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We present microscopic calculations of the absorption spectra of metallic single-walled carbon nanotubes.
We address the controversial question of the excitonic binding energies in metallic nanotubes as well as the
excitonic character of higher transitions. In spite of the strong screening, we observe binding energies in the
range of 100 meV for metallic nanotubes with diameters in the range of 1–2.2 nm. Characteristic features of
the absorption spectra, such as peak splitting and an asymmetric peak shape, are observed. The splitting is due
to the trigonal warping effect. The peak shoulder at high energies is a result of an overlap of the excitonic
excitation with the free-particle Van Hove singularity. Furthermore, we find higher transitions to be also
significantly influenced by excitons. Our approach is based on density matrix, which allows the investigation
of the chirality and diameter dependence of the excitonic binding energy for the first four optical transitions for
a variety of different metallic and semiconducting nanotubes.
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Single-walled carbon nanotubes �CNTs� are tiny hollow
cylinders constructed by rolling up graphene. They are pro-
totypical one-dimensional structures, since their diameter is
in the range of one nanometer, whereas their length can reach
several micrometers.1,2 Depending on the rolling angle, a va-
riety of nanotubes with different physical properties can be
created. The microscopic structure of CNTs is uniquely de-
scribed by their diameter d and their chiral angle �, which
are fully determined by the chiral indices �n1 ,n2�. Nanotubes
can be classified in three different families:1 �i� metallic, �ii�
+1 semiconducting, and �iii� −1 semiconducting tubes, cf.
Fig. 1. As a result, one third of all possible CNT configura-
tions is metallic, i.e., two subbands cross at the Fermi level.
Due to their unique physical properties, CNTs are promising
candidates for applications in nanoscale electronic devices,
such as transistors, emitters, and detectors.2

For a long time, the optical excitations in CNTs were
believed to be completely understood within the one-particle
picture. However, many-body ab initio calculations3–7 pre-
dicted the excitonic character of optical excitations in semi-
conducting nanotubes. In 2005, two-photon absorption ex-
periments confirmed the crucial role of excitons for CNTs.8,9

So far, only few theoretical studies on the optical properties
of metallic CNTs3,10,11 have been performed revealing that
surprisingly excitonic effects significantly change the optical
properties of metallic CNTs. However, there is a controver-
sial discussion about the value of the excitonic binding en-
ergy, Deslippe et al.10 performed ab initio calculations based
on the GW-Bethe-Salpeter equation �GW-BSE� technique
finding excitonic binding energies in metallic nanotubes to
be around 50 meV, which is one order of magnitude smaller
than in semiconducting tubes of comparable diameter. In
contrast, Wang et al.11 applying the Pariser-Parr-Pople �PPP�
model claim that metallic CNTs exhibit optical behavior very
similar to comparable semiconducting tubes. They predict
excitonic binding energies in the range of 300 meV.

In this work, we present microscopic calculations of the
absorption coefficient ���� for a large number of different

carbon nanotubes. We address the controversial questions of
�i� excitonic binding energies of metallic CNTs and �ii� the
excitonic character of higher transitions in metallic and semi-
conducting CNTs. Our approach is based on density matrix
theory.13–17 In combination with zone-folded tight-binding
wave function, it allows the investigation of CNTs of arbi-
trary chiral angle and over a wide range of diameters, which
is an advantage over ab initio theories being restricted to
small nanotubes. We illustrate the strength of the theory by
performing microscopic calculations on the chirality and the
diameter dependence of excitonic absorption spectra of all
three nanotube families. We expect our theory to be similar
as the Bethe Salpeter approach10,18 within the Hartree Fock
level. However, the potential of the density matrix theory lies
in the study of Coulomb- and phonon-induced relaxation dy-

FIG. 1. �Color online� Energy contour of graphene. Due to the
boundary condition around the nanotube circumference, the wave
vector decouples in a continuous component kz along the tube axis
and a quantized perpendicular component k�= 2

dm with the diam-
eter d and the subband index m. The solid white lines correspond to
lowest subbands Eii in the three nanotube families: �a� metallic
tubes �if �n1−n2�mod 3=0� with a line containing the K point, �b�
−1 semiconducting tubes �if �n1−n2�mod 3=−1�, and �c� +1 semi-
conducting tubes �if �n1−n2�mod 3=+1�. The semiconducting fami-
lies differ in the position of the lowest transition E11 with respect to
the K point. After Ref. 12.
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namics of nonequilibrium charge carriers. It allows a micro-
scopic access to their time and momentum-resolved scatter-
ing dynamics.15,19,20

