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Two-dimensional arrays of ballistic Josephson junctions are important as model systems for synthetic quantum
materials. Here, we investigate arrays of multiterminal junctions which exhibit a phase difference ¢, at zero
current. When applying an in-plane magnetic field, we observe nonreciprocal vortex depinning currents. We
explain this effect in terms of a ratchetlike pinning potential, which is induced by spontaneous supercurrent
loops. Supercurrent loops arise in multiterminal ¢, junction arrays as a consequence of next-nearest-neighbor
Josephson coupling. Tuning the density of vortices to commensurate values of the frustration parameter results
in an enhancement of the ratchet effect. In addition, we find a surprising sign reversal of the ratchet effect near

frustration 1/3. Our work calls for the search for novel magnetic structures in artificial crystals in the absence of

time-reversal symmetry.

DOI: 10.1103/31zv-84hw

I. INTRODUCTION

The magnitude of the maximum supercurrent in Josephson
junctions is independent of the polarity of the phase bias when
time-reversal or space-inversion symmetry is present. If both
symmetries are lifted, the current-phase relation (CPR) is no
longer odd under inversion of the phase bias. The first experi-
mental evidence for this asymmetry in an individual junction
was the discovery of the anomalous Josephson effect, i.e., a
finite phase shift ¢y of the CPR. Such ¢, junction behavior has
been demonstrated in systems with large spin-orbit interaction
(SOI) [1-5]. More recently, similar devices have also featured
nonreciprocal critical currents, referred to as the Josephson
diode effect [6-14]. As shown in Ref. [15], the anomalous
@o shift and Josephson diode effect can coexist in the same
device.

With the advent of gate-tunable Josephson junction arrays
(JJAs) in super-/semiconducting heterostructures [16], the nat-
ural question arises of how two-dimensional (2D) arrays of
¢o junctions behave. Already in the absence of ¢q shifts,
JJAs are established as an important playground in condensed
matter physics. They enable the study of fundamental proper-
ties of 2D superconductors in a highly controllable fashion
[16] and have been important as model systems for many-
body phenomena such as the Berezinski-Kosterlitz-Thouless
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transition [17-22], quantum phase transitions [16,23-25],
phase locking and synchronized emission [26,27], and macro-
scopic quantum effects [28-30]. In perpendicular magnetic
fields, the resistive state of the arrays is controlled by vor-
tex dynamics. The vortex depinning current displays striking
commensurability effects at fractional values of the frus-
tration f = &/®y [31-34], where & is the magnetic flux
threading a plaquette and & is the superconducting flux
quantum.

Introducing and tuning the ¢ shift by an in-plane magnetic
field provides a novel knob for controlling JJAs. For the sim-
plest case of square arrays with nearest-neighbor Josephson
coupling only, a uniform ¢ shift in all junctions can be
gauged away and has no experimentally observable conse-
quences. It is an open question as to under which conditions
the ¢y shift has an observable impact on the transport charac-
teristics of JJAs.

Here, we report on two-dimensional square arrays made of
@ junctions. Applying an in-plane magnetic field with a com-
ponent perpendicular to the current, we observe nonreciprocal
vortex depinning currents. We make use of this different type
of supercurrent diode effect to probe the impact of ¢y shifts
on 2D JJAs. At frustrations f < 1, the nonreciprocity persists
up to fairly large in-plane fields and temperatures. This effect
is explained in terms of a field-tunable, ratchetlike shape of
the vortex pinning potential, which we deduce from a minimal
model of the JJA with both nearest- and next-nearest-neighbor
Josephson couplings with anomalous ¢ shifts. Vortex

©2025 American Physical Society
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FIG. 1. Nonreciprocal transport in JJAs. (a) Two-dimensional square Josephson junction array (JJA) with surface plot showing the vortex
pinning potential U (x, y), the bias current /, and the applied in-plane magnetic field Bj,. The JJA is modeled using both (red, orange) neighbor
and next-nearest- (green) neighbor Josephson couplings between superconducting islands. The lattice constant of the array is a = 500 nm.
(b) Current-voltage characteristics of the 2D JJA for different magnitudes of the in-plane magnetic field. The current is always swept starting
at zero absolute value. For the negative branches of the V (/) curves (dotted lines), we plot the absolute values of current and voltage. The
out-of-plane magnetic field is close to zero and the temperature is 7 ~ 40 mK. (c) Current-voltage characteristics for different temperatures,
measured at an in-plane field B, = 250 mT. (d) Sketch of vortex configuration at nominally zero out-of-plane magnetic field (left) and positive
out-of-plane magnetic field (right). (e) Rectification efficiency n(B;) for & = —90° and gate voltage V, = 0.5 V, for different values of By. (f)
Average of n (labeled as 7) in the range |B,| < 20 uT as a function of By, extracted from the data shown in (e). (g) Temperature dependence of
7 for By = 250 mT, 6 = —90°, and gate voltage V, = 0.5 V. For T > 400 mK, there is no well-defined jump in the V (I) curves which can be
used to define a critical current. Therefore, we use a threshold V, = 30 uV to define the critical current.

nonreciprocity also occurs at fractional f, with inverted sign
for f ~1/3.

