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Possible isotope effect on the resonance peak formation in high-Tc cuprates
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Within effective t-J Hamiltonian we analyze the influence of electronic correlations and electron-phonon
interaction on the dynamical spin susceptibility in layered cuprates. We find an isotope effect on the resonance
peak in the magnetic spin susceptibility Imx(q,v), seen by inelastic neutron scattering. It results from both
the electron-phonon coupling and the electronic correlation effects taken into account beyond random-phase
approximation scheme. We find at optimal doping the isotope coefficienta res'0.4 which can be further tested
experimentally.
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An understanding of the elementary and the spin exc
tions in high-Tc cuprates is of central significance. For e
ample, it is known that the Cooper-pairing scenario via
exchange of antiferromagnetic spin fluctuations was q
successful in explaining the various features of supercond
tivity in hole-doped cuprates such asdx22y2-wave symmetry
of the superconducting order parameter and its feedbac
the elementary and spin excitatitions.1 Most importantly, in
this scenario the dynamical spin susceptibilityx(q,v) con-
trols mainly the superconducting and normal-state proper
of the layered cuprates.1 One of the key experimental facts i
the phenomenology of high-Tc cuprates is the occurrence o
a so-called resonance peak in the inelastic neutron-scatte
~INS! experiments.2,3 It occurs belowTc in the dynamical
spin susceptibilityx(q,v) at the antiferromagnetic wav
vector Q5(p,p) and v'v res which is of the order of 40
meV in the optimally doped cuprates. Its feedback in vario
electronic properties such as optical conductivity, Raman
sponse function, and elementary excitations has been
served experimentally by various techniques.1 Furthermore,
its successful explanation within spin-fluctuation-media
Cooper-pairing together withdx22y2-wave symmetry of the
superconducting order parameter favors this scenario
basic one for superconductivity in the cuprates. On the o
hand, recent experiments indicate that also electron-pho
interaction influences strongly their behavior.4–8 In particu-
lar, in the observation of the relatively large isotope effect
various characteristics of cuprates such as penetration de5

‘‘kink’’ structure seen by angle-resolved photoemissi
spectroscopy9 still raises a question: what is the role
phonons in determining the superconducting properties
cuprates?

Here, we derive an effectivet-J Hamiltonian where both
the hopping integralt and the superexchange interaction b
tween neighboring spins,J, are renormalized by phonon
We analyze the influence of the electron-phonon interac
on the dynamical spin susceptibility in layered cuprates.
particular, we find an isotope effect on the resonance pea
the magnetic spin susceptibility Imx(q,v). It results from
both the electron-phonon coupling and the electronic co
lation effects taken into account beyond random-phase
proximation~RPA! scheme. We show that even if the sup
conductivity is driven by the magnetic exchange t
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characteristic energy features of cuprates can be significa
renormalized by the strong electron-phonon interaction.

Effective HamiltonianWe start from the atomic limit of
the three-bandp-d Hamiltonian

H05( eddis
† dis1( eppis

† pis1( Udnd↑nd↓

1( Upnp↑np↓1( \vqf q
†f q , ~1!

whereed and ep are the on-site energies of the copper a
the oxygen holes,nds5dis

† dis andnps5pis
† pis are the cop-

per 3d and oxygen 2p hole densities for sitei, respectively.
Ud andUp refer to the on-site copper and oxygen Coulom
repulsion, respectively.f q

† denotes the phonon creation o
erator and\vq is a phonon energy dispersion. We consid
the hopping term between copper and oxygen,

H25(
s

tpd~das
† pbs1H.c.! ~2!

and the electron-phonon interaction

H15 (
l 5d,p

glnl~ f 2q
† 1 f q! ~3!

as a perturbation. Here,tpd is a hopping term between coppe
and oxygen, andgl is an electron-phonon coupling streng
at the sitel. This notation is similar to the simplified Holstei
model where the migrating charge interacts locally w
breathing phonon modes forming electron-vibrational sta

To derive an effectivet-J Hamiltonian we employ the
canonical Schrieffer-Wolf-like transformationse2SHeS.10,11

The matrix of the unitary transformation for the initia
Hamiltonian is found by excluding the odd terms with r
spect to the hopping integral with an accuracy up to
sixth-order perturbation theory. Then theS-operator consists
of the sum of five terms. Each of these is determined by
following iteration procedure:

@H0S1#52H2 , @H0S2#52@H1S1#, ~4!