In the presence of an optical field, the material responds
by forming a microscopic dipole density resulting in a polar-
ization P�r , t� of the material. In linear and homogeneous
materials, the polarization and the optical field are parallel21

P��� = �o����E��� . �1�

The proportionality coefficient is given by the optical sus-
ceptibility ����=����−1 describing the linear response of
the system to a perturbation in a spatially homogeneous sys-
tem. The intensity I�z� of an electromagnetic wave propagat-
ing in z direction is given by I�z�= �E�z��2=e−����z with the
absorption coefficient21

���� =
�

cn���
Im ���� , �2�

describing the propagation depth of light in the material. The
calculation of ���� requires the knowledge of the optical
susceptibility ����, which is determined as the ratio between
the macroscopic polarization and the optical field, cf. Eq. �1�.

The macroscopic polarization P�t� is determined by the
coherence pk�t�, which is a measure for the transition prob-
ability between the conduction and the valence band at the
wave vector k. The latter can be calculated within the for-
malism of density matrix theory yielding the CNT Bloch
equation16,20,21

ṗk�t� = − i�̃kpk�t� + i�̃k�t� − �pk�t� . �3�

The equation describes the linear response, i.e., it is assumed
that the driving field is small resulting in a negligible
change of occupation probabilities.21 The parameter3

�= �0.0125 /	� eV accounts for dephasing processes, which
determine the line width of the optical transition.

The oscillator strength and the transition energy are
determined microscopically by the Rabi frequency

�̃k�t�=
e0

m0
Mz

cv�k�A�t�− 1
	�k�We−h�k ,k��pk��t� and the band

gap energy �̃k= ��c�k�−�v�k��− 1
	�k�We−e�k ,k��, respec-

tively. For the optical matrix element Mz
cv�k� we obtain a

fully analytical expression for the optical matrix element
Mz

cv�k� for light polarized along the nanotube axis14,22,23

within the tight-binding model.
The Coulomb interaction is considered within the

screened Hartree-Fock level. We take into account both the
Hartree and the Fock terms leading to �i� the renormalization
of the band-gap due to the repulsive electron-electron

interaction16,24 We−e�k ,k��=Wvk,vk�
vk�,vk−Wvk�,ck

ck,vk� �corresponding
to the self-energy correction� and �ii� the renormalization of
the Rabi frequency due to the attractive electron-hole inter-

action We−h�k ,k��=Wck�,vk
ck,vk�−Wvk,ck�

ck,vk�. The screened Coulomb

matrix elements Wvk,vk�
vk�,vk are defined and discussed below.

While �i� accounts for a considerable blue shift of the free-
particle Van Hove singularities, �ii� is responsible for the
formation of bound electron-hole pairs leading to redshifted
excitonic Lorentz peaks in the absorption spectra.16,20,24

The bare Coulomb matrix elements are given by

Vl3,l4

l1,l2 =� � drdr�
l1
� �r�
l2

� �r��VCoul�r − r��
l3
�r��
l4

�r� ,

where VCoul�r−r�� is the Coulomb potential and li are com-
pound indices containing the wave vector k and the band
index �=c ,v. The wave functions 
li

�r� are expressed
within the tight-binding approximation.25 The Coulomb in-
teraction is parametrized by the Ohno potential, which has
already been shown to be a good approximation for
CNTs.6,18,24 More details can be found in Ref. 24.

Since we are, in particular, interested in describing optical
properties of metallic CNTs, screening of the Coulomb inter-
action plays an important role:21 Wl3l4

l1l2�q�=Vl3l4
l1l2�q� / ��bg��q��

with dielectric function ��q� depending on the momentum
transfer q, and the dielectric background constant �bg. The
latter describes the influence of the environment created by
solvents and adsorbed molecules, which have a considerable
influence on optical properties of carbon nanotube.18,26 In
this work, however, the focus lies on the investigation of the
internal screening denoted by ��q�. Therefore, we describe
CNTs in air or vacuum with a fixed �bg=1. The dielectric
function ��q� is calculated within the static limit of the
Lindhard approximation18,21

��q� = 1 − 2V�q� �
k,�,��

�k−q
�� − �k

�

Ek−q
�� − Ek

�
�� dr
k,�

� e−iqr
k−q,���2

�4�

with the band index �=c ,v, the occupation probabilities �k
�

= 	a�k
+ a�k
, which are evaluated within the limit of linear op-

tics, and with the single-particle energies Ek
�.

