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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Electronic Many-Body Problem

@ Non-relativistic time-independent many-electron problem:

H|®) = E|®)
N N N 1
H=> t+> Vo) + Y ==,
i=1 i=1 ij=1 ri — 1l
Nnuclei
Vext(F) = %
a=1 |r - Ra|
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The Thomas-Fermi model

The Electronic Many-Body Problem

@ Non-relativistic time-independent many-electron problem:

H|®) = E|®)
N N R N 1
H=> t+> Vel @)+ ==,
i=1 i=1 ij=1 ri — 1l
Nnuclei
. Zy
Vet (F) = —.
2 oAl

@ In fact, what we really want are the values of the observables (at the
ground state):
O[®] = (9[0]®) .

For example, ® = H, and we have the energy:

E = (b[H|P).
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Variational Principle and the wave function approaches

@ The variational equation is equivalent to Schrédinger’'s equation:

5 .

—{(®|H|P) — E(®|®)} =0

5o LPIH|®) —E(@[®)} =0,

where the variational search is done over all antisymmetric N-electron

wave functions.
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The Thomas-Fermi model

The Variational Principle and the wave function approaches

@ The variational equation is equivalent to Schrédinger’'s equation:

b .
5o LPIH|®) — E(®|®)} =0,

where the variational search is done over all antisymmetric N-electron
wave functions.

@ Fully unconstrained search is not possible in general. The wave function
based approaches assume a certain form for the wave function: The
Rayleigh-Ritz method finds the extrma in a restricted space of wave
functions.

l.e., Hartree-Fock: |®) = det[p1,...on] =

N

E[®] =) (¢ \f+Vext|sDi>+Z<90i@jIfl@iwﬁ—Z(wiwlgj

=1 T S = -

N

JE A .

5—%—2 (ileile) =) =0 = |Fpi=cigi| (i=1,...,N),
=

F=1T+0«+J—K.

l5pi) -




Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Variational Principle and the wave function approaches

Denoting x = (T, 0):

R () = Z IS T (0a00) 4109,

[In HF, n(7) = 351 [ei(7)[7]
@ The HF equations are a set of non-linear one-particle Schrodinger-like

equations. The Coulomb and Fock operators depend on the solution
orbitals, and thus they must be solved self-consistently.

@ The Fock operator contains one non-local operator: the exchange K.

@ In Kohn-Sham DFT, on the contrary, the one-particle equations have
only local operators.
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The Thomas-Fermi model

Does state-of-the-art DFT do better than Hartree-Fock?

Atomization Energy of simple molecules (eV)

‘ | Lio CoHs» Set of 20 |
| Experimental | 1.04eV  17.6eV |
Hartree-Fock -0.94 -4.9 3.1
DFT/LDA -0.05 -2.4 1.4
DFT/GGA -0.2 0.4 0.35
DFT/meta-GGA -0.05 -0.2 0.13

(Data from [Perdew 2000, Perdew 1999])
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The Thomas-Fermi model

Density Matrices

@ The wave-function contains too much information; the k-th order reduced
density matrix suffice for k body operators, O:

(®]|OF|0) = /dxl...dxk@k[l'(k)(x’l,...,xL\xl,...7><k)].

r(k)(XL s 7X(<|X17 s 7Xk) =

N *
<k> /dxk+1...de¢ (K0 ey Yoo XL - -+ s XN DXL - oy Xieo XL - - - 5 XN) -
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The Thomas-Fermi model

Density Matrices

@ The wave-function contains too much information; the k-th order reduced
density matrix suffice for k body operators, O:

(®]|OF|0) = /dxl...dxk@k[l'(k)(x’l,...,xL\xl,...7><k)].

r(k)(XL s 7X(<|X17 s 7Xk) =

N *
<k> /dxk+1...de¢ (K0 ey Yoo XL - -+ s XN DXL - oy Xieo XL - - - 5 XN) -

@ And most operators of interest are either one or two body operators:

F(l)(x’l|x1) = N/dxz XN DT (X, X2, e, XN )P (X, X2, XN

’o N *
rO (X, %|x1, %) = (2> /d)@,...dxmb (X1, X5, X3, - - -, Xn) P (X1, X2, X3+ + -, XN 4
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The Thomas-Fermi model

The Energy as a functional of I'?.

