
IL NUOVO CIMENTO VOL. 23 A, N. 1 1 Settembrc 1974 
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Summary. - -  An S-matrix defined by Feynman diagrams in a state space 
with indefinite norm is considered. The propagators may have, in addition 
to simple poles, also double poles in momentum space. A unitarization 
procedure is derived which projects the S-matrix on the physical subspace. 

1 .  - I n t r o d u c t i o n .  

An S-matrix m a y  be given by  a set of F e y n m a n  diagrams. The propagator  

can have, in addit ion to simple poles, also double poles. These double poles 

are connected with ghost and dipole ghost states of norm zero. As a consequence 

of this indefinite norm in the state space the S-matrix is not  uni ta ry  in the 

usual sense, al though pseudouni tar i ty  S+S = S S * =  1 is supposed. There is 

no physical interpretat ion of the S-matrix elements, since negative <~ proba- 

bilities ~> can appear. We construct  a positive-definite physical subspaee 

of the given indefinite state space 9~. ~ f  consists of all states containing no 

dipole ghosts both before and after scattering (*) (1.2). The S-operator projected 

on this subspace S - - - -PSP  is uni ta ry  in the usual sense: ~+~ = ~ t  p .  

This unitarization method is unique, produces no new divergences as well as 

no nonanalyt ic  points in the physical range (excepting of course the physical  

thresholds) (**). 

(') This definition is exact only for simple cases (Sect. 3, 4, 5, 7 and ref. (2)), for the 
general case see Sect. 6, 8. 
(1) W. HEISENBERG: Introduction to the U~i/ied Field Theory o] Elementary Particles 
(London, 1967). 
(2) M. KAaOWSKI: Zeits. Natur]orsch., 24 a, 510 (1967) and MPI preprint (1972). 
(**) This unitarization prescription is more general than that of ASCOLI and MI- 
NARDI (a) which only works for the very special case that the eigenstates of the Hamil- 
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States  containing only one ghost  are considered in Sect. 3 and  4 for e last ic  
scattering.  Section 5 contains some r em arks  on bound  states .  I n  (6) the  m o r e  
compl ica ted case is t r ea ted  where the  s ta tes  contain  two  ghosts.  

2 .  - T h e  p r o p a g a t o r .  

Let  us consider a real scalar field q(x) and  the  p r o p a g a t o r  

- ~p exp (2.1) (0 [TqD(x)g)(y)lO) ---- (2g) '  [ - -  ip(x  - -  y)] A (p) 

( F e y n m a n  in tegra t ion  is a lways used a t  the  singularit ies of A(p)).  As is well  
known,  a part icle  n(p) with  mass  m is associated wi th  a pole of zl(p) a t  

/¢.(p~) 
(2.2) A ( p )  = P ~ - - m '  " 

This can be seen b y  the  following considerat ion:  
Fo r  xa ~ Y0 we have  

(2.3) (0]~(x)~(y)10} = d T exp [ - - i p ( x - - y ) ] p 2 _ m  2 

- -  dpo exp  [ - -  ~p (x - -  y)] 
( p o - - o ) ( p o  + ~) 

-{-contr ibut ion f rom o ther  singularities---- 

= ~ <01~(x)I~(P))<~(P)I~(Y)IO) + ... 

with the  wave  funct ion for the  part icle  n(p)  

1 
(2.4) <ol~(x) ln(p) )  = ~ exp  [ - i p ~ ] ,  po---- ~ : V ~  + p 2 ,  

tonian belonging to real positive eigenvalues form a positive semi-definite subspaee. 
This is in general not true (4.5). 
(a) R. ASCOLI and E. MTNAI~DT: NUOVO Cimento, 8, 951 (1958); Nucl. Phys., 9, 242 
(195s). 
(4) N. NAKANISHI: Phys. Rev. D, 3, 1343 (1971). 
(s) K . L .  NAGy: preprint ITP-Budapest Report No. 302 (1971). 
(6) Detailed version of this paper: MPI preprint January 1973, Munich. 



