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We present theoretical investigations on linear optical spectra

and the temporal non-equilibrium dynamics of single-walled

carbon nanotubes. In particular we discuss the importance of the

surrounding medium. Our approach is based on the density

matrix theory, which in combination with tight-binding wave

functions allows the calculation of linear and nonlinear optical

properties of arbitrary nanotubes. Its strength lies in the
straightforward way to describe non-equilibrium properties,

such as Coulomb driven ultrafast intrasubband carrier relaxa-

tion. We find a strong influence of the surrounding dielectric

medium on the position of the peaks, the excitonic binding

energy, and the carrier relaxation time. Furthermore, simple

scaling laws describing the dependence on the dielectric

background constant ebg are shown.
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1 Introduction Optical properties of single-walled
carbon nanotubes (CNTs) have been in focus of research
since their discovery in the 1990s [1, 2]. The variety of CNTs
exhibiting different chiral angles and diameters requires
strategies to unambiguously characterize specific tube
types in a sample containing thousands of different CNTs.
Since nanotubes as one-dimensional structures show well-
defined optical transitions, optical spectroscopy methods,
such as absorption, photoluminescence, or Rayleigh scatter-
ing [3–6], can be exploited for characterization of CNTs. For
investigation of characteristic features in optical spectra, it is
important to take the influence of the surrounding medium
into account. The environment created by solvents and
adsorbed molecules has a considerable influence on the
optical properties of CNTs [7–12]. It has an effect on both the
transition energies as well as on the excitonic binding energy.
The dependence on the environment offers a possibility to
tailor the band gap of a nanotube by changing its surrounding
medium. However, the creation of adjustable environments
is still a challenge in current research.

In this work, we present excitonic absorption spectra and
discuss the influence of the surrounding medium by
including the dielectric background constant ebg into our
calculations. We find fit functions describing the dependence
of the excitation energy and the excitonic binding energy on
ebg. Furthermore, we have performed microscopic calcu-
lations of the ultrafast relaxation dynamics of optically
excited electrons in CNTs. We focus on Coulomb driven
scattering processes, which are found to lead to relaxation
times of hot electrons on the femtosecond time scale
depending on the population density and the dielectric
background constant ebg.

2 Theoretical approach Our goal is the microscopic
description of (i) the temporal dynamics of the occupation
probability rllk ðtÞ ¼ haþlkalkiðtÞ in the state jlki with the
band index l and the wave vector k, and (ii) the microscopic
polarization pkðtÞ � rll

0
k ðtÞ ¼ haþlkal0kiðtÞ, which is a

measure for the transition probability between the two states
jlki and jl0ki [13]. Here, alk and aþlk are the annihilation and
the creation operators, respectively, acting on an electron in
the state jlki. The knowledge of pkðtÞ and rllk ðtÞ allows the
calculation of the absorption coefficient aðvÞ / v ImxðvÞ,
since in the linear regime the optical susceptibility xðvÞ can
be expressed as a function of the microscopic polarization
� 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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pkðtÞ and the optical matrix element M(k) [14]:
www
ImxðvÞ ¼ � 2e0�h

m0e0v2AðvÞ
X
k

ReðMzðkÞpkðvÞÞ; (1)
with the vector potential A(v), the electron mass m0, and the
elementary charge e0. The z-component of the optical matrix
element Mz(k) is taken into account since we only consider
z-polarized light (along the nanotube axis) accounting for
the depolarization effect that strongly suppresses light
polarized perpendicular to the nanotube axis [15].

The time evolution of an operator Ô is calculated via
Heisenberg equation of motion i�hðd=dtÞÔ ¼ ½Ô;H� with the
Hamilton operator:
H ¼ H0;c þ Hc�f þ Hc�c; (2)
which determines the dynamics of a physical system, in
particular the dynamics of the density matrix elements
rllk ðtÞ and pk(t). The first two terms in Eq. (2) describe the
non-interacting carrier system in the presence of the external
electromagnetic field. In this work, a semiclassical approach
is applied, i.e., the charge carriers are treated quantum
mechanically, while the field is considered to be classical.
Applying the formalism of the second quantization, the free
carrier part H0,c can be expressed as H0;c ¼

P
l ela

þ
l al with

the compound index l ¼ ðl; kÞ. Within the p � A approach
[16] the carrier–field interaction reads:
Hc�f ¼ i
e0�h

m0

X
l;l 0

Ml;l0 � AðtÞaþl al0 (3)
with the optical matrix elements:
Ml;l0 ¼
Z

drF�
l ðrÞrFl0 ðrÞ: (4)
The third contribution of the Hamilton operator in Eq. (2)
is given by the carrier–carrier interaction:
Hc�c ¼
1