The energy is an exact functional solely of the first order density matrix, and
of the diagonal of the second order density matrix:

/dx{ vt x\%} /dxvext /dx/dx A(x,X).

W(x) =rM(xx).

@(x,xX) =T (x,X|x,X).
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The Energy as a functional of I'?.

The energy is an exact functional solely of the first order density matrix, and
of the diagonal of the second order density matrix:

/dx{ vt x\%} /dxvext /dx/dx A(x,X).

W(x) =rM(xx).

@(x,xX) =T (x,X|x,X).

Summing over spin in ~\? one obtains the electronic density:

nr) =>_ +V(ro).
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Energy as a functional of I'?.

The energy is an exact functional solely of the first order density matrix, and
of the diagonal of the second order density matrix:

/dx{ vt x\%} /dxvext /dx/dx A(x,X).

W(x) =rM(xx).

@(x,xX) =T (x,X|x,X).

Summing over spin in ~\? one obtains the electronic density:
nr) =>_ +V(ro).

Since I'™ can be obtained by explicit integration from

E = E[r?].
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Energy as a functional of I'?.

The energy is a functional solely of the first order density matrix, and of the
diagonal of the second order density matrix:

E= /d3r [%VZI’“)(XR’)} o /d X Vet (%)Y /d3 /d3x' Y @(x,X).

@ Kinetic energy term:

Tr¥ = / dr Evzr“)mx’)}

It requires the full first order density matrix. Its numerical value does not
coincide exactly with the Hartree-Fock kinetic energy.

X/ =x
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The Thomas-Fermi model

The Energy as a functional of I'?.

The energy is a functional solely of the first order density matrix, and of the
diagonal of the second order density matrix:

E_ / o [%VZF“)(XN)} + / PxVea ()72 (%) [+ / o / X ﬁ%z)(x,x/).

X' =x

@ External energy term:

Eea[n] = / Ar Ve (F)N(F) .

It is an explicit functional of the density.
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Introduction: Pre-DFT The Problem, and the “traditional” solutions
The Thomas-Fermi model

The Energy as a functional of I'?.

The energy is a functional solely of the first order density matrix, and of the
diagonal of the second order density matrix:

E= /d3r [%Vzr(l)(xw } /d X Vext ()7 (X)+ /d?’x /dsx’ \F}F’|7(2)

@ Interaction term.

e ]_/d3 /d3>(|r @) (x,x).

It is the most difficult term, arising from the two-body operator. It requires
the second order density-matrix — althoug only the diagonal part. It can
be split into a large, classical, electrostatic Coulomb interaction, Uo, and

the exchange and correlation part of U:

U=Uo+Ex; Uon == /d%/d%’%.

A. Castro DFT. SFB 658 Colloquium, 22nd June 2006
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Variational Principle and the representability problem

o IfE= E[r(k)] is exact (or is a suitable approximation), then:

oE

G
solves the many-electron problem. Since we have an exact functional for
k = 2, we have an exact variational approach for two-point functions,
instead of for the N-point wave function!!
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The Thomas-Fermi model

The Variational Principle and the representability problem

o IfE= E[r(k)] is exact (or is a suitable approximation), then:

5E
ore

solves the many-electron problem. Since we have an exact functional for
k = 2, we have an exact variational approach for two-point functions,
instead of for the N-point wave function!!

@ But... we must perform a constrained search: ' must be
N-representable:
r® is N-representable if it stems from a N-particle wavefunction.
And the N-representability conditions for k = 2 are horribly difficult.
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The Thomas-Fermi model

The Variational Principle and the representability problem

o IfE= E[r(k)] is exact (or is a suitable approximation), then:

5E
ore

solves the many-electron problem. Since we have an exact functional for
k = 2, we have an exact variational approach for two-point functions,
instead of for the N-point wave function!!

@ But... we must perform a constrained search: ' must be
N-representable:
r® is N-representable if it stems from a N-particle wavefunction.
And the N-representability conditions for k = 2 are horribly difficult.

@ The lower k, the easier the computational problem. Ideally, we would like
to do a variational search over one-point functions, i.e. use a functional
of the density:

E = E[n].