12~ M. KAROWSKI 

if by  a suitable normalization R.,(ra ~) ---- 1. F rom the weak asymptot ic  condition 

(2.5) 
f 

[n(h , ~o>~ : w-lim i d~x~(x) ~o](x)]~) ~ 

we get the reduct ion formula for the S-matr ix  

(2.6) 

f - 1 1 fd ' x  exp [ipx]-(~'l~(x)]~> + = - - i  d ' p /* (p )  A(p) (2z )~J  

with ](p)--~ 6(p ~ -  mS), if [~) + contains no particle n(]). 
To a double pole of LJ(p) at p 2 :  ~ 

(2.7) A(p)_ R~(p~) 
(p~-- ~)~ 

there belong two states: 
d(p) with 

(2.s) 

a (, good ~> ghost g(p) and a (( bad ~> or dipole ghost 

<gig>= <did>= O, 
<g~')ld(p)> ~- 2~O(p'--p), 

= V ~ + p ~ .  

As expected, the double pole implies tha t  there should be states with non- 
positive norm. This follows from considerations analogous to the above. For  

x0 > Yo we have again (~) 

(2.9) 

with 

(2.1o) 

] f d <o[~(x)qo(y ) 1o> - -  (2~)~ d3p exp [ip(x - - y ) ]  dpo" 

• [ R~(p~)  ipo(Xo-yo)]~°o~ + L~oo +~)~ exp [ -  . . . =  

- ~ d~P [<oi~(x)Ig(p)><d~)i~(y)lO> + <ol~(x)ld(p)> (g(p)I~(Y)]0)] ÷ 

] 
(Olq~(x)lg(p)> : ~ exp [--ipx] , 

[R <z) xo R <z) 1 
<°lcf(x)Id(P)>= (2~)~[ 2~ + 4~ ~ 4~ J exp [-- ipx]. 

The wave funct ion of g fulfils the Klein-Gordon equation (i.e. Ig(p)} ~ are eigen- 
states of the Hamiltonian) ; this is not t rue  for d. The dipole ghost d continuously 
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produces good ghosts g because of the  x0 t e rm  in (2.10). This is the  reason for 
the  nota t ion good and bad ghosts. 

The formula for g analogous to formula (2.5) is, as one can show b y  (2.7) 
and {2.10), 

(2.11) [g(]), y)}~---- w - l i m i  d~x, /~(2~ ) ~(x) ~0/(x)Ilp} ± .  

For  the  reduct ion formula we get 

(2.12) 
[ ]  4 2  2 

---_ _ i f d 4 p  ]7.(p) A(p)l (2z) 2 1 2 ( d ' x  exp [ipm]-<~'l~(x)lF} + 

with [*(p)..~el(p2--,~), if Iv2} + contains no d(f). 
Because of the nondiagonal  metr ic  (2.8) eq. (2.12) determines the  proba-  

bil i ty tha t  F, af ter  scattering, is a product  of y)' and the  dipole ghost  d(]). 
There are corresponding bu t  more complicated formulae  for d. Since we 

define (( physical states ~ by  the  condit ion t h a t  t h e y  contain  no dipole ghosts 
before and after  scuttering, we do not  need these formulae.  

3.  - E l a s t i c  s c a t t e r i n g  i n  a n  e x t e r n a l  f i e ld .  

The S-matr ix  may  be given by  the diagram 

with the propagator  ~(p) as external  lines, d(p)  m a y  have the propert ies  
of Sect. 2: a p o l e a t p 2 = m  2 with the  s ta te  n and a double pole at  p 2 z 4 2  to  
which the ghosts g and d belong. The S-matr ix  m a y  be pseudouni tary ,  i.e. S + S=  
~--SS+= 1 in the  s ta te  space with indefinite norm. Conservat ion of proba-  
bil i ty does not  follow from this proper ty ,  if there  are t ransi t ions f rom n to g and d. 

We get a un i ta ry  S-matr ix  if we construct  << physical  }> states ~ with the  
condit ion t ha t  there  are no dipole ghosts bo th  before and af ter  scattering.  
The uni tar izat ion method  is uniquely  defined b y  this condition. The physical  
states are superpositions of n and g. Since we must  superimpose eigenstates 
of the  S-operator,  we first diagonalize the S-matr ix .  Formal ly  we write 

(3.1) n n ~ \ -<n(p')[n(p)} + = ~ <n(p')l%} S~< Jn(p)/ 
r 

9 - I 1  N u o v o  C i m e n t o  A .  
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w i t h - < n , ] n , > + =  "S~'. La te r  we will per form the  diagonahzat ion explicitly. 

