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Abstract. The pressure dependence of the high-energy Ra-
man modes in single- and multi-walled carbon nanotubes was
measured in the range 0–10 GPa. We found the pressure co-
efficient to be linear in both materials but 25% smaller in
MWNT. Given that the curvature effects on vibrational prop-
erties of the rolled-up graphene sheets are small, we can ex-
plain this difference simply with elasticity theory.

PACS: 61.48.+c; 63.22.+m; 78.30.Na

The elastic properties of carbon nanotubes have become
of scientific interest since it was recognized that the low
atomic weight of carbon combined with a strong covalent
bond has a high potential for a large-tensile-strength ma-
terial [1, 2]. The graphene sheets allow for tube-like ob-
jects, which come in two different varieties: single- (SWNT)
and multi-walled (MWNT) nanotubes. Single-walled nano-
tubes are formed by rolling up a single graphite sheet [3, 4];
several such tubes usually form a nanorope held together
in a hexagonal lattice by van der Waals forces similar to
the way plane graphene sheets are held together in graph-
ite [5]. Multi-walled tubes consist of concentric graphene
cylinders with increasing diameter [6]. The distance between
two sheets is 3.4 Å, similar to the c-axis lattice constant of
graphite [7, 8]. The size of a SWNT and the number of sheets
in MWNT is determined by the preparation procedures, see
for example [9, 10].

There have been various approaches to describe the elas-
tic and vibrational properties of SWNT theoretically. They
are based on force constants either taken from a fit to the full
phonon dispersion curves of graphite and subsequent zone
folding [11–13] or derived from ab initio pseudopotential
calculations [14, 15]. One generally accepted conclusion of
these various approaches is that the influence of the curvature
on the elastic and vibrational properties is small: zone-folding
methods ignore them completely whereas the ab inito calcu-
lations take them into account properly. Yet the calculated
vibrational frequencies, except for for the narrower tubes,
are similar [14]. The static elastic properties of nanoropes of

SWNT were calculated by Tersoff and Ruoff [16]. They pre-
dict the lattice constant of such a hexagonal lattice and its
bulk modulus as a function of nanotube radius and pressure.
MWNT have been too complicated in structure to allow for
a calculation of their vibrational energies; their elastic prop-
erties were derived in [14] and [17].

Optical spectroscopy, in particular Raman spectroscopy,
has been employed to study the vibrational properties of
nanotubes experimentally. Single-walled nanotubes were
found to have a series of peaks which may be grouped into
modes around 150–200 cm−1 and a set just below 1600 cm−1.
The low-energy modes are commonly considered to originate
from radial breathing modes [18, 20–22] although a sig-
nificant component resulting from tube–tube interactions
in nanoropes is thought to be present [23, 24]. The high-
energy modes correspond to carbon stretching vibrations
similar to the high-energy modes in C60 and in graphite [25].
Based on group-theoretical considerations and lattice dy-
namical calculations A1g, E1g, and E2g mode symmetries
should be present among the high-energy peaks [14, 18, 19].
Infrared-active modes of SWNT were determined at 874
and 1598 cm−1 [26]. In multi-walled tubes there is only one
high-energy Raman mode at 1583 cm−1 and a weak mode
reminiscent of the so-called D-mode, a defect-induced mode,
in graphite [7, 25, 27, 28].

1 Results

We report here the pressure dependence of the high-energy
Raman modes in SWNT and MWNT. We find that whereas
the dominant peak in the single-walled material has a pres-
sure coefficient of 5.7 cm−1/GPa, the corresponding peak of
the multi-walled nanotubes shifts only with 4.25 cm−1/GPa.
Considering a nanotube as a hollow cylinder with a wall made
of a mechanically isotropic medium, we show that the differ-
ences in pressure derivatives can be understood on the basis
of elasticity theory.

The single- and multi-walled carbon nanotubes used in
the present study were arc-discharge-grown samples pre-
pared with a metallic catalyst (4.2% Ni and 1.0% Y). The
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SWNT ropes contained about 20 nanotubes each [29]. The
multi-walled sample was purified by applying size-exclusion
chromatography [30]. Small flakes of the nanotube mate-
rial were put into a gasketed diamond-anvil cell [31]. Using
a 4 : 1 methanol–ethanol mixture as pressure medium we
obtained pressures up to 10 GPa as determined by the ruby-
luminescence method. The Raman spectra were recorded
with a SPEX triplemate equipped with a charge-coupled de-
vice (CCD) detector. The 514 line of an Ar+ laser was used
for excitation; the spectral resolution was 3 cm−1.

In Figs. 1 and 2 we display the high-energy part of the
Raman spectrum of single-walled and multi-walled nano-
tubes, respectively, for various pressures. The figures show
the decomposition of the high-energy spectrum in SWNT into
three peaks as commonly observed, while the broader peak
in MWNT is adequately described by a single Lorentzian.
We see that the modes of the SWNT shift without chang-
ing the shape of the group of modes noticeably, i.e., all
components have similar pressure coefficients. In Fig. 3 we
show that the SWNT peaks vary linearly with pressure, with
coefficients of 5.7, 5.8, and 5.8 cm−1/GPa for the modes
at 1593, 1569, and 1557 cm−1 (zero-pressure frequencies),
respectively. The pressure dependence of the high-energy
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Fig. 1. Raman spectra in the high-energy range of single-walled carbon
nanotubes for various hydrostatic pressures. Shown is the decomposition of
the spectrum into three peaks, which are seen to shift with similar pressure
coefficients
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Fig. 2. The high-energy mode of multi-walled nanotubes under various pres-
sures. Only a single peak is resolved

mode of multi-walled nanotubes is shown in Fig. 3 for the
same pressure range. We find that the peak in this material
shifts also linearly but with a smaller pressure derivative of
4.25 cm−1/GPa and a zero-pressure frequency of 1583 cm−1