@ Fortunately, any reasonable non-negative continuous n that integrates to
N is N-representable.
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Thomas-Fermi model

@ From the previous exact energy functional, build a density energy
functional by (a) using the classical electrostatic energy instead of the
full interaction, and (b) substituting the exact kinetic term by the kinetic
energy of a homogeneous electron gas:

Eve[n] = 2.871 / 3 (r) — / Pt Vea(PN(7) + = / r / d“M.

The result is a density functional.
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The Thomas-Fermi model

The Thomas-Fermi model

@ From the previous exact energy functional, build a density energy
functional by (a) using the classical electrostatic energy instead of the
full interaction, and (b) substituting the exact kinetic term by the kinetic
energy of a homogeneous electron gas:

Ere[n] = 2.871/d3r n®3(F) —/d3r Ve (F)N(F) + % /d3r /dsr’ %

F

The result is a density functional.
@ The ground state energy can be obtained by applying the variational

principle:
< {Eneln] - (/d3rn )}—o N

/
22871n2/3 ) — Vext(F’ / d3’ -

[Thomas 1927, Fermi 1927, March and Deb 1987]
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The Thomas-Fermi model

The Thomas-Fermi model

@ The Thomas-Fermi-Dirac is an obvious extension: add the exchange
energy of the homogeneous electron gas, which is also known exactly
as a functional of the density.
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The Thomas-Fermi model

The Thomas-Fermi model

@ The Thomas-Fermi-Dirac is an obvious extension: add the exchange
energy of the homogeneous electron gas, which is also known exactly
as a functional of the density.

@ The TF approach was in principle ad-hoc: it was not known that an
energy density functional even existed.
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The Thomas-Fermi model

@ The Thomas-Fermi-Dirac is an obvious extension: add the exchange
energy of the homogeneous electron gas, which is also known exactly
as a functional of the density.

@ The TF approach was in principle ad-hoc: it was not known that an
energy density functional even existed.

@ Now we know that by improving the TF model one could obtain the exact
result. This is nowadays called orbital-free DFT.
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The Thomas-Fermi model

@ The Thomas-Fermi-Dirac is an obvious extension: add the exchange
energy of the homogeneous electron gas, which is also known exactly
as a functional of the density.

@ The TF approach was in principle ad-hoc: it was not known that an
energy density functional even existed.

@ Now we know that by improving the TF model one could obtain the exact
result. This is nowadays called orbital-free DFT.

@ Theorem: TF is exact in the limit of high atomic numbers and electron
numbers.
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Introduction: Pre-DFT The Problem, and the “traditional” solutions

The Thomas-Fermi model

The Thomas-Fermi model

@ The Thomas-Fermi-Dirac is an obvious extension: add the exchange
energy of the homogeneous electron gas, which is also known exactly
as a functional of the density.

@ The TF approach was in principle ad-hoc: it was not known that an
energy density functional even existed.

@ Now we know that by improving the TF model one could obtain the exact
result. This is nowadays called orbital-free DFT.

@ Theorem: TF is exact in the limit of high atomic numbers and electron
numbers.

@ But... Nonbinding Theorem: No molecular system is stable relative to
dissociation into constituent fragments.

[Lieb 1973, Simon 1977]
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The original Hohenberg-Kohn theorems

@ If we know the external potential v, and the number of electrons N we
have, in principle all the information of the system (upon solution of
Schrédinger equation). Everything is, in principle, a functional of ve.

O = (®|O]d) = O[vex] -
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Theoretical Foundations

The original Hohenberg-Kohn theorems

@ If we know the external potential v, and the number of electrons N we
have, in principle all the information of the system (upon solution of
Schrédinger equation). Everything is, in principle, a functional of ve.

O = (®|O]d) = O[vex] -

@ We say that a density nis v-representable if it is the ground state density
for a system of electrons characterized by some external potential Vex:.
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Theoretical Foundations

T ation functionals

The original Hohenberg-Kohn theorems

@ If we know the external potential v, and the number of electrons N we
have, in principle all the information of the system (upon solution of
Schrédinger equation). Everything is, in principle, a functional of ve.

O = (®|O]d) = O[vex] -
@ We say that a density nis v-representable if it is the ground state density

for a system of electrons characterized by some external potential Vex:.