@H0S3#52@H1S2#2 1
3 @@H2S1#S1#,
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@H0S4#52@H1S3#2 1
3 @@H2S1#S2#2 1

3 @@H2S2#S1#,

@H0S5#52@H1S4#2 1
3 @@H2S1#S3#2 1

3 @@H2S3#S1#

2 1
3 @@H2S2#S2#1 1

45 @@@@H2S1#S1#S1#S1#.

The calculations are straightforward and their details will
given elsewhere. Note, in the second-order perturbation
effective hopping integralt i j appears. It is further renorma
ized by the electron-phonon interaction in the fourth-ord
term where we introduce the average over the phono
Similarly, the superexchange interaction occurs in the fou
order perturbation theory and its renormalization takes pl
in the sixth-order term. Finally, the relevant effective Ham
tonian is given by

H5(
i j

t i j C i
pd,sC j

s,pd1(
i . j

Ji j F ~Si•Sj !2
ninj

4 G . ~5!

Note, in general case the effective Hamiltonian contains a
the Coulomb interaction between doped holes and the in
action of quasiparticles via the phonon field. We dropp
these terms here, because they do not contribute direct
the spin susceptibility. In Eq.~5! we use the projecting
Hubbard-like operatorsC i

a,b5u i ,a&^ i ,bu in order to satisfy
no double occupancy constraint. The indexpd corresponds
to a Zhang-Rice singlet formation with one hole placed
the copper site whereas the second hole is distributed on

neighboring oxygen sites.12 Note, t i j 5t i j
0 e2gEi* /\v i* , where

t i j
0 is the effective hopping integral without taking into a

count electron-phonon interaction,Ei5(gi* )2/\v i* is the so-
called polaron stabilization energy of the copper-oxygen s
glet state, and 0,g,1. Note, from the experimental data13

the whole exponential factor was estimated to
gEi* /\v i* '0.92 around the optimal doping and its value
increasing upon decreasing doping. We further assume
the lifetime of the Zhang-Rice singlet is much larger than
relaxation time of the local deformations.

Similarly the superexchange interaction between nea
copper spins is given by

J5J0H 11
3\

Dpd
2 FEpvpcothS \vp

2kBTD1EdvdcothS \vd

2kBTD G J ,

~6!

where Dpd5ep2ed1Up2Ud is the energy transfer from
copper to oxygen and is known to be of the order of 1.5
in the cuprates. Here,J0 is the superexchange interaction
copper spins via the intermediate oxygen atom in the abse
of phonons. We took the phonon frequency of the order
v* 'vp'vd550 meV which roughly corresponds to th
energy of the longitudinal optical~LO! bond stretching pho-
non mode in cuprates. According to the recent experimen6,7

it may play an essential role in the physics of cuprates. T
so-called polaronic stabilization energyE* 'Ep'Ed was es-
timated to be of the order of 0.5 eV in accordance with
measurements of the isotope effect in cuprates.14

Dynamical spin susceptibility.To derive the dynamica
spin susceptibility in the superconducting state we use
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method suggested by Hubbard and Jain15 that allows one to
take into account strong electronic correlations. First we a
the external magnetic field applied alongc axis into the ef-
fective Hamiltonian

Hi5Re(
q

h2qe
i (vt2q•Ri )1hqe

2 i (vt2q•Ri ). ~7!