The var iable  r remains fixed in the  following considerations and will be omit ted.  

The index n denotes the  in- (respectively out-) going s ta te  n. Correspondingly 

for g 

-<n]n}+ = "S",  -<n]g> + = "S g , 
(3.2) 

-<gin> + ~- g S " ,  - ( g i g >  + = gS ~ . 

I n  the  (one-particle) space 

(3.3) ~ - -  5~+® ~+® ~+ 

the  metr ic  tensor  has the  fo rm 

(3.4) 

1 0 0 

0 0 1 ,  

0 1 0 

where the  rows and columns refer respect ively to In> +, [g>+, [d} +. The pseudo- 
uni ta r i ty  means 

(3.5) ]n>++<n I ÷ Ig>++<d[ ÷ ]d>++<g I = 1 .  

Similarly for out s ta tes  l>- .  

We now define (, physical  ,> states ~ as a superposi t ion of n and g: 

(3.6) I~>+= In> + + e[g> + 

with the  condition t h a t  no dipole ghosts are emit ted:  

(3.7) -<gl~> + - -  0 .  

Hence  the  space of physical  in s tates is 

(3.s) ~ = ( 4  ® ~+) n z T l .  

The norm of ]~>+ is one by  (3.3) and (3.5) 

(3.9) +<~l~>+ = 1 .  

T h e  out  s tates In> are defined correspondingly. 
S-mat r ix  

Therefore we get the  physical  

(3.10) I " S  ~ ~ S g  

gSa 
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I t  is easy to prove  the  un i t a r i ty  of S b y  using (3.5), (3.6), (3.7) and  (3.9) 

(3.11) ]"S'I2 = +<~l~)--<~[~) + :  +<~]n)--<n]~) + =  

= ÷<~l[In>--<nl + Ig>--<al + la>--<gl]I~> + = +<~l~>+ = 1 .  

I f  X were posi t ive definite, the  un i t a r i ty  (3.11) would imp ly  

(3.12) 9~ + : 9 ~ - .  

This is not  t rue  in general  if ~ is indefinite as in our case. B u t  because  of t he  
special metr ic  (3.4) and  the  special uni tar iza t ion  this equa t ion  holds here  too.  
F r o m  (3.4) and (3.8) it  follows t h a t  

~ + =  ( ~ r :  ® ~G+) ~ ~ = ~ + ~  ~ ~ 7 ~  = ~ -  = ~ .  (3.13) 

I f  

(3.14) I ,  = I~>++<@ I : T~>--<~I 

is the  pro jec tor  on ~ ' ,  we get for the  physical  S -ma t r i x  

(3.15) S = P S I '  

and 

(3.16) S~S = 3 3 ' =  P .  

However ,  ~ is general ly not  an invar ian t  subspace under  S. Bu t  the  propor t ion  
of good ghosts in I~)+ is the  same before and  af ter  sca t te r ing  up to a phase  fac tor ,  

if t ime  inversion invar iance is assumed:  

(3.17) I+<di~>+l ~ =  +<dl~>++<~ld>+= +<dl~>--<~Id>+= I-<~ld>+l~ = I-<dl~>+l~ • 

Hence  +<d]~> + and -<d]~) + only differ b y  a phase  fac tor  which is genera l ly  

different f rom one. 

4. - E la s t i c  scat ter ing  o f  t w o  part ic les .  

4"1. I ,art ial-wave expansion.  - Let  us consider two real  scalar  fields T(x) and  
¢(y) wi th  the  p ropaga tors  Ll,,(p) r e spec t ive ly  d~(q).  A,~(p) m a y  have  the  same  
proper t ies  as in Sect.  3, i.e. a pole a t  p 2 ~  m 2 with  t he  s ta te  n and  a double  
pole a t  p ~ =  ~2 with  the  ghosts g and d. ~ ( q )  m a y  have  a simple pole a t  
q 2 =  M2 associated with  the  part icle iV. We consider the  elastic sca t te r ing  

n(p)  -4- lq(q)  ---> n(p ' )  ~- N ( q ' )  
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and the  d iagram 

with the to ta l  m o m e n t u m  P ~-- p -~ q ~-- p ' ~ -  q' (P~ ~ s). 