In our devices, the 2D electron gas (2DEG) is located in
a shallow InGaAs/InAs/InGaAs quantum well, whose charac-
teristics are described in detail in the Supplemental Material
[35]. Superconductivity in the 2DEG is introduced by proxim-
ity to an epitaxially grown Al film [36]. Using electron-beam
lithography followed by selective wet etching of the Al film,
we define a square array of 200 x 200 aluminum islands sep-
arated by 100-nm-wide gaps where the aluminum is removed.
The islands are 400 x 400 nm? in size. A global top gate
allows us to control the electron density in the weak links.

For & « &y, the square JJAs (lattice constant a =
500 nm) feature an intrinsic vortex pinning potential—also
called egg-crate potential [17]—U (x,y) &~ Eg[cos(2mx/a) +
cos(2my/a)] with minima of the potential located near the cor-
ners of the superconducting islands, as illustrated in Fig. 1(a).
When applying a transport current with density j, vortices
experience a Lorentz force F, = @] x Z perpendicular to
the applied current. Depinning of vortices occurs when the
Lorentz force exceeds the maximal gradient of the pinning
potential. For a single vortex in a square array, the depinning

current density is j. = 2mEg/a®y, which is approximately
10% of the critical current density of the individual junctions
[17,24,37]. Thus, in 2D JJAs, as soon as vortices are present,
the measured critical current is determined by their depinning
threshold and not by the individual junction critical current.

In the present work, we only consider the effects of vortex
depinning in the bulk of the JJAs. This is justified by us-
ing arrays with very large dimension of 200 x 200 islands,
which reduces the role of vortex nucleation and escape at
the array edges. In addition, transport properties of very large
two-dimensional arrays are less sensitive to disorder, as vortex
motion is less affected by single weak junctions with a lower
critical current. This is in contrast to our earlier work on
one-dimensional arrays of JJs in the same material platform
where a single weak junction lowers the total critical current
of the whole array [7,38].

II. EXPERIMENTAL RESULTS

Figures 1(b)-1(g) show dc transport data in the regime
of very dilute vortices (frustration f <1, where f =
B./By with By = ®y/a?> = 8.2 mT). Figure 1(b) shows V (I)
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FIG. 2. Tunability of rectification. (a)—(c) Rectification efficiency n = AL /I mean for different orientations (black arrows) of the in-plane
field Eip, measured at Bj, = 250 mT and temperature 7' ~ 40 mK kept constant during the entire measurement. The color corresponds to
different values of the gate voltage V,, varied in steps of 0.5 V from —2.5 V to 0.5 V. (d) Average of n (labeled as 7) in the range |B,| < 20 uT
at Bj, = 250 mT as a function of gate voltage for different orientations of the in-plane magnetic field.

characteristics for different magnitudes of the in-plane mag-
netic field which is applied perpendicular to the direction
of the transport current. A large difference between positive
and negative critical currents is observed for nonzero in-plane
fields. While the critical current is strongly reduced at the
largest in-plane field of B, = 250 mT, a sizable asymmetry is
still visible. The temperature dependence of V (I) characteris-
tics at By, = 250 mT is shown in Fig. 1(c). The nonreciprocity
of the V(I) curves persists with increasing temperature un-
til a well-defined critical current is no longer observable at
T ~ 450 mK. To quantify the degree of nonreciprocity, Fig.
1(e) shows the rectification efficiency n = (I — |[I7])/{I.)
[with (I.) = (IF + |I7])/2] as a function of out-of-plane field
B, for different magnitudes of the in-plane field By. The
central observation is that both the critical current and the
rectification efficiency 7 are even functions of B, and display
a sharp—roughly 10 uT-wide—peak near B,. Even at nom-
inally B, = 0, the critical current density is about 10 times
less than the Josephson junction critical current density. Thus
we conclude that the observed switching to the normal state
is signaling the depinning of Josephson vortices. The fact
that Josephson vortices are present at nominally B, = 0 is
not too surprising. A single vortex in our array with size
100 x 100 um? corresponds to a field of 200 nT. The out-of-
plane field that we use to compensate the misalignment of the
in-plane field always has a finite inhomogeneity in (x, y). Even
a tiny inhomogeneity (sub-uT over hundreds of micrometers)
is sufficient to obtain vortices and antivortices somewhere
in the array, even though B, averaged over the array can be
accurately set to zero; see sketch in Fig. 1(d), left panel. When
discussing our theory model, we shall demonstrate that the
spin-orbit-induced rectification efficiency has the same sign
for vortices and antivortices [implying that n(B;) is even].
This is a peculiar feature of spin-orbit-induced ratchets which
contrasts with the behavior of ratchets demonstrated so far,
which are obtained by real-space asymmetry of the potential.

