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We propose an easily implemented approach to study time-dependent correlation functions of
one-dimensional systems at finite-temperature T using the density matrix renormalization group. The
entanglement growth inherent to any time-dependent calculation is significantly reduced if the auxiliary
degrees of freedom which purify the statistical operator are time evolved with the physical Hamiltonian
but reversed time. We exploit this to investigate the long-time behavior of current correlation functions of
the XXZ spin-1=2 Heisenberg chain. This allows a direct extraction of the Drude weight D at intermediate
to large T. We find that D is nonzero—and thus transport is dissipationless—everywhere in the gapless
phase. At low temperatures we establish an upper bound to D by comparing with bosonization.
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It is an intriguing question if a physical system can exhibit
dissipationless transport. In this case the conductivity has a
singular contribution Dð!Þ where D is typically referred to
as the Drude weight. As a consequence, a fraction of an
initially excited current will survive to infinite time. If the
current operator is conserved by the Hamiltonian, the corresponding quantum system clearly supports dissipationless
transport at any temperature T. The more subtle question of
whether the Drude weight can be nonzero when the current
operator has no overlap with any local conserved quantity
has attracted considerable attention [1–18] without being
resolved. In one spatial dimension it is believed that D  0
is only possible at T > 0 for an integrable model where an
infinite set of conserved local operators might restrict dissipation processes.
This Letter uses a finite-temperature time-dependent
density matrix renormalization group (DMRG) approach
to calculate the Drude weight for a prototypical integrable
one-dimensional system—the antiferromagnetic XXZ
Heisenberg chain. The latter describes L ! 1 interacting
spin-1=2 degrees of freedom Sx;y;z
n
H¼J

L
X
n¼1

ðSxn Sxnþ1 þ Syn Synþ1 þ Szn Sznþ1 Þ;

(1)

or equivalently spinless fermions through the JordanWigner transformation. The spectrum is gapless for all
anisotropies 0    1. While Bethe ansatz allows evaluation of D at T ¼ 0 via the Kohn formula [19,20], it has not
been possible to reliably compute its value for nonzero
temperatures. The Mazur lower bound [21] determined by
all local conserved quantities is zero in absence of a
magnetic field (however, a lower bound was recently constructed [16,17] from a nonlocal operator at T ¼ 1; we
will explicitly investigate whether or not it saturates the
Drude weight). Two different Bethe ansatz approaches
0031-9007=12=108(22)=227206(5)