@ First HK theorem: There exists a one-to-one mapping between
v-representable electronic densities and external potentials.
[Hohenberg 1964]

@ In other words: the density determines the external potential (to within
trivial additive constants).
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Theoretical Foundations

T ation functionals

The original Hohenberg-Kohn theorems

@ If we know the external potential v, and the number of electrons N we
have, in principle all the information of the system (upon solution of
Schrédinger equation). Everything is, in principle, a functional of ve.

O = (®|O]d) = O[vex] -
@ We say that a density nis v-representable if it is the ground state density

for a system of electrons characterized by some external potential Vex:.

@ First HK theorem: There exists a one-to-one mapping between
v-representable electronic densities and external potentials.
[Hohenberg 1964]

@ In other words: the density determines the external potential (to within
trivial additive constants).

@ Consequence: everything is, also, a functional of the density.

0 = (¢|0]®) = O[n].

@ The original theorem is only valid for non-degenerate ground states.
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Theoretical Foundations

The original Hohenberg-Kohn theorems

@ We may then define the following functional, for all v-representable
densities:
Fuk[n] = T[n] + U[n],

and, for a given Vex:

Evee[N] = Frk[N] + /d3r N(F)Vext(F) -
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The original Hohenberg-Kohn theorems

@ We may then define the following functional, for all v-representable
densities:

Fuk[n] = T[n] + U[n],
and, for a given Vex:

Evee[N] = Frk[N] + /d3r N(F)Vext(F) -

@ Second HK theorem: If ng is the density that correspond to Ve, for any
other v-representable n:

| Evea[] > Evea[0] = Eo|
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The original Hohenberg-Kohn theorems

Assuming differentiability of E,,,, the variational principle requires that the
exact ground state density satisfy the stationary principle:

8{Eveu[N] — 1 [/d3r n(F) — N}} =0,

which leads to an Euler-Lagrange equation in the form:

OFHKk
on(P)

p = Ve (T) +
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Theoretical Foundations

T ation functionals

The original Hohenberg-Kohn theorems

Assuming differentiability of E,,,, the variational principle requires that the
exact ground state density satisfy the stationary principle:

8{Eveu[N] — 1 [/d3r n(F) — N}} =0,

which leads to an Euler-Lagrange equation in the form:

OFHKk
on(P)

p = Ve (T) +

But we don’t know the explicit form of Fux[n] = T[n] + U[n]!
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Hohenberg-Kohn theorems
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Theoretical Foundations
Kohn-Sham formalism

The ation functionals

Levy constrained search formulation

@ Variational principle, once again:

Eo = mdin{(tbﬁ' + Vee + Ve |®) } .

Eo = mrin{g)nirrl]{@l'f + Vee| )} + /dsf N(M)Vea(T)} -
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Theoretical Foundations

Levy constrained search formulation

@ Variational principle, once again:

Eo = mdin{(tbﬁ' + Vee + Ve |®) } .

Eo = mrin{g)nirrl]{(dJrAr + Vee|®) } + /d3r N(F)Vea(F)} .
@ If we define, over all N-representable densities,
Fn] = min{(®[T + Vee|®)},
we may define the following density functional:
E[n] = F[n] + /d3r N(F)Vext(F) ,

such that
Eo = minE[n].
n

@ We arrive to a variational approach, equivalent to the HK, but without the 5
v-representability problem and valid for non-degenerate ground states.
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Theoretical Foundations

Kohn-Sham formalism

@ The variational equation:

— Ve(r) + 2
f=Yed an(r)

is valid for any external potential, and also for any possible electronic
interaction.
In particular, it is valid for a system of non-interacting electrons.

@ The “Kohn-Sham system” S, is, for a given density n, that system of
non-interacting electrons that has n as ground-state density. This is
possible by tuning its external potential, that we will call “Kohn-Sham
potential”, vks.

@ For the Kohn-Sham system,
Fs[n] = Ts[n] .