Figure 2 illustrates ��q� as a function of the momentum
transfer q for an exemplary CNT of each family �see Fig. 1�.
The striking difference is the diverging dielectric function for
metallic tubes in the limit of small q. In contrast, for semi-
conducting tubes, ��q� takes the value 1 for q=0, since
limq→0��dr
k,�

� e−iqr
k−q,���
2=0. This means that the influ-

ence of screening vanishes for semiconducting tubes for pro-
cesses with a small momentum transfer q. The difference
between the two different semiconducting families is negli-
gibly small. Furthermore, in the limit of large q, the dielec-
tric function goes toward the value 1 for all CNTs reflecting
the decreasing Coulomb matrix elements for a large momen-
tum transfer.24

In spite of the strong screening in metallic CNTs, the cal-
culation of the absorption coefficient according to Eq. �2�
reveals that excitonic effects have a crucial influence on their
optical properties. Figure 3 shows absorption spectra for me-
tallic tubes along an exemplary Kataura branch1 with 2n1
+n2=27. These tubes are characterized by a roughly constant
diameter d�1 nm. The spectra exhibit double-peaked struc-
tures arising from the trigonal warping effect, which de-
scribes the deviation of the equienergy contour from a circle
around the K point in the Brillouin zone.27–29 The corre-
sponding peak splitting increases for small chiral angles and
high transition energies. Furthermore, the peaks show an in-
teresting shape exhibiting a strong Lorentz-like contribution,
which reflects the excitonic character of optical excitations.
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The long shoulder on the high-energy side, on the other
hand, is typical for free-particle Van Hove singularities. The
explanation is found by comparing absorption spectra of me-
tallic and semiconducting CNTs, see Fig. 4. The exemplary
metallic �13,1� tube with d�1 nm and �=3.7° is compared
with the semiconducting �14,1� and �12,1� CNTs, which have
been chosen since they have a similar diameter and a similar
chiral angle. By switching off the attractive electron-hole
contribution We−h�k ,k�� in Eq. �3� �dashed lines in Fig. 4�,
we can easily determine the influence of excitons �bound
electron-hole pairs� on the absorption spectra. The excitonic
binding energy Eb,ii is given as the energetical difference
between the solid-line peak, which contains the electron-hole
interaction We−h�k ,k�� and the corresponding dashed-line
peak without We−h�k ,k��. For the metallic �13,1� CNT, we
find Eb,11=78 meV and Eb,22=114 meV, which is unexpect-
edly large for a metallic structure. The value is clearly higher
than the thermal energy of 25 meV at room temperature.
Hence, excitonic character of transition can even be
measured.30

The reason for the appearance of bound electron-hole
states in metallic tubes lies in an ineffective screening in
one-dimensional systems compared to bulk metals, where
excitonic effects are of minor importance. Nevertheless, the
screening is still much stronger than for semiconducting
nanotubes, which explains the smaller excitonic binding en-
ergy and the reduced transfer of oscillator strength from the
free particle to excitonic peaks. As a consequence, there is an

overlap between the symmetric excitonic Lorentzians and
�renormalized� free-particle Van Hove singularities leading
to the observed high-energy shoulder, see Fig. 4�a�. This
characteristic peak shape has been reported10 and confirmed
experimentally.30 For comparison, the spectra of semicon-
ducting tubes are entirely characterized by excitonic peaks,
see Figs. 4�b� and 4�c�. The excitonic binding energies are
considerably larger than in metallic CNTs: for the −1 semi-
conducting �12,1� CNT we find Eb,11=460 meV and Eb,22
=491 meV and for the +1 semiconducting �14,1� CNT
Eb,11=377 meV and Eb,22=474 meV. Here, the oscillator
strength is almost completely transferred to excitons. The
free-particle continuum does not have any measurable influ-
ence on the peak shape. In contrast to metallic tubes, higher
excitonic states �corresponding to the Rydberg series in the
hydrogen atom� with a relatively small intensity can be
found in the absorption spectra of semiconducting CNTs, see
Figs. 4�b� and 4�c�. Their absence in metallic CNTs is prob-
ably due to the weak excitonic oscillator strength with re-
spect to semiconducting nanotubes.

In Figs. 5 and 6, we systematically investigate the chiral-
ity and diameter dependence of the excitonic binding energy
Eb,ii for the first four transitions in the spectra of metallic,
−1, and +1 semiconducting CNTs, respectively. Both figures
show the importance of excitonic effects for metallic CNTs.
They also illustrate that their excitonic binding energies are
considerably smaller than for semiconducting tubes of com-
parable diameter. Furthermore, all four transitions are char-
acterized by excitons—a point that has been controversially

-10 -5 0 5 10
q

z
(nm

-1
)

0

5

10

15

D
ie

le
ct

ri
c

fu
nc

tio
n

ε
(q

z)

metallic
-1 semicond.