[1,2] yield contradictory results. Exact diagonalization
[3–6] can only treat systems of up to L  20 sites, and
quantum Monte Carlo [8,9] data require an ill-controlled
analytic continuation in order to extract D. A recent bosonization study combined with DMRG numerics [10,11]
proves the existence of a diffusive transport channel [22]
and yields an upper bound on the Drude weight, but the
time scales reachable within the DMRG are yet too small to
make a decisive statement about whether or not D is nonzero. While most of these works conclude in favor of a
finite Drude weight in the gapless phase, no ultimately
accepted quantitative picture (e.g., concerning its  and
T dependence and whether or not it vanishes for the isotropic chain) has emerged. It is the first goal of this work to
fill this gap at intermediate and high temperatures.
The density matrix renormalization group [23] was
initially devised as a powerful tool to calculate ground
state properties of one-dimensional systems with shortranged interactions [24,25] and subsequently extended to
address real-time dynamics [26–29]. In principle, it can be
applied straightforwardly to nonzero T [30–32] by introducing auxiliary degrees of freedom to purify the thermal
statistical operator [33]. In practice, however, the increase
of entanglement with time has limited previous finitetemperature calculations to rather short time scales
[10,34,35]. The second aim of our paper is to propose an
easy-to-implement modification to the DMRG algorithm
of Ref. [31]: The auxiliaries are by construction inert, but
they can be exposed to an arbitrary unitary transformation
without involving any approximation. It turns out that
the intuitive choice of time-evolving with the physical
Hamiltonian but reversed time leads to a drastic reduction
of the entanglement growth—thus, significantly longer
time scales can be reached and the Drude weight of the
XXZ chain can be calculated after all.
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This Letter is organized as follows. We first explain our
modified DMRG method and test it for the exactly solvable
case  ¼ 0. It is then used to compute the Drude weight for
a range of  and T. In a nutshell, we find that D is nonzero
everywhere from the noninteracting point  ¼ 0 to the
isotropic chain  ¼ 1 and decreases with increasing
temperature and ; values in the gapped regime  > 1
are numerically consistent with D ¼ 0. We stress that our
approach does not involve any approximation: The Drude
weight can be read off directly from the long-time asymptotics of the spin current correlation function [13]; the
system size is large enough (typically L  100–250) to
be in the thermodynamic limit for each temperature at
hand; and DMRG is numerically exact.
Finite-temperature DMRG.—In order to eventually
compute correlation functions of the type S
nm ðtÞ ¼
 i ¼ Tr½ S ðtÞS  within the DMRG, one needs
ðtÞS
hS
n
 n
m
m
to purify the thermal grand canonical density matrix [33]
by introducing an auxiliary Hilbert space Q :  ¼
TrQ j ih j. This is analytically possible only at infinite
temperature  ¼ 1=T ¼ 0 where 0 ¼ 2L . However,
j i can be obtained from j0 i by applying an imaginary
time evolution, j i ¼ eH=2 j0 i [23]. Any correlation
function can therefore be exactly recast as S
nm ðtÞ ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 iHt 
iHt
Sm j i= h j i. These objects, howh je Sn e
ever, are directly accessible within a standard timedependent DMRG framework [26–28]. It is most convenient
to first express
j0 i in terms of a matrix product state [36],
P
j0 i ¼ n A1 A2    A2L j1 2 . . . 2L i, where jn i denotes the eigenbasis of Szn , and Q is spanned by the states
with even indices.
We choose A"odd
¼ ð1 0Þ, A#odd ¼ð01Þ,
p
ﬃﬃﬃ
p
ﬃﬃﬃ
A"even ¼ ð1= 2 0ÞT , A#even ¼ ð1= 20ÞT in order to exploit
Sz conservation [23]. After factorizing the imaginary and
real-time evolutions operators expðHÞ using a fourth order
Trotter decomposition [23], they can be successively applied
to j0 i. At each time step, two singular value decompositions are carried out to update three consecutive matrices
An (the physical sites are the odd ones and thus nextnearest neighbors). The matrix dimension  is dynamically
increased such that at each time step the sum of all squared
discarded singular values is kept below a threshold value .
The DMRG approximation to S
nm ðtÞ thus becomes exact in
the limit  ! 0.
Efficient DMRG approach to T  0.—Prior finitetemperature studies employing the DMRG were in practice
limited to fairly intermediate time scales due to a rapid
blowup of the block Hilbert space dimension  [31,34].
While in a ground state calculation the entanglement entropy grows locally around a quench S
n jgsi, at T > 0 it
increases homogeneously even when only the thermal density matrix (i.e., the state j i) is exposed to a supposedly
trivial time evolution. However, the purification is not
unique—we have the analytic freedom to apply any unitary
transformation Uaux ðtÞ to the in principle inert auxiliary

sites (physical quantities are determined by the trace over
Q and are thus not affected by Uaux ). Thus, it is reasonable
to investigate: Is there some unitary operator which can
undo the above damage? Indeed, the intuitive choice
~
~ being the time- reversed physical
Uaux ðtÞ ¼ eþiHt
, with H
Hamiltonian applied to the auxilliary sites renders the time
evolution of j i trivial [37], and the computation of
eiHt S
n j i is eventually only plagued by an entanglement building up around site n [38]. This leads to a
significantly slower increase of , and thus longer time
scales can be reached.
To demonstrate the potential of this modification—
which does not involve any approximation except for the
usual truncation inherent to each DMRG update—we calculate the longitudinal spin structure factor of the XX chain
and compare with the exact solution obtained by mapping
to free fermions. The result is shown in Fig. 1. Even for
times tJ  30,  only grows to moderate   250 in order
to keep the total (summed) discarded weight below
  106 . This holds for the whole temperature range
T=J ¼ 0:1 . . . 1 and is to be contrasted with the DMRG
approaches of Refs. [31,34] which break down much earlier [see Fig. 1(a) and note that increasing  from 60 to 200
merely allows tJ  9 instead of tJ  7].
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FIG. 1 (color online). DMRG calculation for the finitetemperature longitudinal spin structure factor of a L ¼ 100
site XX Heisenberg chain ( ¼ 0) in comparison with the exact
result in the thermodynamic limit [34]. We show both the real
z
z
space representation Szz
n ðtÞ ¼ hSL=2þn ðtÞSL=2 i and Fourier transP
ikn zz
form Szz
n e Sn ðtÞ. In (a) [in (b) and (c)] the DMRG
k ðtÞ ¼
Hilbert space dimension  [the discarded weight] is fixed.
Whereas the traditional DMRG approach [31] breaks down
rapidly, larger times can be reached if the auxiliaries are evolved
with the physical Hamiltonian but reversed time.
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long-time asymptotics of the current correlation function
directly yield D [13]:

T=0 Bethe ansatz Drude weight
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FIG. 2 (color online). Spin current correlation functions of the
XXZ Heisenberg chain at intermediate to large temperatures.
The long-time asymptotics determine the Drude weight D. Inset:
Bosonization result of Ref. [11] evaluated for D ¼ 0:05. Despite
the large temperature, bosonization agrees qualitatively with the
DMRG data.

In order to assure that the above scenario is generic, we
have also studied (i) longitudinal and transverse spin structure factors of the XX chain in presence of a magnetic field,
(ii) the XXZ chain, (iii) the anisotropic spin 1 Heisenberg
chain, and (iv) the quantum Ising model and compared
with available analytics or DMRG data [31,34]. The reachable time scales depend on the model and correlation
function under investigation—but introducing Uaux generally reduces the effort of finite-temperature DMRG to that
of a ground state calculation.
Drude weight at intermediate to large T.—We will
now employ our modified DMRG to extract the Drude
weight of the XXZ chain in the critical phase 0    1.
The spin current
equation and
P is definedPfrom acontinuity
þ S Þ,
S

S
where
reads j ¼ n jn ¼  iJ2 n ðSþ
n nþ1
nþ1 n
y

x
Sn ¼ Sn  iSn (and n denote physical sites only). The
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A similar strategy was pursued in Ref. [10] using the
transfer matrix DMRG. We quantitatively reproduce those
results but are able to reach time regimes about a factor of
2–3 larger within 1 d of computer time [39]. At intermediate temperatures T=J * 0:5, this allows us to access a scale
where hjðtÞji is saturated, which enables a quantitative
estimate of the Drude weight. This is illustrated in Fig. 2
for fixed  ¼ 0:6 and three temperatures T=J ¼ 0:5, 2, 1.
The current correlators become flat around tJ  20, and we
obtain D  0:06J=2T for all T=J * 0:5. Note that at
T=J ¼ 0:5, the Drude weight is reduced by a factor of 3
compared to its zero-temperature Bethe ansatz value [19].
We emphasize that for each temperature we chose a
system size large enough to determine D in the thermodynamic limit [this is demonstrated explicitly in the inset to
Fig. 3(b)].
It is instructive to compare our data with the bosonization calculation of Ref. [11] which yields the current
correlator up to the asymptotic value D. With our prediction for D, the bosonization curve at T=J ¼ 0:5 agrees
qualitatively with the DMRG curve despite the large temperature (see the inset to Fig. 2). This demonstrates that it is
indeed reasonable to expect hjðtÞji to saturate at a scale
tJ  20. At larger temperatures, the correlators evolve
nonmonotonically at intermediate t [10]. The magnitude
of these oscillations, however, decreases as T is lowered;
they eventually die out around T=J ¼ 0:5.
We now investigate the  dependence of the Drude
weight for intermediate (T=J ¼ 0:5) and high (T ¼ 1Þ
temperatures. As illustrated in Fig. 3, D monotonically
decreases from its trivial value at  ¼ 0 (where j commutes with the Hamiltonian and thus hjðtÞji ¼ const) down

T* D

T/J=2

∆=0.36

∆=0.6

Re < j(t) j > / LJ2

0.15
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FIG. 3 (color online). Comprehensive picture of the -dependence of current correlation function at intermediate (T=J ¼ 0:5) and
high (T ¼ 1) temperatures [41]. The corresponding Drude weight D is shown in the insets and for infinite T compared to the lower
bound of Ref. [16]. The left inset to (b) shows data for various system sizes L ¼ 30 . . . 200, illustrating that our DMRG calculation can
readily reach the thermodynamic limit.
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FIG. 4 (color online). Spin current correlation functions at low
temperatures. Because of the presence of a diffusive transport
channel [10] with a small decay rate (manifesting as a linear
decrease of hjðtÞji for times 1=T  t  1= ), the Drude weight
can only be estimated indirectly by comparing with the bosonization prediction [11]. For T=J ¼ 0:2 and =J ¼ 0:6, this
suggests D  0:07 as an upper bound.