(Fig. 3, Table 1).
In order to investigate the difference in pressure coeffi-

cients quantitatively, we derive the elastic properties of an
individual nanotube (single- or multi-walled) under applied
hydrostatic pressure. We approximate the nanotube by a hol-
low cylinder with a wall of finite thickness and closed ends.
The wall which is rolled up to form the cylinder of a single-
walled tube is thus assumed to have isotropic elastic proper-
ties. In view of the similarity of the vibrational and elastic
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Fig. 3. Pressure slopes for the three modes in the high-energy range of
SWNT and of the mode in MWNT. The latter is seen to be only 75% of
that of SWNT
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Table 1. Frequencies and logarithmic pressure derivatives for the high-
energy modes of SWNT and MWNT. Data for graphite are listed for
comparison

ω0/cm−1 ω−1
0 dω/d p / TPa−1

SWNT 1557 3.7
1569 3.7
1593 3.6

MWNT 1583 2.7
Graphitea 1579 2.96

a [32]

results of ab initio calculations compared to calculations not
including curvature effects this approach is justified. Lu and
Sánchez-Portal et al. have shown that the elastic properties of
multi-walled tubes are not affected significantly by the van
der Waals interactions between the sheets [14, 17]. We are
thus able to determine strain components for both SWNT and
MWNT in axial, tangential, and radial directions. Tangential
in the following refers to a direction perpendicular to the axis
and to the radius of the cylinder. We start from the equilibrium
condition [33]

∂σij

∂xk
= 0 ,

where σij are the components of the stress tensor and xk the
normal variables. For the displacements ui we obtain the con-
dition

grad div u = 0 (1)

since rot u = 0 in our problem, and we have used the follow-
ing relation between stress und strain

σij = E

ν+
[ ν

ν− ull δik +uik

]
. (2)

We use the abbreviations ν+ = 1 + ν, ν− = 1 − 2ν, uik =
1/2 (∂ui/∂xk + ∂uk/∂xi), ν is Poisson’s ratio, and E the
Young’s elastic modulus. As is conventional, repeated indices
are to be summed over. From (1) we obtain

urr = a − b

r2
, uθθ = a + b

r2
, and uzz = const .

which may be inserted into (2) and, together with the bound-
ary conditions for σzz , is used to evaluate a, b, and uzz.
The closed lid on the tubes leads to σzz = −pA where A =
R 2

2 /(R 2
2 − R 2

1 ) is the ratio of the total lid area to the area
supported by the rim of the nanotube wall. Here, R2 and
R1 are the outer and inner radii of the hollow cylinder, re-
spectively. We thus obtain with a = uzz = −pA ν−/E and
b = −pA ν+R 2

1 /E the stresses in the two directions orth-
ogonal to z:

σrr = −pA

(
1 − R 2

1

r2

)
and σθθ = −pA

(
1 + R 2

1

r2

)
,

having assumed that the pressure at the tube wall from the
outside is −p and 0 on the inside. The corresponding strains

are

urr = − pA ν−

E

(
1 − ν+

ν−
R 2

1

r2

)
,

uθθ = − pA ν−

E

(
1 + ν+

ν−
R 2

1

r2

)
, and

uzz = − pA ν−

E
. (3)

The thus derived strain components of a hollow closed
cylinder allow us to look at the nanotubes in the following
way. Consider for a moment unwrapping the nanotube. We
then have a single rectangular graphene sheet (SWNT) or
a graphite-like stack of sheets (MWNT); one side of the rect-
angle has the circumference of the tube as its length, and
applying pressure to the tube results in a strain along the axis
(z) and in tangential direction (θ). If curvature effects are ig-
nored, as in our model, the ratio of strains along the two sides
of the rectangle is given by (3).

From this we are able to derive the ratio of pressure
derivates for single- and multi-walled nanotubes. It is equal to
the ratio of strains in the two types of tubes. From (3) we find

u SW
zz

u MW
zz

= ASW

AMW
≈ 1.5 , (4)

a result that assumes that the axial strain determines the pres-
sure derivatives in Fig. 3, that ν and E are the same for SWNT
and MWNT, and otherwise is of purely geometric nature. The
inner and outer radii of our single-walled nanotubes were
R1 = 5.2 Å, R2 = 8.6 Å (corresponding to a wall thickness
of 3.4 Å), and Poisson’s ratio ν = 0.14 [14]. The outer ra-
dius (R2 = 75 Å) of our MWNT we determined from a series
of TEM pictures; the inner radius we took to be R1 = 20 Å,
a typical value [1, 34]. The experimental result (Fig. 3) is in
agreement with (4): we find 1.35 for the ratio of pressure
derivatives of the SWNT modes to the one of MWNT. We
could have also taken the variation in circumference as dom-
inanting the pressure derivatives with the same result. This
follows for u SW

θθ /u MW
θθ from (3) with r = √

ν+/ν− R1, the
equilibrium radius of either single- or multi-walled tubes. The
difference in pressure derivatives of the high-energy vibra-
tions of single- and multi-walled nanotubes may hence be
explained by the difference in wall thickness, which in turn
determines how a hollow cylinder deforms under hydrostati-
cally applied pressure.

2 Summary

We have shown that our results in single- and multi-walled
carbon nanotubes may be explained by elasticity theory. The
assumptions made – mechanically isotropic graphene sheets
are rolled up to hollow cylinders and the eigenvectors of the
high-energy Raman modes in SWNT and MWNT are similar
– allow us to explain the ratio of pressure coefficients of these
modes in single- and multi-walled nanotubes on geometri-
cal grounds. Our results confirm that curvature effects on the
vibrational and elastic properties of the graphene sheets are
small.
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