We define the exchange and correlation functional, Ex[n], as:

F[n] = Fs[n] + Uo[n] + Exc[n] -
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Theoretical Foundations

Kohn-Sham formalism

@ We now have two Euler-Lagrage equations that provide the same

density:
o oF
_ ﬂ o0Ts
n= VKS(r) + 5n(r») )
and this leads us to an expression for the Kohn-Sham potential:
o s ouU =
Vks(F) = Ve () + —o + =

on(F) ~ n(F)
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Kohn-Sham formalism

@ We now have two Euler-Lagrage equations that provide the same

density:
o oF
_ ﬂ o0Ts
n= VKS(r) + 5n(r») )
and this leads us to an expression for the Kohn-Sham potential:
o s ouU =
Vks(F) = Ve () + —o + =

on(F) ~ n(F)
@ A system of non-interacting particles is described by a single Slater

determinant, whose spin-orbitals may be obtained by solving a system of
single particle equations, the “Kohn-Sham equations”:
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Kohn-Sham formalism

@ The solution of the KS system provides us with the exact (in principle),
electronic density n.
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Theoretical Foundations

Kohn-Sham formalism

@ The solution of the KS system provides us with the exact (in principle),
electronic density n.

@ There is, however, still one unknown part: the exchange and correlation
energy functional Ex[n], and its functional derivative, the xc potential:

Ve [N(F) = (?nE(er) .

@ The ground state energy Eo may now be obtained as:

Eo = Ts[n] + Uo[n] + +Eex[N] + Exc[N],
or

Ey = Za — Uo[n] 4 Exc[n] — /dar N(F)Ve[N](T) .
i=1
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@ The exchange and correlation functionals
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The exchange and correlation energy

@ We may split Ex into an exchange and a correlation part:

Exe[n] = Ex[n] + Ec[n],

where
Ex[n] = (0"°|Vee 95) .
@ En] <O.
@ If N = 1, Ex]n] = —Ug[n].

This means that the exchange energy cancels the self interaction.
Ec[n] <O.
If N =1, Ec[n] = 0.

® ©

lim vie[n](7) = —%.
r—oo
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The exchange and correlation functionals

Local Density Approximation (LDA)

@ There is a system for which all the terms can be worked out exactly: the
homogeneous electron gas (HEG). The correlation term cannot be
obtained analytically, but can be computed to desired accuracy and
parameterized.
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The exchange and correlation functionals

Local Density Approximation (LDA)

@ There is a system for which all the terms can be worked out exactly: the
homogeneous electron gas (HEG). The correlation term cannot be
obtained analytically, but can be computed to desired accuracy and
parameterized.

@ LDA:
Exc[n] = / d®r n(F)=kEC(n(F)),
HEG

where e, ~(n(F)) is the exchange and correlation energy density of a
HEG of (constant) density n = n(T).
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Local Density Approximation (LDA)

@ There is a system for which all the terms can be worked out exactly: the
homogeneous electron gas (HEG). The correlation term cannot be
obtained analytically, but can be computed to desired accuracy and
parameterized.

@ LDA:
Exc[n] = / d®r n(F)=kEC(n(F)),
HEG

where e, ~(n(F)) is the exchange and correlation energy density of a
HEG of (constant) density n = n(T).

@ It should be valid only for systems of slowly varying densities. But it turns
out that it works in cases where it should not!

@ It has proven very difficult to improve. Still today, it is extensively used in
Solid State Physics — and also for molecules!

@ The reason is that it fulfills many exact properties. The most notable
failure is that it contains self-interaction.

[Ceperley 1980, Perdew 1981]
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Generalized Gradient Approximatinon (GGA)

@ GGA:

Ecfr] = / & F[n(F, vn()] .
@ This does not uniquely define the functional. Many attempts were made
before something worked.
@ Two schools of GGAs:
@ Perdew. More ab initio, based on physical insight.

@ Becke. More empirical, sometimes making use of adjustable
parameters. Becke’s functionals are the ones popularized DFT.

@ GGA provides very good bond-lengths, vibrational frequencies, energy
differences (atomization energies), ionization potentials. . .
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Typical errors

Property L(S)DA GGA
Ex 5% (not negative enough) 0.5%
Ec 100% (too negative) 5%
bond length 1% (too short) 1% (too long)
structure overly favors close packing  more correct
energy barrier 100% (too low) 30% (too low)
3
4

One easy explanation to why LSDA and GGA work: cancellation of errors
between Ex and E.!
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meta-GGA

@ meta-GGA:

Exc[n] = / d®r Fn(F, Vn(F), V°n(F), 7(F)] ,

where we use, besides the Laplacian of the density, the kinetic energy
density:

N

(M) =Y le(MF.

i=1
This is an expression in term of the orbitals. But it can be approximated,
to first order, by:

[Vnf?