+1 semicond.

0 40 80 120 160 200
k

z
(nm

-1
)

-8

-4

0

4

8

12

E
ne

rg
y

(e
V

)

a) Screening

b) Bandstructure of (13,1) tube

K

E
22

E
11

E
33

E
44

conduction band

valence band

FIG. 2. �Color online� �a� The dielectric function ��q�, which
describes the internal screening, is shown for the exemplary metal-
lic �13,1�, the −1 semiconducting �12,1�, and +1 semiconducting
�14,1� nanotube. The figure illustrates that the screening in metallic
tubes plays a crucial role. While the dielectric function ��q� for both
semiconducting CNTs goes to the value 1 for a small momentum
transfer q, it diverges for the metallic tube. �b� Band structure of the
�13,1� tube with optical transitions Eii leading to pronounced peaks
in the absorption spectrum, cf. Fig. 3. Note, that the overlap param-
eter s0 has been neglected leading to a symmetry between the va-
lence and the conduction band.
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FIG. 3. �Color online� Absorption coefficient ���� including
excitonic effects, cf. Eq. �2�, as a function of the energy for three
metallic tubes, which are located along the Kataura branch �Ref. 12�
with 2n1+n2=27. The chiral angle increases from top to bottom,
while the diameter has a nearly constant value of about 1 nm. The
figure illustrates a double-peaked structure originating from the
trigonal warping effect. For an easier comparison with semicon-
ducting CNTs, the peaks are denoted by E11, E22, E33, and E44. This
corresponds to the notation M11

− ,M11
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− ,M22
+ , which is often used

in literature �Ref. 27�, cf. Fig. 1.
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discussed in literature.31,32 We obtain excitonic binding ener-
gies in the range of about 500 meV for semiconducting nano-
tubes with d1 nm, which is in good agreement with other
theoretical results.4,5,18 Including a realistic dielectric back-
ground screening constant of �bg�2, which describes the

influence of the surrounding medium, the binding energy is
reduced26 to approximately 300 meV, which is in good
agreement with the experimental finding.8,9 For metallic
nanotubes, we obtain smaller excitonic binding energies in
the range of about 100 meV. This agrees well with the theo-
retical results in Refs. 3 and 10, and experimental findings
reported in Ref. 30.

In Fig. 5, we find the chirality dependence to be weak:
CNTs with small chiral angle tend to have larger Eb,ii. For
metallic nanotubes, the first three transitions are nearly con-
stant, only the highest transition E44 shows a clear chirality
dependence. In the case of semiconducting tubes, the in-
crease is observed to be slightly stronger for E22 and E44 �E11
and E33� for +1�−1� tubes. These transitions have in com-
mon, that they lie on the same high-symmetry line in the
Brillouin zone, see Figs. 1�b� and 1�c�. In our earlier work,
they have already been reported to show stronger
absorption.14,33 Figure 6 exhibits the behavior of excitonic
binding energies over a wide range of diameters �for a nearly
constant chiral angle of 2° –3°�. Note, that for nanotubes
with diameters below 1 nm hybridization effects might play
an important role.34 Here, the zone-folded tight-binding
wave functions can be inappropriate. For our investigations,
we have included just one nanotube below 1 nm for com-
parison and we find that its excitonic binding energy does not
deviate from the behavior of larger tubes. Figure 6 reveals a
1 /d dependence for all four transitions and all nanotube
families. Interestingly, Eb,22 exceeds Eb,33 for metallic tubes
with a small chiral angle. Another interesting feature is found
for −1 semiconducting CNTs, where Eb,44 is surprisingly
smaller than Eb,33, see Fig. 6�c�.

In conclusion, we have developed a method to micro-
scopically describe excitonic absorption spectra of carbon
nanotubes of arbitrary chiral angle and over a wide range of
diameters. Our approach is based on density matrix theory
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combined with zone-folded tight-binding wave functions. We
find excitonic effects to crucially influence the optical prop-
erties of both semiconducting and metallic tubes. The exci-
tonic binding energies for metallic CNTs with Eb
�100 meV are much larger than for metallic bulk struc-
tures. However, they are still considerably smaller than for
comparable semiconducting nanotubes. We have presented a
systematic study on chirality and diameter dependence of the

excitonic binding energy for the lowest four transitions. We
show that even higher transitions are significantly influenced
by excitons. The gained insights can be helpful for an unam-
biguous identification of carbon nanotubes.
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