2

X
l1;l2;l3;l4

V l1;l2
l3;l4

aþl1a
þ
l2
al4al3 (5)
with the Coulomb matrix elements:
V l1;l2
l3;l4

¼
ZZ

dr dr0F�
l1
ðrÞF�

l2
ðr0ÞVðr� r0ÞFl3ðr0ÞFl4ðrÞ;

(6)
where Vðr� r0Þ is the screened Coulomb potential. The
Coulomb interaction in one-dimensional structures needs to
be treated with care [17]. The occurring problem of an
infinite energy can be avoided by introducing a regularized
Coulomb potential that takes into account that CNTs are not
strictly one-dimensional. In this work, we use the Ohno
potential which has already been shown to be a good
approximation for CNTs [9, 11, 18]. Electron–phonon
interaction is beyond the scope of this work, it can, however,
be included into our model in a straightforward way [19].
.pss-b.com
The density matrix theory is based on Bloch equations
[20] describing the temporal dynamics of charge carrier
occupation rllk and the microscopic polarization pk:
_pkðtÞ¼�ivkpkðtÞ� iVðtÞ½rcck ðtÞ�rvvk ðtÞ�þ pkjscat; (7)
_rllk ðtÞ ¼ 2 Im V�ðtÞpkðtÞ½ � þ rllk jscat (8)
with l; l0 ¼ ðc; vÞ labeling the conduction and valence
band, respectively. Due to the boundary condition for CNTs
as rolled-up graphene layers, the two-dimensional wave
vector k ¼ ðkz; k?Þ contains a continuous component kz
along the nanotube axis and the quantized component
k? ¼ ð2=dÞm with the diameter d and the subband index m
[1]. The Rabi frequency V(t) in Eqs. (7) and (8) describes
the strength of the electron–light interaction including the
influence of Coulomb effects. The band gap energy vk

determines the position of peaks in a linear spectrum. It
already contains the renormalization due to the electron–
electron interaction [13, 21].

In Section 3, we focus on linear optical spectra. Here,
the Bloch Eqs. (7) and (8) are solved on the Hartree–Fock
level neglecting scattering contributions. We include a
phenomenologic parameter g into Eq. (7) to describe
dephasing resulting from electron–phonon or other inter-
actions. Its value determines the linewidth in the calculated
spectra and is taken in this work to be g ¼ ð0:0125=�hÞ eV
[22]. In Section 4, we go beyond the Hartree–Fock level
taking explicitly the scattering terms pkðtÞjscat and rllk ðtÞjscat
into account. We treat the Coulomb interaction up to the
second order Born approximation [20, 23]. Since we are
interested in describing ultrafast carrier dynamics on short
timescales, we also consider memory effects, i.e., we treat
the correlations in a non-Markovian approach [20]. The
scattering contributions in Eqs. (7) and (8) are determined
by:
_pkðtÞjscat /
X
q;k0

Vðk0; q; kÞCk0;q;kðtÞ (9)
with the Coulomb matrix element Vðk0; q; kÞ and the
correlation function Ck0;q;kðtÞ ¼ haþkþqa

þ
k0akakþqiðtÞ. The

many-particle contribution couples the dynamics of
single-particle elements of the density matrix to higher-
order correlation terms: the dynamics of two-operator
quantities couples to four-operator terms, the latter couple to
six-operator terms, etc. This hierarchy problem is common
in many-particle physics. In this work, the method of
correlation expansion [24] is applied to truncate the
hierarchy at the second order, i.e., only the dynamics of
the four-operator correlations is taken into account.
Applying again the Heisenberg equation and the Hamil-
tonian from Eq. (2), we find the correlation functions to be
driven by nonlinear contributions, such as:
d

dt
Ck0;q;kðtÞ / rk0 ðtÞ � rk0þqðtÞ

� �
pkðtÞpkþqðtÞ: (10)
� 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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A detailed theory on non-equilibrium dynamics in CNTs
is presented elsewhere [25].

3 Linear optical spectra After solving the Bloch
equations (7) and (8), absorption spectra of nanotubes of
arbitrary chiral angle and diameter can be calculated. The
limit of our model is only given by the first-neighbor tight
binding approximation. Figure 1 shows the absorption
spectrum of the exemplary (10,0) zigzag nanotube. The
three energetically lowest transitions E11, E22, and E33 are
shown. The dashed red line illustrates the free particle peaks
renormalized by the repulsive electron–electron interaction.
The occurring Van Hove singularities are typical for one-
dimensional structures. The full blue line shows the same
spectra, but including excitonic effects. Due to the attractive
electron–hole coupling, bound electron–hole pairs are
formed, which are characterized by symmetric Lorentzians.
The spectrum reveals besides the exciton ground state also a
series of excited states around the continuum edge. They
become more pronounced at higher transitions.