Then we write an equation of motion for theC operators
using the Roth-type of the decoupling scheme16 and expand-
ing

Ppd
s 5$C i

s,pdC i
pd,s%

5@~11d i !/2#1sRe(q@S2q
z e2 i (q•Rj 2vt)1Sq

zei (q•Rj 2vt)#

up to the first order inSq5xzz(q,v)hq . In particular,

i\
]Ck

2s,pd

]t
5~ek2m!Ck

2s,pd1DkC2k
pd,s

1F S Jq

2
2tk2qDSq2

hq

2 GCk2q
2s,pde2 ivt

1F S J2q

2
2tk1qDS2q2

h2q

2 GCk1q
2s,pdeivt,

~8!

and the similar expression occurs forC2k
pd,s . Here, Dk

5(D0/2)(coskx2cosky) is dx22y2-wave superconducting
gap, andJq5J(coskx1cosky) is the Fourier transform of the
superexchange interaction on a square lattice.

The expression for the longitudinal component of the d
namical spin susceptibility can be obtained from the relat

^C i
pd,↑C i

↑,pd&2^C i
pd,↓C i

↓,pd&50, ~9!

and using the Bogolyubov-like transformations to the n
quasiparticle states

Xk
2s̃,pd5ukCk

2s,pd1vkC2k
pd,s ,

X2k
pd,s̃5ukCk

pd,s2vkC2k
2s,pd . ~10!

Here, uk
25 1

2 @11ek2m/EK# and vk
25 1

2 @12(ek2m)/EK#
are the Bogolyubov coefficients,m is a chemical potential,
andEk5A(ek2m)21Dk

2 is the energy dispersion in the su
perconducting state. Substituting Eq.~10! in Eq. ~9! and us-
ing the equations of motion~8! one obtains the expressio
for the dynamical spin susceptibility in the form

x~q,v!5
x0~q,v!

Jqx0~q,v!1P~q,v!1Z~q,v!
. ~11!

This is the central result of our paper. Here,x0(q,v) is the
usual BCS-like Lindhard response function, andP(q,v) and
Z(q,v) result from the strong electronic correlation effec
In the normal state the expression forP(q,v) has been ob-
tained by Hubbard and Jain.15 In the superconducting state
is given by
7-2
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P~q,v!5
Ppd

N (
k

ukuk1q~ukuk1q1vkvk1q!

3
tk f k2tk1qf k1q

v1 i011Ek2Ek1q

1vkvk1q~vkvk1q

1ukuk1q!
tk~12 f k!2tk1q~12 f k1q!

v1 i012Ek1Ek1q

1ukvk1q~ukvk1q2uk1qvk!

3
tk f k2tk1q~12 f k1q!

v1 i011Ek1Ek1q

1uk1qvk~vkuk1q

2ukvk1q!
tk~12 f k!2tk1qf k1q

v1 i012Ek2Ek1q

. ~12!

The functionZ(q,v) is written as follows:

Z~q,v!5
1

N (
k

v1 i01

v1 i011ek
(1)2ek1q

(1)
. ~13!

Here, f k is the Fermi distribution function,ek
(1)5(1

2d)/2tk ,ek5Ppdtk is the energy dispersion in the norm
state, andtk52t(coskx1cosky)14t8coskxcosky12t9(cos 2kx
1cos 2ky) is the Fourier transform of the hopping integral o
a square lattice including nearest-, next-nearest, and n
next-nearest-neighbor hopping, respectively. The origin
the termsP(q,v) and Z(q,v) relates to the no double oc
cupancy constraint. In particular, for the Coulomb repuls
U5` and J50 the dynamical spin susceptibility does n
reduce to the standard Lindhard response function bu
renormalized by the electronic correlation effects.17 For Dk
50, Eq. ~11! agrees with the normal-state result for the d
namical spin susceptibility.15,18,19