The rectification efficiency 7 as a function of B, is shown
in Fig. 1(e) for different values of the in-plane field B,. For
large values of B, > 60 mT, we observe symmetric behavior
of n around B, = 0, which is expected for a magnetochi-
ral effect driven by the Zeeman field. For lower values of

By, we observe an antisymmetric component in 7(B;) which
is superimposed onto the symmetric magnetochiral effect.
Antisymmetric rectification was previously observed for su-
perconducting thin-film devices and is known to originate
from device imperfections [39—41]. It is possible that the ob-
served residual antisymmetric rectification is due to a similar
mechanism, which is not the focus of the present work. In
order to isolate the magnetochiral rectification effect, we av-
erage n over the field range |B,| < 20 uT (f < ]0.0024]). This
averaged rectification 7 is insensitive to the antisymmetric
component of the rectification. The resulting plot of 7(By) in
Fig. 1(f) shows that #(B,) increases linearly up to 125 mT
and continues to increase with lower slope up to 250 mT. As a
function of temperature, ) shows no decrease until the temper-
ature is increased above T ~ 400 mK, as shown in Fig. 1(g).
Both observations confirm that the observed rectification ef-
ficiency is not related to the single Josephson junction diode
effect [7]: in fact, the Josephson diode effect in similar Rashba
systems always shows a maximum at roughly 100 mT, fol-
lowed by a rapid decay [7,12,15,42]. Also, the suppression of
higher harmonics (and thus of the diode effect) in such sys-
tems is already substantial above 100 mK. On the other hand,
the ¢y shift is expected to grow monotonically and to be nearly
constant in temperature [15]. As we shall discuss below, it is
precisely the ¢g shift which induces the nonreciprocal vortex
depinning.

