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S-matrices describing the scattenng of sohtons belortgmg to the fundamental represen- 
tation of U(n) are classified 

A variety of  two-&menslonal field theories have the property of  being complete- 
ly mtegrable at the classical level and describe Interactions of  solitons. In the cases 
investigated so far, the most studied example being the sine-Gordon theory (ahas 
the Tturrmg model), the mfimte number of  conservation laws characterizing the 
sohton-hke behavlour have been shown to survwe quantlzatlon [1]. These sohton 
quantum field theories are then of  special interest not only because of  certain struc- 
tural analog~es to gauge theories m four dimensions, but because they are probably 
soluble by an S-matrix bootstrap method. They would provide the first examples of  
exact Wlghtman functions in theories with non-trivial (albeit simple) S-matrices and, 
hence, serve as good testing grounds for the vahdity of  certain approximation 
schemes (e.g. serm-classlcal) apart from yielding further insight into the general 
problem of off-shell behaviour. 

Knowledge of  the exact S-matrix is the first step of  the bootstrap program. The 
most Important features of  a general sohton S-matrix are exact elastic umtanty  and 
factorlzatlon [2]. It is indeed remarkable that Imposition of  these properties on the 
scattenng of  a parttcle and ~ts antiparticle fixes umquely the nummal S-matrix with 
non-tnwal backward scattermg [3], where by the mlmmal S-matrix is meant the one 
with the minimum number of  singularities and zeros on the physical sheet. Ttus 
mlmmum solution depends on a single parameter and the solution can be interpret- 
ed as the exact S-matrix of  the Thlrrlng model. Tills situation is remlmscent of  the 
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fact that the reqmrement of the existence of an mfimte number of conservat:on 
laws on a Lagranglan field theorv of a single scalar field with non-derivative couphng 
fixes the sine-Gordon theory umquely. 

Another class of classical field theories whach seem to possess [4] an analogous 
structure is that of the non-hnear O(n) charal models and the (O(2n) symmetric) 
Gross-Neveu model. With a program of the type outhned above in rrund Zamolod- 
chlkov and Zamolodctukov [5] have recently studied the lmposltxon of elastic unl- 
rarity and factorlzatlon on the scattering of masswe partxcles belonging to a vector 
multlplet of O(n) For n = 2 (0(2) ~ U(1)) the Thlrrmg model solution with a single 
parameter is recovered For n/> 3 the authors found a class of mlmmum solutions 
with non-trwlal backward scattering with no free parameter but analytic In n and, 
furthermore, presented various arguments m the expansmn m 1In to support the 
connectmn of the rmnlmal solution with the S-matrix of the non-hnear chlral models 
and a particular non-rrummal soluhon with the S-matrix of the Gross-Neveu models 

The success of these attempts encourages the search for new models by this sim- 
ple method. In thts paper we investigate the factorized S-matrices describing scatter- 
mg of a U(n) multlplet of particles belonging to the fundamental representation 
with their antlparUcles There are a variety of Interesting classes of solutmns which 
are summarized m table 1 A common feature is that the mlmmum S-mamces are 
all free from parameters As expected there is also a subclass of soluhons with the 
higher symmetry O(2n) corresponding to those of Zamolodchlkov Many of the 
other solutmns also have a higher symmetry. For example the non-trivial solution 
with vamshmg backward scattering for the case n = 2 actually possesses an SO(4) 
symmetry The problem remains, however, that we have not yet succeeded m pro- 
posmg assocmted field theories to the new classes. U(n) Thlrnng models other than 
the Gross-Neveu model provxde possible can&dates. The existence of the solutmns 
does at least suggest that there are many models of interest to be discovered and 
that a more complete classification of solutions corresponding to various groups and 
their representations would be highly desirable 

We consider the general 2 ~ 2 scattering of a particle Pa belongxng to the funda- 
mental representatmn of U(n) wath its antlparhcle Aa. The S-matrix element is gwen 

by 

°ut(p3(pl ) A~ (/62)[P~(P 1) A~(P2) )m (1) 

= ,~ ,F~  (0) ~ (~ l - P l )  ~ ( ~  - P~) ' -  ,~.yB~(O) ~ (~ l - P ~ ) ~ ( ~  - ~ l),  

with the forward and backward amplitudes each gwen by two mvarlant amphtudes 

~ F ~ ( O )  = q (O) 6 ~  + t2(0) 8~6~8 ,  

~,B83(O) = rl (O) ~ 6 - r 8  + r2(O) 6~6~8 , (2) 



T
ab

le
 1

 
T

ab
le

 o
f 

m
am

m
al

 s
ol

ut
io

ns
 

C
la

ss
es

 
P

ar
am

et
er

 
tl

(O
 ) 

ul
(o

) 
q(

o)
 

u2
(O

) 
r2

(O
) 

t2
(o

) 

l 
1 

t 
t 

)-
 

1 
l 

l 
/ 

l 
1 

t 
1 

1 
0 

II
 

II
I 

IV
 

V
 

V
I 

2 n 

1 
h

- 
n

-1
 

1 
h

- 
n

+
l 

eh
 m

z 
=

n
 

er
c/

g 
=

 
g/

 

f(
o,

x)
 

f(
o,

 x
)f

O
~r

- o
, x

) 

f(
O

, h
)f

(t
 ~r

 - 
O

, h
) l

 th
 -~

 (0
 +

 li
lt

) 