8n

[Perdew 1999, Tao 2003]
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And beyond: Orbital Dependent Functionals.

Excln] = E[{ailn]}a].
For example, this permits to obtain the exchange exactly:

E — %kle:_l/dsr /d3r’ PP (i (Np(T)

[

This permits to define a functional withouth the self-interaction error.

@ The potential has to be obtained by functional differentiation with respect
to the densities.

@ One has to resort to the Optimized Effective Potential (OEP) theory,
which provides us with schemes to calculate the derivative.

See [Anisinov 2000], page 203, by T. Grabo et al.
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@ Time-dependent DFT
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The time-dependent one-to-one mapping

® System S: A=T+W4+V(t)
o W= %Zi#j % is the electronic interaction.

o V(t) = 3, v(fi, t) is the external field seen by the electrons.
9 |&(t=10)) = [®0) = n(F,t) = (S()[A(F)[®(t)) .
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Other extensions
Extensions

The time-dependent one-to-one mapping

® System S: A=T+W4+V(t)
o W= %Zi#j % is the electronic interaction.

o V(t) = 3, v(fi, t) is the external field seen by the electrons.
9 |&(t=10)) = [®0) = n(F,t) = (S()[A(F)[®(t)) .

@ System S’ A =T+W +V'(t)
@ Question: Given W/, is there any V/(T’ t) such that:

(1) = (¢ (1)|A() |’ (1)) = n(r,t) ?
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The time-dependent one-to-one mapping

® System S: A=T+W4+V(t)
o W= %Zi#j % is the electronic interaction.

o V(t) = 3, v(fi, t) is the external field seen by the electrons.
9 |&(t=10)) = [®0) = n(F,t) = (S()[A(F)[®(t)) .

@ System S’ A =T+W +V'(t)
@ Question: Given W/, is there any V/(T’ t) such that:

(1) = (¢ (1)|A() |’ (1)) = n(r,t) ?

9 Answer: Yes, and it is unique.

[R. van Leeuwen, Phys. Rev. Lett. 82 3863 (1999).]
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The Runge-Gross theorem, and the TDKS system

@ Now assume that W'=W.
V/(F,t) = v(F, t) obviously, but the theorem also tells us that it is unique:
There exists a unique relationship between time-dependent densities

and external potentials.
E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984).
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The Runge-Gross theorem, and the TDKS system

@ Now assume that W'=W.
V/(F,t) = v(F, t) obviously, but the theorem also tells us that it is unique:
There exists a unique relationship between time-dependent densities
and external potentials.
E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984).

@ And now assume that W'=0. I.e., we have a non-interacting system.

There exists a potential V' (F, t) for this non-interacting system such that it
reproduces the density of the interacting system.

This is the so-called time-dependent Kohn-Sham potential, vks(F,t). The
evolution of the non-interacting system may be easily obtained by
propagating single-particle equations (i.e. Runge-Gross or td
Kohn-Sham equations):

.0 . 1 . ﬂ .
lawi(r,t) = févchi(r,t) + wis(T )i (T 1) -
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Retrieval of observables in TDDFT

@ The density of the real, interacting system, may be retrieved from the
single-particle orbitals that solve the auxiliary, non-interacting system:

nrt) = lair .

i=1
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Extensions

Retrieval of observables in TDDFT

@ The density of the real, interacting system, may be retrieved from the
single-particle orbitals that solve the auxiliary, non-interacting system:

() = > e ol

@ The expectation value of any observable Q(t) is a unique functional of
the time-dependent density by virtue of the Runge-Gross theorem:

Q) = (Q(1) = Q(M)[n].
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Retrieval of observables in TDDFT

@ The density of the real, interacting system, may be retrieved from the
single-particle orbitals that solve the auxiliary, non-interacting system:

() = > e ol

@ The expectation value of any observable Q(t) is a unique functional of
the time-dependent density by virtue of the Runge-Gross theorem:

Q) = (Q(1) = Q(M)[n].