Results and Discussion.INS measurements probe direct
the imaginary part of the dynamical spin susceptibili
Therefore, it is of interest to analyze the role played by
electronic correlations on the ‘‘resonance’’ peak formati
seen by INS.3 Using various approaches this feature was w
understood mainly as a result of the spin-density-wa
~SDW! collective mode formation atv5v res , i.e., when the
denominator of the spin susceptibility at the antiferroma
netic wave vectorQ is close to zero.20,21

In Fig. 1 we show the results of our calculations for t
Imx(Q,v) as a function of frequency in the normal and t
superconducting state. Here, we uset5200 meV, t8
520.1t, and t950.02t at optimal doping. Clearly in the
normal state the spin-fluctuation spectrum is characterize
a broad feature which starts around 10 meV and extend
to higher frequencies. In the superconducting state it stron
renormalizes due to presence of thedx22y2-wave gap@Dk
5(D0/2)(coskx2cosky)# that leads to a resonance peak fo
mation similar to the RPA result.20,21 However, due to a
strong frequency dependence ofZ(Q,v) and P(Q,v) the
spectral weight of the resonance peak is redistributed a
from (p,p) ~see the dashed curve for comparison! leading to
a well-pronounced dispersion of the latter. This is illustra
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in Fig. 2~a! where we show the calculated frequency a
momentum dependence of Imx(q,v) away from the anti-
ferromagnetic wave vectorQ5(p,p). The dispersion of the
resonance excitations is clearly visible and is shown in F
2~b! as a function ofqx(qy5p). As one sees there are wel
pronounced dispersion curves}q2 in good agreement with
experiment.23,24 Note that in the RPA the dispersion of th
resonance is much weaker~in particular the upper branch o
the dispersion! due to ad-function character of the resonanc
condition21 while Z and P terms, in particular, lead to a
redistribution of the spectral weight away fromQ5(p,p).
Note, due to the tetragonal symmetry the same disper
takes place forqy(qx5p).

The position of the resonance peak is determined ma
by the magnitude of thedx22y2-wave superconducting ga
D0 , the superexchange coupling constant,J, and by the
proximity of the Fermi energy to the extended saddle po
~the so-called Van Hove singularity! in the density of states
determined by the ratio oft8/t. In order to illustrate this
dependence we show in Fig. 3 the resonance peak positio
a function of J/t and D0 /t at optimal doping. One can
clearly see that it depends almost linearly on 2D0 . This fol-
lows from our Eq.~11!. In particular, the superconductin
gap determines mainly the position of the continuum of
spin excitations from Imx0 which is around 2D0 .20 Thus, at
the fixed value ofJ/t andt8/t this continuum influences als
the resonant condition because the difference between
position of the resonance peak~SDW collective mode! and
the continuum of the states has to remain the same.20 On the
other hand, for the fixed values oft8/t and D0 /t the reso-
nance condition depends mainly on the value ofJ. Further-
more, its dependence is more complicated than in the cas
D0 . At the relatively small values of the superexchange c
pling the resonance lies close to the continuum and is m

FIG. 1. Calculated imaginary part of the dynamical spin susc
tibility Im x(Q,v) using Eq.~11! and J50.3t in the normal and
superconducting state at optimal doping. Here, we use the su
conducting gapD050.14t ~28 meV! andTc'0.04t ~90 K! for op-
timal doping from our earlier calculations of the mean-field pha
diagram~Ref. 22!. To illustrate the role ofZ(q,v) we also show the
results forZ(q,v)50 ~dashed curve!. Note, the damping was cho
senG51.5 meV.
7-3
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sensitive to the change of the superconducting gap ma
tude than to the superexchange coupling constant. On
contrary, one could see from Fig. 3 that if the resonance p
is at small energies and lies relatively far from the continu
~which happens for large values ofJ/t) it will be most influ-
enced by the change ofJ/t values. We note that the shift o
the resonance peak to the lower frequency enhances it
tensity and vice versa. In addition, the ratio oft8/t which
determines the nesting of the Fermi surface and the pos
of Van Hove singularity influences also the resonance pe
Its influence is somewhat similar toJ with one important
difference. In particular, an increase oft8/t weakens the in-
tensity of the resonance peak rather than changing the p
tion itself ~not shown!. Note that our analysis agrees qua
tatively with the previous ones.20 Most importantly we find
that by the slight variation of all parameters one could fi
another realistic set ofD0 /t, J/t, andt8/t which would also
correctly explain the position of the resonance peak at o
mal doping.25 This means that at present stage we co
make only a qualitative analysis of the experimental da
Further, factors such as orthorhombic distortions may in

