Integrable Quantum Field Theoretic
Models in 14+1 Dimensions

M. Karowski' 2
Institut fir Theoretische Physik
Freie Universitat Berlin, Arnimallee 14, 14195 Berlin, Germany

October 1998

le-mail: karowski@physik.fu-berlin.de
2www.physik.fu-berlin.de/~karowski



Contents

1 Classical Field Theory

1.1 Examples . . . . . . . .
1.1.1  Korteweg - de Vries equation (KdV) . ... ... ...
1.1.2  Nonlinear Schrédinger equation (NS) . . . ... .. ..
1.1.3 Sine-Gordon equation (SG) . .. ... .. ... ... ..
1.1.4 Affine Todamodels . . . . . .. ... .. ... .....
1.1.5 Nonlinear sigma model (NLS) . . ... ... ... ...
1.1.6  Massive Thirring model (MT) . . . . .. ... ... ..
1.1.7  O(2N)-Gross-Neveu model (GN) . . . .. ... ... ..
1.1.8 SU(N)-Chiral Gross-Neveu model (CGN) . . . . .. ..

1.2 Soliton behavior . . . . . . . ..o
1.2.1 Korteweg - de Vries equation . . . .. ... . ... ..
1.2.2  Sine-Gordon solitons . . . . . . ... ...

1.3 Inverse scattering method . . . . .. ... ... ... ... ..
1.3.1 The direct scattering problem . . . . . . ... ... ..
1.3.2  The inverse scattering problem . . . . .. .. ... ..
1.3.3  Application to nonlinear classical wave equations

1.4 Infinitely many conservation laws . . . . .. ... .. ... ..
1.4.1 Sine-Gordon model . . . . . ... ...
1.4.2  Massive Thirring model . . . . . ... ... ... ...

Quantum Field Theory

2.1  Quantum conservation laws . . . . .. .. ... ... ..., .
2.1.1 The higher charges on scattering states . . . . . . . ..
2.1.2 BPHZ renormalization . . . . . ... ... ... ... ..

2.2 Factorization of the S-matrix. . . . . . .. .. ... ... ...
2.2.1 Omeparticle . . . .. .. ...
222 Twoparticles . . . . ... ... ... ... ... ....
2.2.3 Three particles: Yang-Baxter equation . . . . .. . ..
224 mn-particles . . . . ...

2.3 Exact S-matrices . . . . .. ..o



CONTENTS 3

2.3.1 Motivations . . . . . ... ..o 25
2.3.2  Assumptions for relativistic factorizing S-matrices . . . 31

2.4 Examples of exact S-matrices . . . .. ... ... 33
2.4.1 Nonlinear Schrédinger equation (NS) . . . ... .. .. 33
2.4.2  Massive Thirring model (MT) . . . . . ... ... ... 36
2.4.3 Sine-Gordon equation (SG) . . .. .. ... ... ... 42
244 Z(N)-Ising model (ZN) . .. .. .. ... .. ... ... A7
245 Todamodels. . . . ... ... ... ... ... .. 49
2.4.6 Nonlinear sigma model (NLS) . . . ... ... .. ... 49
2.4.7  O(2N)-Gross-Neveu model (GN) . . . . .. .. ... .. 52
2.4.8 Chiral Gross-Neveu model (CGN) . . . . .. ... ... 62

3 Form Factors 65
3.1 Introduction . . . . . . . . ... 65
3.2 Two-particle form factors . . . . . . .. .. ... ... ..... 67
3.2.1 The general solution . . .. ... .. .. ... ..... 68
3.2.2  Examples of two-particle form factors . . . . . . . . .. 73

3.3 Generalized Form Factors . . . . ... .. ... ... ..... 79
3.3.1 Pure Bosonic Form Factors . . . ... ... ... ... 79
3.3.2 The auxiliary form factor function . . . . . . . . . . .. 83
3.3.3 The general bosonic and fermionic case . . . . . . . .. 92

3.4 The general formula for SG . . . . . ... ... ... ... .. 95
3.4.1 The “Off-shell Bethe Ansatz” . . . ... .. ... ... 96
3.4.2 The general formula . . . ... ... ... 98
3.4.3 Examples . . ... ... 114

4 Green’s functions 123
4.1 Example . . . . . .. 123
4.1.1 Form factors for the Z(2)-Ising model . . . . . . . . .. 123
4.1.2  Green’s function for the Z(2)-Ising model . . . . . . . . 124

Preliminary version of a manuscript of a series of lectures presented at the
Freie Universitat Berlin.