@ For example, the dipole-dipole 1st order dynamical polarizability would
be:

o N(w) = —ﬁ / Arr,on(r,w).
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@ RG is an existence theorem that is non-constructive: we do not know vks.
@ As in gs DFT, a smaller unknown part may be isolated:

Vks(T, t) = V(T 1) + Unartree[N] (T, t)+Vic[N](F, 1) ,

where, by definition:

= 5A>(C
Vxe(T, 1) = .
(M) on(F, 1)
In order to use the GS functionals, the adiabatic approximation has to be

invoked:

Al :/tfdrExc[nT]; (n.(F) = n(F, 7).

However, strong-field phenomena have proven to be especially
demanding in terms of the xc approximations. Orbital-dependent
functional seem to be needed, which are non-adiabatic, and require the
OEP formalism.
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@ RG is an existence theorem that is non-constructive: we do not know vks.
@ As in gs DFT, a smaller unknown part may be isolated:

Vks(T, t) = V(T 1) + Unartree[N] (T, t)+Vic[N](F, 1) ,

where, by definition:

= 5A>(C
Vxe(T, 1) = .
(M) on(F, 1)
In order to use the GS functionals, the adiabatic approximation has to be

invoked:

Al :/tfdrExc[nT]; (n.(F) = n(F, 7).

However, strong-field phenomena have proven to be especially
demanding in terms of the xc approximations. Orbital-dependent
functional seem to be needed, which are non-adiabatic, and require the
OEP formalism.

@ Yet another problem: not all observables are explicit functionals of the td
density. Most of them are unknown and have to be approximated. For
example, the ionization probabilities.
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Non-linear regime

For large external perturbations (non-linear, or non-perturbative regime), one
can directly propagate in time the TDKS equations. This permits, to obtain,
e.g., harmonic spectra:

Cemisson X \/dt gt d —dn](t)?,

where d[n(t) is the system dipole moment: d[n](t) = [ d*rn(7)(t)x.

Harmonic spectrum for He at A\ =
616 nm and | = 3.5 10" W/cm?,
Calculations at the exact-exchange
(within the KLI approximation) level
of theory. [C. A. Ullrich, S. Erhard
and E. K. U. Gross, 1996)]

- L
10 10 20 30 40 50 60
Harmonic Order
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Linear Response TDDFT

@ If we assume small perturbations, one can derive a linearized form of the
TDKS equations: the response density is a linear functional of the
perturbation.

@ The translation of the linear response theory formalism to TDDFT leads
to a tractable set of equations that permits to obtain:

¢ Excitation energies, wy = E; — Eo.
9 Transition matrix elements, oscilatory strengths — corresponding to
transitions between the ground state and the excited states.

@ No excited states. No excited states densities. No matrix elements
between excited states.

@ It requires the second functional derivative of the exchange and
correlation functional: the so-called kernel:

V(T 1)

7 —_
fuc(Tt, T't) = (. 0) "
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Example: absorption spectrum of benzene

3 T T
— - Averaged

2.5 , - z-direction
— : — Experimental
% =
2 2
e
B
o 15¢
(7]
3]
3 1+
2
a

0.5 |

|

15 20
Energy (eV)
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The Jacob’s ladder of xc approximation

Exc
PHOTOCHEMICAL

HEAVEN m—y OEP

o OEPx
QEPxc

mGGA
CEPx GOA
mGGA } LDA
GGA
HARTREE WORLD

LDA
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@ Other extensions
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Other extensions of DFT

@ Spin-DFT.
Analogous to unrestricted Hartree-Fock. The basic variable are the spin
densities n,(F)(c =T, ]) (h=n; +n;). [vonBarth 1972]

9 It permits to put some spin-dependent terms in the Hamiltonian.
9 It provides better results for open-shell systems.

@ Current-Spin DFT.
Useful for problems that involve magnetic fields. It is based on a
generalized HK theorem, that establishes a mapping between (a) the
density, and the current density, and (b) the external potential, which
may be a vector potential. [Vignale 1987]

@ Relativistic DFT. See Chapter 3 of [Fiolhais et al. 2003].

@ Multi-component DFT.
If we have a system with different particles (e.g., the electrons and the
different nuclei), we can treat all of them quantum-mechanically. We then
have a different density for each specie. A generalization of the HK
theorem can then be established in this case.
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