FIG. 2. ~a! Calculated frequency and momentum dependenc
Imx(q,v) away fromQ5(p,p). ~b! The dispersion of the reso
nance peak. Two branches of the dispersion curves are in g
agreement with recent experimental data~Refs. 23 and 24!. Note,
the solid curve is a guide to the eye.
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ence the difference between the resonance peak intensi
Bi2Sr2CaCu3O81x ~BSCCO! and YBa2Cu3O7 ~YBCO!.

Finally, we discuss the influence of the electron-phon
interaction on the resonance peak formation by changing
isotope mass of16O by 18O. This shifts the average fre
quency of the LO phonon mode and consequently renorm
izes the hopping integralt and the superexchange couplin
constantJ. Most importantly, the electron-phonon interactio
changes most dramatically the hopping integralt rather than
the superexchange couplingJ. In particular, as can be see
from Eq. ~6! the superexchange coupling constantJ changes
less than 1% upon substituting the isotopes26 which agrees
well with experimental data.27 Therefore, there is almost n
influence of the isotope substitution on the resonance p
determined from RPA, since in this approximation its form
tion is determined mainly byJ. In particular, we findwithin
RPAno change in thev res value upon changing the isotope
In the case of Eq.~11! the most important contribution to th
isotope effect on the resonance peak appears due
P(q,v)}tk . In particular, using our estimation given abov
we find that at optimal doping the hopping integral chang
by 6% upon replacing16O by 18O. This results in the low-
ering of the resonance frequency at (p,p) from 41 meV for
the 16O isotope towards 39 meV for the18O sample. This
leads toa res52d ln vres/d ln M'0.4 for optimally doped
cuprates. This effect is beyond the experimental error
can be further tested experimentally. Furthermore, in the
derdoped cuprates one may expect larger isotope effect
to a larger value ofgEi* /\v i* .13 At the same time the su
perconducting transition temperature which is determined
J shows much weaker isotope effect and is aroundaTc

'0.05.26 Therefore, even if the superconductivity is drive
by the magnetic exchange the resonance peak formation
be significantly renormalized by the strong electron-phon
interaction.

To summarize, we analyze the influence of the electro
correlations and the electron-phonon interaction on the
namical spin susceptibility in layered cuprates. The el
tronic correlations taken beyond RPA redistribute the spec
weight of the resonance peak away from (p,p) leading to

FIG. 3. Calculated dependence of the resonance frequencyv res

on the superexchange coupling constantJ ~open circles! and on the
value of thedx22y2-wave superconducting gapD0 ~filled squares!.
Note, the lines are the guides to the eye.
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the pronounced dispersion. This is in good agreement w
recent INS data.23,24 Furthermore, we find the isotope effe
on the resonance peak due to strong coupling of the car
to LO phonon mode. It results from both electron-phon
coupling and electronic correlation effects. In contrast to
small isotope effect on the superconducting transition te
perature we find larger isotope coefficient on the resona
peaka res'0.4 in optimally doped cuprates. We also wou
like to note that the value of the isotope coefficient depe
strongly on the value of the exponential factor. Therefore,
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experimental verification of our prediction is desirable.
particular, it would put a strong constraint on the ingredie
the theory of cuprates must contain.
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