The excitonic binding energy Eb is in the range of 1 eV
and can be easily determined as the difference between the
excitonic Lorentzians and the corresponding free particle
Van Hove singularities (see arrows in Fig. 1). The large
binding energies are in good agreement with ab initio
calculations [22, 26]. They can be ascribed to the relatively
weak screening in CNTs, which are hollow cylinders. In
particular, the higher transitions E22 and E33 show larger
binding energies than E11. Furthermore, the spectral weight
is almost completely transferred from the continuum to the
excitonic excitation. The free band-edge can still be seen in
the excitonic spectrum, however, it is largely suppressed.

In addition to the established methods of optical
spectroscopy, Rayleigh scattering has emerged as a charac-
terization technique for individual single-walled CNTs [6,
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Figure 1 (online color at: www.pss-b.com) Optical absorption
spectrum of the (10,0) zigzag nanotube. The energetically lowest
three transitions are shown. The blue solid line illustrates the
spectrum containing excitonic effects, while the dashed red line
shows the freeparticle spectrum,which already includes the renorm-
alization due to the electron–electron coupling. The arrows indicate
the corresponding excitonic binding energies.

� 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
27] offering rapid data collection for both semiconducting
and metallic tubes. Our approach also allows the calculation
of Rayleigh scattering cross-section sðvÞ / jxðvÞj2 for
arbitrary CNTs [28, 29]. In particular, since s(v) is given by
the full dielectric response, the real part of the optical
susceptibility has an influence on the peak shape leading to
characteristic features in Rayleigh spectra (not shown here).

3.1 Environmental influence The surrounding
medium created by solvents and adsorbed molecules has a
considerable influence on the optical properties of CNTs [7–
12]. Here, we focus on a simple, widely used method [9–11]
of considering the environmental effects by phenomenolo-
gically incorporating a dielectric background constant ebg
into the theory:
VðqÞ ! WðqÞ � VðqÞ
ebg

; (11)
which describes an effective screening of the Coulomb
potential. A more advanced study has been recently
published integrating also the diameter dependence into
ebg [12]. Our aim is to show the basic influence of the
surrounding material to semiconducting nanotubes. The
internal dynamical screening (cp. Lindhard equation [20]),
which is important for metallic nanotubes, is neglected. The
introduction of the screened Coulomb potential W(q) from
Eq. (11) leads to changes in both the renormalization of the
bandgap due to the repulsive electron–electron interaction
as well as in the formation of excitons due to the attractive
electron–hole coupling. As a result, the dielectric back-
ground constant has an influence on both the transition
energies Eii as well as on the excitonic binding energies Eb,ii.
Figure 2 illustrates the importance of the external screening
for the excitonic binding energies for the three lowest
transitions of the (10,0) tube. For a better insight into the
functional dependence for both small and large ebg, the plot
shows values up to ebg ¼ 10. Increasing ebg from 1 to 2
already leads to a considerable reduction of Eb,ii to 0.3–
0.5 eV, which is in good agreement with experimental
results performed on nanotubes in an SDS medium [30, 31].
However, the exact value for the dielectric background
constant in the SDS medium is difficult to determine, since it
depends on the largely unknown coverage of the nanotube
with the surfactant [7, 32]. The considerable reduction of
Eb,ii is a sign for a strongly suppressed electron–hole
coupling due to the surrounding solvent. We also find a
simple scaling law for the binding energies in dependence
on ebg:
Eb;ii / Ae�b0

bg (12)
with b0� 1.3 for all considered transitions Eii, diameters d,
and chiral angles f. The scaling law is valid for all
nanotubes (n1,n2). The coefficient A varies with the
transition Eii and the diameter d. A similar scaling law
has also been found within the Bethe–Salpeter approach by
www.pss-b.com
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Figure 2 (online color at: www.pss-b.com) Excitonic binding
energies for the first three transitions of the exemplary (10, 0) zigzag
nanotube are plotted as a function of the dielectric background
constant ebg. The figure illustrates the influence of the surrounding
medium on excitonic properties of carbon nanotubes.
Perebeinos et al. [11] and Capaz et al. [10] with a slightly
different parameter b0¼ 1.4.