0 0 

tl
O

~-
O

) 

tl(
O

) 

-t
l(

O
) 

0 0 

0 
-x

T
 

uf
fo

) 

lf
f 

-h
~

- 
tl

(O
) 

rl
(O

 ) 

k
o

tl
(O

) 
rl

(O
) 

oo
 

rl
 

f(
o,

k/
2u

t)
 

kl_
..l

,.~
 f(

O
,k

[2
pz

+
~)

 
rl

(O
) 

oo
 

N 
f(

O
,k

/2
ut

) 
_~

 f
(O

,k
/2

ta
, t

+½
) 

el
#O

 r
l(

O
) 

J 
7 

Y
 

1 

l 
l 

l 
l 

o 
o 

~ 

o 
-x

t~
_o

 t
l(O

) 
~,

 

--
h 

~ 
t I

 (0
) 

r2
(O

 ) 

tT
r 

q"
 

-h
 t

T
r-

-O
 tl

(O
) 

r2
(O

) 

sm
 t~

(l
~ 

- 
O

) 
~ 

sa
n 

u0
 

r 1
 (0

) 
r2

(O
 ) 

sm
#

(t
lr

- 
O

) 
rl

(O
 ) 

e~
la

(x
rr

_O
)r

2(
O

 ) 
si

n 
gO

 
o 

Fo
 

--
d 



128 B Berg et al / Factorized U(n) symmetric S-matrices 

and where 0 IS the rapidity variable given by Pl P2/M2 = cosh 0. The pamcle-partlcle 
S-matrix element is gwen by 

°ut(pe(/3"l) P~ (/~2)IP~(Pl) P-r (P2)) m 

=.~sa~(o)8(~l -pl)8@~ -p~) - 6071 -p2~)8~ -p l ) . ' r&e(o) ,  (3) 

wath 

~v&~(O) = u~(O) 8,~8~ + u2(0) 6,~ 8.re. 

Crossing reqmres 

.TSt~ Olr - O) = a~ F~(O)  , 

, . B ~ e O . -  O) = .s B.~a(O) , 

which m terms of the amphtudes reads 

Ul(0 ) = tl(17r - 0) ,  u2(0 ) = t2(t zr - 0) ,  

(4) 

r:(O)= r=0~r-0 ) ,  (5) 

As explained by Zamolodclukov it is convement to associate asymptotic states 
with products of symbols Pa(Oa) for partmles (similarly Aa(Oa) for antlpartmles) 
corresponding to the ath member of the multlplet wxth rapidity 0. .  In (out) states 
are identified with products m which all symbols are arranged m order of decreas- 
ing (Increasing) 0. The product relatmns 

Po~( 01) Pe(02) -- eq3S,y5 (01 - 02) P6 (02) P,),(O 1),  

?~(01)&(02) = o~F'r~ (01 - 02)A6 (02) ?~( 01) 

+ ~oB,r6 (01 -- 02) P8 (0 2)A'r(01), (6) 

incorporate the relatmns between in and out states Umtanty can then be expressed 
algebraically as the consistency of the product, yielding 

.aS~(O) 8"r&n(-O) = ~ .ns~  , 

.eF'r~ (0) ~ & n ( - O )  + .aB'r~ (0) ~B,n( -O)  = a.n a~ , 

.a&8(o)  ~'rBcn(-O) + ~eB'r~(O) ~Fe~(-O) = 0 ,  (7) 
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wluch in terms of  mvanant s-channel amphtudes reads 

M~+_(O) M~+(-O) = 1 ,  a = 1 , 2 , 3 ,  (8)  

with 

MIf  = Ul + u2 ,  Mz+ = t 1 + r l ,  11/13+ = t I + r 1 + n( t  2 + r2) ,  (9) 

The reqmrement of  factonzatlon of  the S-matrix [3] in the formulation [5] now 
becomes equwalent to the requirement of  assoc~at~vity of  the product wluch results 
in various equations. A detailed study shows the independent equations are given by 

S ' F ' F = S * F * F ,  

S . F . B = B * B * F + F * S * B ,  

F ' S ' F + B ' B  B = F * S * F + B * B * B ,  (10) 

where 

A • B .  C means o.3Ase(012) 67BKx(013) ehCtav(023), 

A * B * C means ~eA~u(012) axB~v(Ola) ~s Cex(023). 

An interesting feature as that n = 2 does not turn out to be a specxal case as xt 
was m the O(n) analysis The resulting functional equaUons for the mvanant amph- 
tudes are themselves not very tllununatlng. Suffice it to say, however, that they are 
sufficiently restnctwe to permit a complete classification of  the solutions, since the 
equations either cause certain amphtudes to vanish or lead to smaple (often hnear) 
functional equations revolving ratxos (of amphtudes) in which these amphtudes 
appear as denominators 

There exists a wide variety of  solutions, six &stlnct classes m all, wtuch are pre- 
sented m table 1. In each class the nummal solutions contain only n as a parameter. 
The classes are characterized by having addltaonal symmetry properties, typically 
expressed as the vamstung of  amphtudes m various channels. The Zamolodchlkov 
solutions correspond to class III To see ttus we consider the O(2n) S-matrix of  
Zamolodchlkov describing scattering of  a (self-conjugate) vector multlplet (V~). 

