
record many spectra with varying laser energy.3,4 The most
widely used optical technique for studying single-walled car-
bon nanotubes is photoluminescence.1,2 However, it is lim-
ited to semiconducting tubes with smaller diameters. Ray-
leigh scattering offers rapid data collection, an assignment of
�n1 ,n2� chirality, and it is applicable to both semiconducting
and metallic tubes. It has been used to confirm the electronic
structure of nanotubes �trigonal warping effect in metallic
tubes�, to study tube-tube interaction, and characterize indi-
vidual tubes in combination with transport and electron-
diffraction experiments.5–7 This wealth of experimental stud-
ies has not yet been complemented by theoretical work.

In this paper, we study the Rayleigh scattering spectra of
SWCNTs. We derive an expression for the Rayleigh scatter-
ing cross section per unit length using analytical results for
the optical matrix elements of arbitrary �n1 ,n2� nanotubes

and transition energies within the tight-binding approxima-
tion. The theory is applied to the features of the Rayleigh
scattering spectra for metallic nanotubes with diameters of
approximately 2 nm, since these nanotubes have been inves-
tigated experimentally.6 The comparison of tight-binding and
density functional theory calculations has shown that the
tight-binding method is suitable for the description of such
large nanotubes.8 Working within the free-particle model, we
can understand the intensity ratio of the double-peaked struc-
ture as a consequence of the trigonal warping effect. This
effect describes the deviation of the equienergy contours
from circles in the Brillouin zone of graphene around the K
point.9,10 As discussed below Eq. �5�, the inclusion of exci-
tonic effects will somewhat modify the Rayleigh line shape,
but is not expected to change the characteristic features, such
as the enhanced strength of the lower-energy component of
the split metallic peaks.

We first outline the calculation of the Rayleigh scattering
cross section ���� for carbon nanotubes. Treating Rayleigh
scattering from SWCNTs as electromagnetic scattering from
a long cylinder with a diameter small compared to the wave-
length of light, we can write the scattering cross section per
unit length as5,11

���� � r4�3������2, �1�

where � is the angular frequency of the light and r the radius
of the cylinder.The cross section ���� is given by the ratio of
the rate Ws=�ASs ·erdA at which energy passes through the
scattering surface A and the incident irradiance Ii.

11 The scat-
tering direction is denoted by er, and Ss= 1

2Re�Es�Hs
*� is the

Poynting vector of the scattered field. From the Maxwell
equations, one derives expression for ���� in Eq. �1� by
solving the wave equation in cylindrical coordinates, taking
the appropriate limit of the diameter of the nanotube being
much smaller than the wavelength of light. Here we consider
the Rayleigh scattering cross section for incident light polar-
ized along the nanotube axis, since this gives the dominant
scattering response.5
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Information about electronic properties of the nanotube
enters into the Rayleigh scattering cross section through the
frequency-dependent optical susceptibility12 ����=����−1,
where ���� denotes the effective dielectric function of the
nanotube. The susceptibility ���� can be defined as the re-
sponse function �current density j��� versus the external vec-
tor potential A���� of the perturbed system as follows:13

���� =
j���

�0�2A���
. �2�

To obtain ����, we calculate the current density j���, which
depends on the Fourier transform of the microscopic polar-
ization �k�t� �probability amplitude for an optical transition
at wave vector k� and the optical matrix element Mz�k� along
the nanotube axis �z axis� as follows:13,14

j�t� �
e0

2m0
�
ij

�	i�p + eA�j
	ai
+aj
 + c.c.�

= − i
2e0	

m0
�

k
Re�Mz�k��k�t�� . �3�

Here �i
 is the electronic state described by the compound
index i= �k ,x�, where x=c ,v stands for the conduction �c� or
the valence band �v�, and k denotes the two-dimensional
graphene wave vector. The annihilation ai and creation op-
erators aj

+ act on an electron in the state �i
. In Eq. �3�, m0
is the bare electron mass, e0 is the elementary charge, and
p= 	

i �k is the linear momentum operator. Within the tight-
binding model and the orthogonal first-neighbor
approximation,9,15–17 we obtain a fully analytical expression
for the optical matrix element Mz�k� for light polarized along
the nanotube axis as a function of the chiral index �n1 ,n2� as
follows:13

Mz�m,kz� =
Mc

2�N�e�k��
��n1 − n2�cos 
3 − �2n1 + n2�cos 
1

+ �n1 + 2n2�cos 
2� . �4�

Here k is defined by the band index m and the wave vector kz
along the nanotube axis; Mc denotes the optical matrix ele-
ment for the two nearest-neighbor atoms which can be ap-
proximated to the constant value 0.7 within the tight-binding
approximation.13,18 Furthermore, it is N=n1

