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Abscnce of particle production, non-vanishing backward scattering and factorization are shown to determine 
uniquely the S-matrix. 

In this letter we show that the S-matrix of  a (1+1) 
dimensional model of  a single massive fermion f is 
uniquely determined if we assume absence of  particle 
production, non-vanishing backward particle-antipar- 
ticle scattering and factorization [1] into 2-body 
S-matrices. The absence of  particle production and 
factorization [2] are known to be implied by the ex- 
istence of an infinite set of  conserved local currents 
[3]. The S-matrix thus obtained is that of  the massive 
Thirring model (sine-Gordon theory) proposed recent- 
ly by Zamolodchikov [4]. However, this author derives 
his result on the basis of  the following assumptions: 

(a) Meromorphy of  all 2-body scattering ampli- 
tudes in the complex plane of  the rapidity difference 
of the two momenta.  

(b) Exactness of  the quasi-classical bound state 
spectrum. 

(c) Vanishing of  the 2-body reflection amplitude 
at integer values of  the "coupling" constant X. 

(d) Absence of resonances. 
Here in our treatment only assumption (a) is adopted; 
it will be seen that (b), (c), and (d) are consequences 
of the general properties. 

For convenience, we shall consider the particle- 
antiparticle transmission and reflection amplitudes as 
functions of  the rapidity difference 0 1 - 0 2  = 012 
(= 0 for simplicity) of  the momenta  Pl and P2" These 
amplitudes tfi, (0) and rf~(0) are defined by 

°ut(f(P'l)t-(P2)l f (P l )  f (P2)  )in 

= 6 ( p i l _ p l ) 6  z. , l  p l )  
~ ' 2 -  2 tff(O) 

- 6 ( p ' l l - p l g ) 6 ( p ' l _ p ] ) r f ? ( O ) .  

Let tff(0) be the particle-particle scattering ampli- 
tude, then crossing yields the relations 

tf?(0) = rfi, (irt - 0), 

tf~(iTr - 0) = tff(0) = tff  (/9). 

Unitarity implies in view of the absence of inelastic 
channels and assumption (a): 

t f ? ( - 0 )  tf?(0) + r f { ( - 0 )  rf?(0) = 1 ( la)  

t f ? ( - 0 )  tf?(0 ) + r f ? ( - 0 )  tf?(0) = 0 ( lb )  

t f f ( - -0)  tff(0) = 1 ( Ic)  

Note that if r f f (0)  -- 0, there exists an infinite family 
of  solutions t f f (0)  to these eqs. ( la ,  b, c). For rf?(O ) 

0 it is advantageous to introduce the ratio 

tf?(0) 
h (0) = rf~(0) 

which is an odd function of 0 due to eq. ( lb )  and con- 
nected to tf?(O) by 

h (0) (2) 
tf?(0) tf?(iTr + 0) = h(in - O) 

and obeys a quadratic functional equation 

h(ilr - 0) h(in + 0) + h 2 (0) = I. (3) 

Not all solutions of  eq. (3) are compatible with the 
factorized form of the S-matrix. The compatible ones 
must satisfy the following conditions [5] 

Sij Sik Sjk = Sjk Sik Sij (4) 

where i,/', k are pairwise unequal and Si/ is  defined as 
follows. In a n-body scattering process, there are 2 n 
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possible configurations of particles (antiparticles) 
with a fixed set of  momenta. Now Si/is a 2n-dimen - 
sional matrix connecting configurations in which only 
the scattering of  particle (antiparticle) with momenta 
Pi and pj is considered. In particular, from the process 

f(Pl)  f(P2) f (P3)  ~ f (P l )  f(P2) f(P3) eq. (4) yields 
the additional functional relation: 

h(031 +012) = h (iTr + 031 ) h (012) + h(O31)h{iTr--Ol2), 
(5a) 

from which one derives after proper symmetrization: 

h (in+ 031 ) -- h ( i n -  031 ) 
. . . . . .  

h (izr + 012 ) - h (irr-  012 ) 

h(O12) 
- const. (5b) 

We shall set the constant equal to 2 cos ~t for con- 
venience. The common solution to eq. (3) and (5a, b) 
which is an odd function can be uniquely shown to be 

_ sinh (r/n)0 
h ( O ) -  s i n h ~  " (6) 

Uniqueness of  this solution can be easily seen from 
the observation that F(x) = h(in - x) + e iu h(x) satis- 
fies the functional equation F(x + y)  = F(x).  F(y). 
Observe that a class of  more general solutions of (3) 
is of the type 

sinh (0 f(0)) 
h(O) = ~ ~ f ~  

where f(O) is an arbitrary even function of period 
iTr [6]. 

It remains to show that all the amplitudes can be 
obtained from h (0). We make two technical assump- 
tions 

(i) There exists a value of/a such that tf?(0) is anal- 
ytic and non-zero on the physical strip; i.e. 
O < I m 0 < n .  

(ii) The function {1/(sinh ( z -  0))} In tf?(0) van- 
ishes in absolute value as I Re z l ~ o o .  

Then Cauchy's formula yields 

_ l f .  dz 
In tf~(O) = 2hi ~ s i n h ( z -  O) In tff(z)  

C being the contour enclosing the physical strip. Since 
(1/2i) In tf?(0) is the phase shift 8f?(0), eq. (2) and 
(6) yield 

4-co 

I £ dz sinh0a/Tr) 0 
8f?(0) ~ . ]  sinh (z - 0) In sinh (~[Tr)(in- 0) 

_ o o  

or alternatively through Fourier transformations and 
partial integration: 

o o  

1 [ d x sin (x/n)(irr- 0) sinh (x/2) (Tr//a-1) 

0 (7) 

Setting X = #/Tr and using Malmst~n's formula 
which gives the integral representation of log P(z) one 
can derive consequently the Zamolodchikov's solution 
[7] from eq. (7). Moreover let us point out that as- 
sumption (i) can be interpreted as follows: the cou- 
pling constant X is related to be Thirring coupling 
constant g by 

X = I +  2g 
71" 

For/1 < 7r we have the repulsive potential (g < 0), 
therefore, there are no bound states. 

Finally, we remark that the complete S-matrix 
which includes bound state scatterings has been treat- 
ed in [5]. 
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