If the anomalous Josephson effect is the key for the rec-
tification, we expect a marked dependence of 1 both on the
angle between in-plane field and current, and on the gate
voltage controlling the Rashba coefficient and Fermi level.
Figures 2(a)-2(c) show n as a function of out-of-plane field
B, and gate voltage for different orientations of Eip. The recti-
fication is suppressed when the in-plane field is aligned in the
direction of the bias current [except for a residual weak rectifi-
cation antisymmetric in B,, which likely has the same origin as
the residual rectification at B, = 0 in Fig. 1(e)]. Changing the
sign of B, changes the sign of 1. As a function of gate voltage,
the averaged rectification efficiency 7 monotonically increases
with gate voltage [Fig. 2(d)], showing that the nonreciprocity
is enhanced by a larger electron density in the weak link. Also
the gate dependence of 1 has a similar behavior as that of ¢
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reported in similar systems [13,15]. The magnitude and sign
of the nonreciprocity are reproduced on the nominally identi-
cal device B. The measurements on device B are presented
in the Supplemental Material, Figs. S7(d) and S7(e) [35].
We have also performed measurements on a JJA (device C)
with larger lattice constant ¢ = 1.1 um. In addition, the InAs
quantum well of device C has a mean free path of /;,,x < 270
nm, which is much lower compared to the mean free path
Imax ~ 700 nm of the quantum well used for devices A and
B. The measurements of device C are presented in Fig. S10 of
the Supplemental Material [35]. Our main observation is that
the nonreciprocity is much weaker in device C, owing to the
larger lattice constant compared to that in devices A and B.
Let us summarize our observations so far: The switch to
the normal state is observed at current densities which are
one order of magnitude below the expected Josephson critical
current density. For example, at low in-plane fields Bj, <
100 mT, the critical current density is j. ~ 90 nA/wm, while
in the case of a ballistic junction, the expected Josephson
critical current would be j.j5 = w A*/(eRya) ~ 1.9 uA/um.
Here, we use the measured value Ry ~ 500 2 and the esti-
mated induced gap A* = 130 peV [38]. Thus, the observed
critical currents reasonably agree with the expected vortex
depinning currents. The vortex depinning is nonreciprocal if
an in-plane field is applied perpendicular to the current. This
diode effect shows a gate, temperature, and in-plane field
dependence similar to that reported for the ¢ shift. Finally,
n(B;) is even in the out-of-plane field B,. As mentioned
above, a nonreciprocal effect is unexpected for a 2D array
of ¢y junctions when modeling the JJA with a 2D XY model
with nearest-neighbor coupling, where islands are linked by
junctions in horizontal and vertical directions. However, this
model neglects the strong multiterminal character of the junc-
tions in our devices A and B. The magnitude and range of
the coupling between islands is ultimately determined by the
spatial extent of the Andreev bound states in the proximitized
electron gas. The important length scales are the coherence
length & = T’?Z; and the mean free path /.. From the character-
ization data (which can be found in the supplemental material
of [15]), we deduce a lower bound of 800 nm for &, (assuming
A* =130 peV and vp =5 x 10° m/s) and 250 nm for £.
Therefore, we can estimate the spatial extent of the Andreev
bound states under the Al islands & = /AD/A* = \/&y€/2 to
be at least 300 nm, which is comparable with the island size.
To link the observed nonreciprocal vortex depinning current
to the anomalous phase shifts, we transcend the standard
XY model with only nearest-neighbor couplings and take the
multiterminal character [43,44] of the junctions into account.
Microscopically, Andreev bound states (ABSs) in the weak
links connect not only nearest-neighbor Al islands, but, to
a lesser extent, also next-nearest neighbors, as indicated in
Fig. 1(a) (green line). With in-plane magnetic fields along
the ¥ direction, the diagonal junctions also exhibit a nonzero
phase shift ¢, which in general differs from the phase
shift ¢ of the junctions in the x direction. The additional
diagonal couplings render the ground state frustrated even
without perpendicular magnetic field: The sums of ¢, shifts
around closed loops no longer cancel. To maintain fluxoid
quantization within the plaquettes, spontaneous supercurrents
emerge in the ground state; see Figs. 3(a)-3(c). The current

configuration in the ground state has an (up-down) reflection
symmetry about the current axis. This symmetry is broken
when a vortex is added to the array, as shown in Fig. 3(d).
The vortex pinning potential U (x, y) shown on the right side
of Fig. 3(d) no longer exhibits fourfold rotational symmetry
and U(x = 0, y) exhibits a ratchetlike dependence (see the
Supplemental Material for calculation details [35]).

The importance of the diagonal couplings is further em-
phasized by computing the vortex depinning currents. We
minimize the free energy of the JJA with a single vortex
located within the array. The depinning current is obtained as
the largest bias current, for which the vortex remains localized
(for details, see the Supplemental Material [35]). The results
are plotted in Fig. 3(e) as a function of the difference Agpy =
9 — ¢ between horizontal and diagonal phase shifts. The
phase shift affects the depinning currents only when the
coupling Ep between next-nearest neighbors is turned on
and results in a nonreciprocal depinning current. The corre-
sponding diode efficiencies n = (I — |I7])/{l.) [with (I,) =
(I 4+ |171)/2] are shown in Fig. 3(f) and reach up to 20%
for Apy = /2 and Ep = 0.8, comparable to experimental
values. Interestingly, in the limit of small frustrations, the
nonreciprocal vortex dynamics can be mapped theoretically
to the phase dynamics of a single Josephson diode [45]. The
motion of an individual vortex along the ¥ direction in the
pinning potential is governed by the Langevin equation,

-0, U —ay —y®ol = f, )

(see Supplemental Material for details, including the geo-
metrical factor y [35]). The first term describes the pinning
force, the second the friction, while the third term corresponds
to the Lorentz force exerted by the bias current / in the %
direction. The Langevin force f, has zero average and corre-
lator (f,(t)fy(t")) = 20kgT 8(¢t —t'). Equation (1) maps onto
the Langevin equation for the phase difference of a single
resistively shunted Josephson junction, with the vortex posi-
tion becoming the phase difference and the ratchetlike vortex
pinning potential turning into the asymmetric current-phase
relation.