F r o m  (2.6) and (2.12) we get for the  scat ter ing ampl i tude  

(4.1) 1 1 ~ t  lo - -  • 

cT , ( s ,  t) A~(p')A~(q)  ~(P" q'' p '  q) A,,(p)zl~(q) 

M. KAROWSKI 

(4.2) 

2 ! t -~ ( p ' - - p ) ~ = p ' ~  ÷ p  - - 2 p o P o ÷ 2 1 p ' l l p [ ~ ' ~ ,  

1 1 
p o = ~ ( s + p ~ - - q ~ ) ,  [ p i = ~ V , ~ ( s , p ~ , q  ~) 

(with ,~(x, y, z) ~-- x ~  - y2~_ z ~ _ 2xy -- 2x z - -  2yz); ~ is the unit  vector  parallel 

to  p .  The p~rtial  wave  expansion for T is 

(4.3) ~:T~(s, t) 4~ ~'~ = Z o,t,(s, l) y * . , @ ' )  Y , . , ( l~ ) .  
l , m  

The par t ia l -wave  ampl i tude  t is a funct ion of the  masses of the  external  lines 

and  the  conserved quanti~ies s and l. The different m~tr ix  elements are anal- 

ogous to (3.2) 

~ r t  n g  g n  g g  
~ t ~  , ~,t x , ~ t  N , x t~  

if the  indices denote the  respect ive states n, g and N. 
The (~ physical  >> par t ia l -wave  ampl i tude  t is corresponding to (3.10) 

n n ~ 9 ~t~ ~t~l 
g n g n zctt¢ ~vt~ (4 .4 )  " TM - t~ g g , 

~,tz¢ 

and the  <<physical >> scat tering ampl i tude T is given b y  (4.3), subst i tu t ing 

T - ~  T and t - +  t. S is un i ta ry  according to Sect. 3. 

is the  t ime-ordered 4-point funct ion in m o m e n t u m  space. T is a funct ion 
of p,2, q,2, p2, q2, s, t. To diagonalize T we take  the centre-of-mass sys tem 

P =  0. Then 
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A local coupling as for example  ~f~. ,~2¢~ implies t h a t  ~ ,T~- -cons t  in 
first order. Hence  ~ and T vanish  b y  (4.4) in first order. I n  general  t vanishes  
if ~'~¢t~ is a p roduc t  ](p'~, q '~) . ] (p~,  q~). 

This fact  means  tha t ,  in a cer ta in  manner ,  the  (( local pa r t  ~) of the  in terac-  
t ion does not  contr ibute  to T. 

4"2.  (~ W r o n g  cu t s  ~). - W e  consider a pe r tu rba t ion  expans ion  for T 

~t 1 0 : 0 '  p f i0 t k ¢ T o - -  , ,F ,  ~- d 'k  A,~(k) ~ ~ .'Fz A ~ ( l )  z F ,  + . . .  , 

with 1 ~ P -  k. T is singular, if two singularities of A,, and  A~ coincide and  
the  in tegra t ion  pa th  runs be tween  both.  Hence  T has a physica l  b ranch  cut  
a t  s >  (m -~ M) ~ arising f rom the  poles of A,~ and  zJ~ a t  k ~ ~- m 2 respect ively ,  
l ~  - M 2 according to the  in te rmedia te  s ta tes  n N  and  ~ ((wrong cut,~ a t  
s >  (~ ~- M~ 2 arising f rom the double pole of A., a t  k ~ :  ~2 and the  pole of A x a t  
12 ~ M ~ according to the  ghost  in te rmedia te  s ta tes  gN and t i N .  This cut  con- 
t rad ic ts  uni tar i ty ,  therefore it drops out  if we adop t  the  uni ta r iza t ion  as in (4.4). 
T h a t  shall be shown for (4.5), to get a deeper  insight  as to how this un i ta r iza t ion  
me thod  ac tual ly  works. 