2+n2
2+n1n2,

and 
1=�m
2n1+n2

N −2�
n2

q kz, 
2=�m
n1+2n2

N +2�
n1

q kz, with


3=
1−
2, and �e�k��=��i=1
3 �1+2 cos�
i��. The number

of graphene hexagons in the nanotube unit cell is denoted
by q.15

Figure 1�a� shows the dependence of the optical matrix
element Mz�k� �Eq. �4�� on the band index m at the � point
of zigzag nanotubes �kz=0�, at which the subband transitions
take place. This plot corresponds to the �KM high-symmetry
line of graphene �Fig. 1�b��. Note that the matrix element
Mz�m ,0� has a smaller absolute value on the �K than on the
KM side. This will influence the oscillator strength of tran-
sitions. Depending on the side on which the corresponding

van Hove singularity is located with respect to the K point
�Fig. 1�c��, the transition is expected to be stronger or weaker
in intensity, as discussed below.

The calculation of the cross section ���� requires, further,
the determination of the microscopic polarization �k �in Eq.
�3�� as a function of the vector potential A���. Within the
density matrix theory formalism, we obtain the following
free-particle Bloch equation for �k�t� �Ref. 12�:

�̇k�t� = − i�k�k�t� + gk�t� − ��k�t� . �5�

The polarization is determined by three contributions: �1� the
subband transition frequency �k= ��c�k�−�v�k��, �b� the

quantity gk�t�=
e0

m0
Mz�k�A�t� related to the Rabi frequency,

and �3� the phenomenological parameter � introduced to de-
scribe dephasing, resulting from electron-phonon or other in-
teractions. It is important for computational convergence. Its
value �Ref. 13� determines the linewidth in the calculated
spectra and is taken in this work to be �= �0.0125 /	� eV. As
a first approximation, we focus on the free-particle Bloch
equations. In other theoretical studies, excitons have been
described by solving the Bethe-Salpeter equation and apply-
ing the GW method.19–23 For semiconducting nanotubes, ex-
citonic transitions have been shown to dominate observed
spectra25,26 and even for metallic nanotubes bound excitons
have been predicted.21 Preliminary calculations including ex-
citonic effects within the density matrix formalism show that
both the subband transition energy and the Rabi frequency
are renormalized, leading to a net blueshift of the free
spectra.24 However, the asymmetry of the double-peaked
structure in the Rayleigh spectra of metallic nanotubes with
its characteristic behavior in the intensity ratio remains un-
changed. Excitonic interactions merely enhance these fea-
tures. Therefore, analysis of free-particle transitions provides

K
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Γ M
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K
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11 M−

11
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FIG. 1. �Color online� �a� Optical matrix element Mz�k� along
the high-symmetry line �KM of graphene corresponding to con-
fined states of zigzag nanotubes. �b� Brillouin zone of graphene
with the high-symmetry line �KM. �c� Simplified triangular energy
contour of graphene around the K point of the Brillouin zone. The
deviation from the circle is exaggerated to illustrate the trigonal
warping. The vertical lines are the allowed wave vector lines cor-
responding to the lowest van Hove singularities of a metallic zigzag
nanotube. The dashed lines indicate the three KM directions.
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an important step in understanding the optical properties of
carbon nanotubes, especially their chirality and family
behavior.13,18,27

The Rayleigh scattering cross section ���� in Eq. �1� is
determined by the linear optical susceptibility ����. In this
sense, it is similar to the optical absorption, which is also
determined by this quantity. Unlike absorption, however,
Rayleigh scattering has a contribution from the real part of
���� and, hence, includes effects from off-resonant optical
transitions. This leads to important differences in the charac-
teristics of Rayleigh and absorption spectra. Figure 2 shows
the four lowest-lying transitions M11

− , M11
+ , M22

− , and M22
+ in

metallic carbon nanotubes with a diameter of approximately
2 nm. We focus on these nanotubes, since experimental Ray-
leigh spectra of SWCNTs with a similar diameter have al-
ready been measured.5–7 Figure 2 illustrates three important
features:

�i� The Rayleigh scattering spectra of metallic nanotubes
show a double-peaked structure that arises from trigonal

warping. This effect describes the deviation of the equien-
ergy contours from circles in the Brillouin zone of graphene
around the K point �Fig. 1�c��. The triangular shape of these
equienergy contours makes it important on which side of the
K point the van Hove singularities are located. As a result,
there is peak splitting in the spectra of metallic nanotubes, as
already known from absorption measurements.15 The width
of the splitting depends strongly on the chiral angle: It is
maximal for zigzag tubes and decreases with increasing chi-
ral angle, with no splitting present for the armchair
configuration.9,10 Figure 2 also confirms that the trigonal
warping effect is larger at higher transition energies, as can
be seen in the wider separation of the third and fourth peaks.