At this point, we are also able to explain the even depen-
dence of n on B,. The key idea is that for an antivortex, the
potential induced by the spontaneous supercurrents is mir-
rored in y compared to that for a vortex. This is illustrated in
Fig. S4 of the Supplemental Material [35]. Since the direction
of the Lorentz force is also opposite, the sign of 1 remains the
same. This behavior is markedly different from the engineered
ratchet effect obtained with a real-space asymmetric pinning
potential. In that case, the potential is the same for vortices
and antivortices, so that the resulting rectification efficiency is
opposite. A more detailed discussion of this important point
can be found in the Supplemental Material [35].

Beyond the limit of dilute vortices, the rectification coef-
ficient also exhibits interesting behavior at larger frustrations.
We probe the vortex dynamics by applying a low-frequency
ac current bias with amplitude I, while measuring the first
and second harmonic of resistance using digital lock-in ampli-
fiers. This provides a convenient and fast method to measure
the nonreciprocal response [6,46]. The second harmonic of
the ac response, Ry, = Va,/1,, becomes nonzero when the
amplitude of the ac current is in the rectification window
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FIG. 3. Model of the ratchet effect. (a) JJA with nearest-neighbor coupling only, with no spontaneous supercurrent in the ground state.
(b) Sketch of the Josephson currents for a vortex in the absence of diagonal coupling. The Josephson current distribution remains fourfold
symmetric. A color plot of the vortex pinning potential is shown on the right. Vortices driven in the y direction experience a sinusoidal pinning
potential U (y), as sketched above the color plot of U(x, y). (c) Anomalous phase shifts ¢; > <pg““g and persistent currents for the case with
diagonal coupling. (d) Sketch of the Josephson currents for a vortex in the case with diagonal coupling. The corresponding vortex pinning
potential U (x, y) is skewed. Vortices driven in the y direction experience a ratchetlike potential U (y), as sketched above the color plot of
U (x,y) [U(y) shown with exaggerated skewness for better visibility]. (¢) Numerical simulation of vortex depinning currents. The phase shift
parameter Ag is the difference between horizontal and diagonal phase shifts: Agy = ¢ — gogiag. Ep/Ej is the ratio between diagonal and

nondiagonal Josephson couplings. (f) Resulting rectification efficiency n = Al./(l.) extracted from the numerical simulation of positive and

negative depinning currents. The diagonal coupling is changed in steps of 0.1 from 0 to 0.8.

(7] < Iye < IF) where V(I) # =V (—I). A simulation of
R,(,.) and Ry, (I,.) for a current-voltage characteristic with
nonreciprocal critical currents is provided in the Supple-
mental Material [35]. The R;, measurement provides better
signal-to-noise ratios compared to dc measurements of IV
characteristics. Figure 4(a) shows the first harmonic R, =
Vo /L. as a function of f and I,., measured for an in-plane
field B, = 125 mT at an angle of 6 = 90° with the applied

current /. A nonzero resistance is observed when 1, exceeds
the vortex depinning current, which strongly depends on the
applied out-of-plane field. We observe pronounced maxima
of the depinning current for the commensurate values of
frustration f = £1/3, £1/2, £2/3, +1, where vortices form
ordered patterns and pinning is strongly increased [17,47].
It is now interesting to check whether the rectification ob-
served in the dilute vortex limit f — 0 is also observed for
f > 0. Figures 4(b) and 4(c) show R,, for & = £90°. First
of all, we notice that a significant R, (and thus a rectifi-
cation) is only observed for some commensurate frustration
(e.g., f=1/3,1/2,1, etc.), while it is weak for incommen-
surate f values, namely, outside the peaks. Clearly, the sign
of rectification must change sign if B, changes sign, due to
time-reversal symmetry. This is indeed the case, as can be
seen by comparing Figs. 4(b) and 4(c). The second important
observation is that most of the peaks at finite frustration show
the same sign of the rectification as for f — 0, e.g., negative