Figure 3 shows the influence of the external screening on
the excitation position. In experimental studies, a red-shift by
approximately 20–90 meV for tubes in a SDS medium
compared to measurements in air (ebg � 1) has been
observed [8, 32–37]. In theory, we also find a general
decrease of the transition energy with increasing dielectric
background constant ebg. The theory predicts a red-shift in
the range of 0.1–0.2 eV already for ebg ¼ 2, which is larger
than in the experiment. A direct comparison, however, is
difficult, since the dielectric background constant is not
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Figure 3 (online color at: www.pss-b.com) The excitation ener-
gies of the first three transitions of the exemplary (10,0) zigzag
nanotube are plotted as a function of the dielectric background
constant ebg. For reasons of a better comparison between different
transitions, we shifted the excitation energies by the value of
the corresponding free particle energies with E11,free ¼ 1.00 eV,
E22,free ¼ 2.18 eV, and E33,free ¼ 3.52 eV.

www.pss-b.com
known for the used solvents. For peak positions, we find a
different behavior for small and high ebg yielding the
following scaling law:
Figu
the
abo
DEii / B expð�b1ebgÞ þ Ce�b2

bg (13)
with b1� 0.2, b2� 0.8. The parameters B and C vary with
the diameter d and the transition Eii, but the functional
dependence on the dielectric background constant remains
the same.

4 Relaxation dynamics The description of ultrafast
intrasubband carrier relaxation processes requires an exten-
sion of the theory beyond the Hartree–Fock level. The
scattering contributions pkjscat and rcc;vk jscat in Eqs. (7) and (8)
need to be calculated microscopically. In Section 2,
their dynamics is shown to be driven by Coulomb
correlations functions Ck0;q;kðtÞ. The evaluation of the Bloch
equations (7) and (8) including explicitly the dynamics of
Ck0;q;kðtÞ yields insight into nonlinear regime of intrasubband
carrier relaxation as well as into the optical dephasing. For
numerical reasons, we restrict our consideration to a two-
band model.

Figure 4 shows the carrier dynamics as a function of the
wave vector kz along the nanotube axis and time. The carriers
are optically excited at 2 eV, which is energetically far above
the excitonic resonance. The excitation field is described
by the linearly polarized vector potential A(t) with a
Gaussian pulse with the amplitude A0 ¼ 0:13 eV fs ðe0 nmÞ
and the FWHM s¼ 65 fs. In the first femtoseconds, a non-
equilibrium occupation is built. After the excitation pulse is
switched off, the carriers equilibrate from the non-
equilibrium into a Fermi-like distribution on the femto-
second time scale. The occurring oscillations of the electron
plasma reflecting the energy–time uncertainty principle are
typical features for a non-Markovian dynamics [38]. The
chiral angle is found to have a negligible influence on the
relaxation time. In contrast, the diameter plays an important
role, since the strength of the Coulomb driven scattering
processes is sensitive to the diameter of the tube.

Furthermore, for strong excitations at the excitonic
resonance, we find excitation induced dephasing of the
excitonic polarization (not shown here) [39, 40].
re 4 (online color at: www.pss-b.com) Carrier dynamics in
exemplary (11,6) semiconducting nanotube after excitation

ve the excitonic resonance.
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Figure 5 (online color at: www.pss-b.com) Carrier relaxation in
the exemplary (11, 6) semiconducting nanotube for different dielec-
tric background constants ebg. The higher ebg, i.e., the larger the
external screening, the slower is the relaxation dynamics and the less
pronounced are the plasma oscillations.
4.1 Environmental influence The effective screen-
ing of the Coulomb potential due to the surrounding medium
does not only influence linear properties. We also find a
considerable effect on the non-equilibrium relaxation
dynamics. Figure 5 shows the relaxation of optically excited
electrons as a function of time for different dielectric
background constants ebg. The wave vector is fixed to kz

ex

corresponding to the excitation position. The relaxation
times tex are obtained from an exponential fit at the carrier
occupation maximum. Surprisingly, we find an approxi-
mately linear relation between ebg and tex: the higher the
external screening, the weaker the Coulomb interaction, the
less efficient are the Coulomb driven scattering processes
and the longer is the relaxation time tex. In a simple hand
waving argument, one would expect tex / e2

bg, since the
scattering contributions are proportional to W2 [23].
However, the strongly nonlinear Coulomb correlation
functions also show a complex dependence on the occu-
pation probability rk(t) and on the microscopic polarization
pk(t).

5 Conclusions We have presented microscopic cal-
culations on the importance of the surrounding medium for
optical properties of CNTs. In particular, we have discussed
its influence on the excitation positions, excitonic binding
energies, and the relaxation times. In agreement with
experimental studies, we find a considerable red-shift of
the excitonic peaks in dependence of the dielectric back-
ground constant ebg. Due to the reduced electron–hole
coupling, the excitonic binding energies are strongly
reduced. Furthermore, the effective screening of the
Coulomb potential slows down the relaxation dynamics of
optically excited carriers in CNTs. More advanced studies
including the energy dependence of the dielectric screening
are necessary to obtain a better understanding of environ-
mental effects.
� 2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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