We pu t  into (4.5) a par t i a l -wave  expans ion  for F analogous to (4.3). I n  
the  centre-of-mass sys tem (P~-- 0) 12_-- ( p _  k): does not  depend on It. Hence  
we can pe r fo rm the  ~-integrat ion and obtain  for the  par t i a l -wave  expans ion  
b y  means  of the  or thogonal i ty  of the  spherical  funct ions 

(4.6) "'~,t ~' ---- "¢]~" + 4 ~ d k  o k ~ dk ~;]~ Ll,,,(k) d ~(.1) + 
, /  

We now pu t  this equat ion into the  de t e rminan t  formul~ (4.4) and  get  
for the  physical  par t ia l -wave ampl i tude  af ter  some calculat ions and neglect ing 
te rms  of higher order 

(4.7) n -n  n -n  | ~ t ~ =  ~ / ~ + J d 4  k" 7~ ~ , z  ~ , ~  LJ~(1) ~3~ ~ - ' - ,  . . . .  
r* 

The funct ions ~]~ etc. are defined b y  the  cont inuat ion  of (4.4): 

(4.8) 

p, pr 

g P g 
q , / q  2¢~q 
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We ~gain use the  following nota t ion:  if ]~ is a function of p2, we write ]"--~ 

= ]~1~,~,~,, ] ' =  fl'l~,=x, (similarly for the  other variables). 
-k k-~ k 2 42 12 __-- ff~ vanish for ---- M 2, The (( physical  ver tex  functions ,) ~/~ and and 

since bo th  columns (respectively rows) of the de terminants  become equal.  

These two zeros removes the  (( wrong cut ~) which ~rises f rom the  double pole of 
A~(k) at  k ~-- 2 2 ut the  simple poles of A~(1) at  ~2__ M 2, as was expected b y  
un i ta r i ty  arguments .  

5 .  - B o u n d  s t a t e s .  

The same assumptions as in Sect. 4 are assumed to hold. Let  T be a bound 

s ta te  with the  Bethe-Salpeter  ampl i tude 

1 / '  ! 
(5.1) ( O ] T ~ ( x ) ¢ ( y ) l T  } -  - ,d4p d~q ' exp [ - - i x p ' - - i y q ' ] ~ : T  

(2~)~ J 

~IT is to fulfil the Bethe-Salpeter  equation 

! i 4 • (5.2) ¢ - -  d k  ~' ~k ~ , T - -  Am(p ' )A~(  q ) ~ , F ~ T  

with l z p _  k, P ---- p ' +  q'. There arise analogously to (4.5) at  s~> (m + M) 2 

a physical  and at s• (4 + M) ~ a wrong cut. I f  tile mass ~ of T is below both  
thresholds, then  (5.2) m a y  be solved in the usual manner .  

Bu t  there  also should exist bound states with 4 +  M <  V ~ <  m +  M, 
since they  cannot  decay into physical  particles nN,  but  only into ghosts which 
cannot  be detected experimental ly.  In  this ease ~P contains a pa r t  To of ~( free ~) 
good ghosts gN,  i.e. according to {2.4) and (2.10) 

(5.3) ~,T~'" ~ ---- ~' ° - -  b(4)(q ' p ~ :  q ~ :  M ~. ~ ,T~  - -  Ob(4)(p ' -  p) --  q) with 2 5, 

Hence  we obtain in place of (5.2) for 2 ~ - M  < ~ / s <  m ~ M after  t ransi t ion 
to par t ia l  waves analogous to (4.6) the  integral  equat ion 

(5.4) ~i~---- ~ ( p ) 2 ~ ( q )  d k ~ , ~ - ~ , V 0 ~ .  

(The energy and spin variables are suppressed.) 
Usually such ~n inhomogeneous equat ion has no normalizable solutions 

belonging to discrete eigenvalues, bu t  there are for all energies improper ,  non- 
normalizable,  scat ter ing states. However ,  to get a (( physical  ~) s ta te  ~, we 
mus t  respect  the  conditions (3.7) t ha t  no dipole ghosts dlV are emit ted:  

(5.5) - ( ~ l ~ }  ÷ = o .  
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B y  means  of the  reduct ion formulae  (2.6) and  (2.12) and  eq. (5.4) we ob ta in  

f 4 g kk  ~ (5.6) d k N]z ~Y~ = O . 