in Fig. 4(b) and positive in Fig. 4(c). The third striking ob-
servation is the fact that f = 1/3 makes an exception since
it displays an inverted rectification compared to f = 0 and
to all other f. Finally, the f = 2/3 does not seem to display
rectification at all. At present, we do not have a full and com-
prehensive explanation for the observed phenomenology at
finite f. Nonetheless, the following considerations may offer
guidance for its interpretation. At finite f, the potential felt by
a vortex is not only the native egg-crate potential, but also the
potential of interaction with other vortices, which is repulsive
for vortices of the same circulation. For incommensurate f,
there is no well-defined long-range arrangement of vortices,
so we expect no clear ratchet effect averaged over the array
scale. At commensurate f, vortices form an ordered pattern,
e.g., a checkerboard pattern for f = 1/2. The potential felt
by a vortex due to the other vortices is thus a 2D periodic
potential. However, it is not clear why this potential should
show rectification properties. On the other hand, the shape of a
vortex (i.e., that of the screening current pattern) might depend
on the in-plane field, similarly to what happens to Abrikosov
vortices in superconducting films with large spin-orbit inter-
action [48]. In this case, it is possible that the symmetry of
the total egg-crate potential might be reduced, showing ratchet
features. Such rectification would then by highly dependent on
the specific vortex configuration, and thus on the specific f,
so that for some values (2/3) it might disappear or even (1/3)
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FIG. 4. Ratchet effect at larger frustration. (a)—(c) First harmonic R, =V, /I, and second harmonic R,, = V,,/1,. of the resistance
measured as a function of frustration and ac bias current. The in-plane field Bj, = 125 mT is applied perpendicular to the direction of the
current. (d)—(f) Rectification efficiency n around commensurate fields f = 1/3, f = 1/2, and f = 1 obtained from standard V (1) transport

measurements. In all plots, 7 ~ 40 mK.

change sign. Further theoretical and experimental studies will
be required to clarify these aspects.

II1. DISCUSSION

We would like to emphasize a key difference between
our magnetochiral ratchet effect and the vortex ratchet effect
reported in previous experiments. So far, a ratchetlike pinning
potential was obtained by breaking the real-space symmetry
of the system, for example by asymmetrically fabricated pin-
ning sites [49,50]. Here, the array remains fourfold symmetric
(D4 symmetry) and the symmetry of the pinning potential is
reduced to that of a ratchet (D) by the combination of SOI,
Zeeman field, and diagonal couplings. In our magnetochiral
ratchets, the rectification efficiency is the same for vortices
and antivortices, while it is opposite for asymmetrically fabri-
cated pinning sites [49,50].

A change of sign of the vortex ratchet effect has been
previously reported in arrays with asymmetric potential mod-
ulation [49-54]. In our case, however, the physics is different:
the change of sign we observe is an emergent property of
symmetric and periodic arrays, which is evidently related
to the particular vortex patterns at commensurate frustration
values.

In conclusion, we observe a magnetochiral vortex ratchet
effect in 2D arrays of ¢q junctions. The multiterminal char-
acter of our junctions introduces competing ¢ shifts, leading
to frustration and the emergence of spontaneous supercurrent
loops in the ground state. These spontaneous currents are
ultimately responsible for the nonreciprocity in the depinning
current. Our experimental results for f < 1 are in good agree-
ment with a minimal model for a 2D square array with nearest-
and next-nearest-neighbor Josephson couplings, while the
sign change at f = 1/3 remains an interesting open question.

IV. MATERIALS AND METHODS

Samples are fabricated starting with a heterostructure
which is grown by molecular beam epitaxy. The full layer
sequence and basic characterization of this heterostructure are
presented in the Supplemental Material of our previous work
[15]. The top-most layers are a 5 nm film of Al, a 10 nm
Ing75Gag 25As barrier, the 7-nm-thick InAs layer, which hosts
the 2DEG, and a 4 nm bottom barrier of Ing75Gag25As. The
devices are structured using standard nanofabrication tech-
niques. Deep etching of the heterostructure is performed using
a phosphoric acid solution. The arrays are definded using
electron-beam lithography and selective etching of the Al film
with transene D.

Transport measurements are performed in a dilution refrig-
erator with a base temperature of 40 mK. All measurement
lines are filtered at room temperature using Pi-type LC fil-
ters with a cutoff frequency of 10 MHz. Below the mixing
chamber, we use resistive coaxial wires which have a large
attenuation at frequencies above 100 MHz. More details of
the setup can be found in the Supplemental Material of our
previous work [15].

The configuration of vortices in the array and the supercon-
ducting contacts will, in general, depend on the history of the
out-of-plane magnetic field. Field cooling is required to obtain
an equilibrium configuration of vortices. The data presented
in the main text have been obtained with the following field-
cooling procedures:

(1) Figure 1(e): field cooling at every value of B,.

(i) All other panels of Figs. 1 and 2: field cooling in
nominally zero out-of-plane field before the measurement.

(iii) Figures 4(a)—4(c): no field cooling.

(iv) Figures 4(d)—4(f): field cooling at the commensurate
fields (f = 1/3, 1/2, and 1) before the measurement.
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The full description of the theoretical methods is provided
in the Supplemental Material [35].
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