�ii� The relative intensities of the Rayleigh peaks have a
distinctive behavior. For all nanotubes within a given Ka-
taura branch, the lower-lying transition in the double-peaked
structure is stronger in intensity, i.e., M11

− is stronger than
M11

+ , and M22
− is stronger than M22

+ .
�iii� The Rayleigh spectra exhibit a slight enhancement of

the scattering cross section at lower photon energies �see also
Fig. 4�.

The characteristic behavior of relative intensities in the
double-peaked structure of metallic tubes in Fig. 2 has also
been observed experimentally: the lower-energy peak of the
split transition is always higher in intensity than the upper
one.7 Figure 3 demonstrates that this intensity difference de-
creases with the increasing chiral angle, connected to the
decrease of the trigonal warping effect. At first sight, this
seems to contradict the dependence of the density of states
on chiral angle that has been shown to be enhanced for
higher-lying transitions.9 However, an explanation for the
peak ratio is found in the interplay of the density of states
with the optical matrix element Mz�k�. The oscillator
strength of optical transitions is determined by both the den-
sity of states and the optical matrix element.13 Especially for
studies of the chirality dependence, it is important to con-
sider the influence of the matrix element Mz�k�. As seen in
Fig. 1, its absolute value is higher on the KM than on the �K
side. The van Hove singularities located at the �K side lead
to transitions at a higher energy9 �Fig. 1�c��. Since the abso-
lute value of the matrix element is smaller on the �K branch,
and since the cross section depends on the square of the
matrix element �Eqs. �1�–�3�� the corresponding transition
intensities are weaker, despite the enhanced density of the
states.
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FIG. 2. �Color online� Rayleigh spectra of metallic nanotubes
with a diameter of �2 nm corresponding to the Kataura branch
�Ref. 28� with 2n1+n2=48. The chiral angle increases from top to
bottom. The figure illustrates the peak splitting caused by the trigo-
nal warping effect that diminishes with increasing chiral angle �to-
ward the armchair configuration� and increasing transition energy
�Refs. 9 and 10�.
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FIG. 3. �Color online� Intensity ratios of transitions M11
− and

M11
+ , and of M22
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+ as a function of the chiral angle.
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In agreement with experimental results,5–7 the Rayleigh
peaks in Fig. 2 have an asymmetry toward lower energies,
i.e., the scattering cross section is enhanced at lower ener-
gies. To see this more clearly we plot in Fig. 4 the cross
section ���� for the first �M11� transition of the �16,16� arm-
chair nanotube on an expanded energy scale. The dotted-
dashed line shows results from a single-band calculation. We
see that the characteristic asymmetry is observed only when
all subband transitions are taken into consideration �solid
line�. An explanation for the enhanced Rayleigh scattering
cross section at lower energies lies in the influence of the real
part of the optical susceptibility ����. It has a long tail on the
low-energy side of each transition, since the wing of the
resonant response adds in phase with the nonresonant back-

ground below the resonance, but interferes destructively
above the resonance. The inset in Fig. 4 illustrates the behav-
ior around the M11 transition of the �16,16� nanotube. The
off-resonant contributions of higher subband transitions yield
a background �solid line in the inset� that produces the ob-
served asymmetry of Rayleigh peaks �Fig. 4�. This interfer-
ence effect from the nonresonant background also leads to a
slight redshift in the center of the Rayleigh peaks compared
with the center of the absorption line, the latter being deter-
mined solely by the imaginary part of the optical susceptibil-
ity. The shift is typically about 10 meV in magnitude and is
largely independent of the chiral angle. We note that a simi-
lar importance of the overlap between the real and imaginary
parts of the optical susceptibility has also been shown for
Raman spectra.28

In conclusion, we have calculated the Rayleigh scattering
cross section within density-matrix formalism and the tight-
binding model. The intensity ratios of the four lowest-lying
peaks in the Rayleigh spectra can be explained by the differ-
ent behavior of the optical matrix element along the two
high-symmetry lines K� and KM. A modeling of the Ray-
leigh scattering cross section has to consider all allowed sub-
band transitions. The line shape in the Rayleigh spectra ex-
hibits somewhat stronger response at lower energies as a
consequence of the nonresonant contributions to the optical
susceptibility of higher subband transitions. The latter also
leads to a slight redshift in the Rayleigh spectra compared to
the absorption spectra. Our results are in good qualitative
agreement with experiment. As preliminary calculations
show, excitonic effects enhance both the intensity ratios as
well as the asymmetry. However, they do not change the
described qualitative behavior.
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