to a finite value for the isotropic chain. The latter is
consistent with most previous works which eventually
concluded in favor of Dð ¼ 1Þ > 0 [2,4,5,8,14]. The
qualitative behavior Dð1 Þ < Dð2 Þ for 1 > 2 agrees
with one [1] of the Bethe ansatz [1,2] calculations [note,
however, that Ref. [1] finds Dð ¼ 1Þ ¼ 0 for any nonzero
T]. At infinite temperature, our data is consistent with a
recently-established lower Mazur bound [16]. The latter
has a fractal  dependence and seems to saturate our Drude
weight for commensurate values  ¼ cosð l=mÞ, l, m 2
Zþ [such as  ¼ 0:5; see the left inset to Fig. 3(b)].
Low temperatures.—At low T, bosonization [10,11]
conjectures a diffusive transport contribution: hjðtÞji falls
off exponentially for times t * 1=T and saturates at a scale
set by the inverse decay rate (bosonization does not yield
the saturation value D). This picture is strongly supported by DMRG [10] as well as Quantum Monte Carlo
[22] numerics. Our modified DMRG reconfirms the existence of the diffusive channel, and we extract (by fitting
the exponential in its linear regime t  1= ) in nice
agreement with the bosonization prediction (see Fig. 4;
keep in mind that the DMRG calculation of Ref. [10]
reached tJ  7). Unfortunately, decreases with temperature and for T=J & 0:4 we can no longer access the scale
t  1= where the current correlator saturates.
We will now discuss an indirect way to determine D
which was proposed in Ref. [11]. The only free parameter
in this bosonization calculation for hjðtÞji is the Drude
weight, which one can therefore try to extract by fitting
the DMRG data at intermediate times. This is exemplified
in Fig. 4 for  ¼ 0:6 and T=J ¼ 0:2. Our numerics suggests D  0:07 as an upper bound (and seemingly contradicts both Bethe ansatz predictions D ¼ 0:15 [2] and
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D ¼ 0:105 [1]). This in turn indicates that the Drude
weight only slightly deviates from its value D  0:06 at
T=J ¼ 0:5 when temperature is lowered to T=J ¼ 0:2, and
thus D supposedly varies strongly below T=J & 0:2 in
order to eventually approach its zero-temperature value
D ¼ 0:15 [19]. We emphasize, however, that these arguments are less stringent than the direct observation of a
flattening hjðtÞji: T=J ¼ 0:2 might be too high for the lowenergy bosonization approach to be ultimately accurate—
but at lower T, we cannot access the time regime 1=T &
t & 1= necessary for a meaningful comparison.
Gapped phase.—The gapped phase of the Heisenberg
chain has attracted less attention than the critical one: At
T ¼ 0, the Drude weight vanishes for all  > 1 [19], so
one might reasonably expect the same to hold at finite
temperature [5,10,15,40]. Indeed, our data for T=J ¼ 0:5
and  ¼ 1:2, 1.4, 1.6 is consistent with a zero Drude
weight [see Fig. 3(a)]. However, the effort to reach large
times increases significantly with , and we thus leave a
detailed investigation of D in the close vicinity of  * 1 as
a subject for future work.
Conclusion and outlook.—We have introduced a modification to finite-temperature DMRG which can be easily
incorporated within existing implementations of the
method. It allows us to compute correlation functions up
to significantly larger times. We have exploited this to
quantitatively extract the Drude weight D of the antiferromagnetic spin 1=2 XXZ Heisenberg chain at intermediate
to large temperatures. D decreases monotonically when the
asymmetry parameter  is varied from  ¼ 0 (XX chain)
to  ¼ 1 (isotropic chain). Our data strongly suggests that
D is finite at  ¼ 1. For small T, we reconfirmed the
existence of a diffusive transport contribution in the critical
phase. Our access to the Drude weight, however, is still
only qualitative at low temperatures, and quantitatively
bridging the gap between zero temperature (where one
can carry out Bethe ansatz calculations) and our data at
intermediate and large T remains as the major open challenge. The DMRG algorithm presented may enable various
applications—investigation of spin and current correlation
functions of nonintegrable models being an obvious one.
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