, kd / t (O )  = o 1 ( 0  ~,kSjZ + 02(0)  ~,18kl + O3(0) ~ , l~jk • (11) 

We identify 

Pct=N/~(V2~_I+IV2~) ,  c t = l  .. n ,  
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and thus obtain the conditions for O(2n) symmetry.  

t t l  = f l  = 0 2  , U2 = rl = 03 (12)  

Note that for the case n = 4 one can reduce the symmetry under consideration from 
0(4)  to S0(4) by adding a further term to 11, 0511 (0) of  the form eum 04 (0). Re-per- 
fornung the analysis of Zamolodchikov for this case turns out to be rather lengthy 
and we just state the result. Mlmmum solutions for 04 ¢ 0 (note that crossing 
requires 04(0) = - 0 4 0  7r - 0)) are given by 

04(0 ) = ---03(0), 02(0 ) = O3(0)(1 -- 20/l~r), (13) 

w~th 

r (~  l° ~ F(3 

02(0) =R(O) R ( t r r - 0 ) ,  R(0)  = F ( 1 -  ~ ) F ( ~ -  ~ ) "  (14) 

The solution with o 3 = o 4 can be identified with the U(n) solution II in the case 
n ; 2, since with the extra amplitude o4 the condition for S0(4) symmetry becomes 

//1=O2--O4, //2=0"3+04, r 1 = 0 3 - 0 4  (15) 

All classes of  U(n) symmetric S-matrices (cf. table 1) can be expressed in terms of a 
function f (0 ,  ;k) meromorphic in 0 for Re ?~ t> 0 which is uniquely defined by the 
following conditions 

0 
f ( O ) f ( - O )  = 1 , f(tTr - O)f(tTr + 0) = 0 + rr2X 2 ' (16) 

and f (0)  = 1, f(O) 4= 0 and oo for 0 ~< Im 0 < 7r, I ln f (0)  l ~ e ° for Re 0 --> _+oo 
The auxlhary function f(O, X) is given explicitly by 

f(tTr~#, ~.) = I-[ (2•+ 1 -¢) (2•+  1 + ~. + tp) 
t=o ( 2 l  + 1 + ~p)(21 + 1 + ~. - ~p) 

1 1 _ r(~ + ~¢) r d  + . ~ x - ~ )  
(17) 

For - 1  < Re ~0 < 1 we have the Integral representation 

f(tTr~, X) = exp ; dx e -xx - 1 
x ~ x  s h x ~ ,  

0 
(18) 
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and f h a s  the asymptot ic  properties 

f(trr¢, X) = 1 + ltTrX th 1. ~llr~ + 0 (~  2) 

= et~rh/2+o(1/~) 

f o r h ~ 0 ,  

for t 7r~0 -+ oo. (19) 

For t l  :~ 0 the umtanty ,  crossing and factorlzatlon relations lead to 

02 
t l(ZTr- O) tl(17r + 0 ) -  02 + 7r2) ~ , 

with X --- 0, 2/n, 1/(n - 1), 1/(n + 1) for solution I, II, III, IV, respectively. For  
class I, II we have furthermore 

(20) 

tl(O) t l ( - O )  = 1 , (21) 

and for III, IV 

tl(O) = t l O T r -  0 ) ,  t l ( 0 )  = - t l  ( z r r -  0 ) ,  respectwely. 

The nummal solutions of  these equations wtuch have no zeros and a nuntmal num- 
ber of  poles m the physical strip 0 < Im 0 < zr are given m table 1 The amphtudes 
of  class I, II, III are meromorptuc in 0 with poles and zeros outside of  the physical 
strip on the Imaginary axis The amphtude t l ,  odd under crossing, corresponding to 

1 IV has m addit ion a pole at 0 = ~tTr. 
For t l  = 0 (solution class V, VI) we obtain 

--sm2/aO 
rl07r - 0) r 10rr + 0) - (22) 

sm/.t(tTr - 0) sm/a(t  rr + 0 ) '  

and rl(O)rl(-O ) = 1, with ch rr/.t = n, e TM = n for classes V, VI, respectwely. The 
mmlmal solutions of  the equations hsted m table 1 are meromorptuc with poles and 
zeros on the hnes Im 0/rr = k = integer 4= 0. 

The general factorizing U(n) symmetric S-matrices are obtained from the rmm- 
mal solutions by  multiplication by a factor which contains CDD-hke poles O, on the 
imaginary axis m the physical strip 

L 
1--I + 0,) 
,=1 sh 1(0 - 0,) 

Note that,  except for class I, II, the poles have to appear palrwlse 0, = lrr - 01 
because of  crossing symmetry.  The SO(4) symmetric S-matrix with o3 = o4 Is 

1 obtained by  solution II with an extra pole at itTr. 
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