Under  these conditions the  integral  equa t ion  (5.4) can have  a normal izable  
solution to a discrete eigenvalue for /~ + M < V~ < m + M, since f rom (5.4) 
and (5.6) we get the  homogeneous  equa t ion  for ~ ~ v~--Fo 

(5.7) )fd k,,/, q , ~  = f f 4 ~'-$C k - -  

For  ~'-~ ~ q'/~ ~0  vanishes because of (5.3) and  (4.8). The s ta te  I'~) is normalizable ,  
a l though it contains the  (~ free ~) ghost  p a r t  ]%). The fac tor  ¢) in (5.3) can be 
calculated b y  the  normal iza t ion  condit ion ( ~ 1 ~ ) ~  1 ~nd (5.6). 

6 .  - G e n e r a l i z a t i o n  a n d  d i s c u s s i o n .  

We obta ined for a given pseudoun i t a ry  S -ma t r ix  S in a s ta te  space ~ wi th  
indefinite metr ic  by  means of a unique uni tar iza t ion procedure  an  S in a de- 
finite s ta te  space ~ (*). The  methods  of this pape r  can be generalized to par-  
ticles with spin and  other  in ternal  degrees of freedom. :But the  diagonal izat ion 
of the  S -ma t r ix  is more complicated.  The uni ta r iza t ion  is a lways applicable,  
if the metr ic  is indefinite due only to dipole ghosts.  

The general  formula t ion  of this uni ta r iza t ion  me thod  is: 

Le t  J~N, ~ a  and 2~9 be the  Fock  spaces of the  s ta tes  with posi t ive n o r m  
respect ively  ghost  respect ively  dipole ghost  s ta tes  associated with  the  simple 
respect ively  double poles of the  propagators .  Le t  9 ~  be equal  to ~fa/{10)}. 
Then the  space of physical  incoming N-s t a t e s  is 

This is an implicit  equat ion for 9~, which can be solved in cerCain app rox ima-  
--e  ~ ~ 9~. I n  general ,  tions. I f  the  states contain a t  mos t  one ghost  ~ r  

however,  there  are transi t ions to new s ta tes  with posi t ive  no rm (6)associated 

with  the  double poles. 

I wish to t h a n k  Prof. H.  P. DdRR for  useful discussions and  for the  k ind  
hospi ta l i ty  at  the Max-P lanek - Ins t i t u t  fiir Phys ik  und Ast rophys ik .  

(*) If  this space still contains zero vectors, one must take the factor space over the 
radical, as e.g. in QED. 
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• R I A S S U N T O  (*) 

Si eonsidera una matricc S definita da diagrammi di Fcynman in uno spazio degli stati 
con norma indefinita. I propagatori possono avere, oltre che poli semplici, anche poll 
doppi nello spazio degli impulsi. Si deduce un procedimento di urtitarizzazione she 
proietta la matrice S nel sottospazio fisico. 

(*) Traduzione a cura della Redazione. 

~nno.rlbnble (< ~yXtt ~> n yHHTapHOCTb. 

Pe3mMe (*). - -  PaccMaTpnaaeTca S-MaTpm~a, onpe~eneanan ~lnarpaMMaMH ~e~nMana 
B rlpOCTpaHCTBe C0CTOflHtt~ c I4H~e~I4HHTHO~I HOpMO~. I-lponaraxopb~ MOFyT HMeTb, 
IIOMHMO IIpOCTblX nOJ~OCOa, T a ~ e  ~Bo~rr~e nonmca B HMI]yYibCltOM rlpocTpancTBe. 
BLtBO~nTCa Hpotle~ypa ynnTapri3atmn, KOTOpan npoeKTnpyeT S-MaTpnt/y aa qbn3n~ecKoe 
no~npocTpaHcTaO. 

(*) Hepeeer)euo pec)amlue(~. 


