The Bootstrap Program

Integrable Quantum Field Theoretic Models in 1+1 Dimensions

H. Babujian^{12}, A. Fring^3, M. Karowski^{45} and A. Zapletal^6

Institut für Theoretische Physik

Freie Universität Berlin, Arnimallee 14, 14195 Berlin, Germany

January 12, 1999

1Permanent address: Yerevan Physics Institute, Alikhanian Brothers 2, Yerevan, 375036 Armenia.

2e-mail: babujian@lx2.yerphi.am, babujian@physik.fu-berlin.de 3e-mail: fring@physik.fu-berlin.de 4e-mail: karowski@physik.fu-berlin.de 5www.physik.fu-berlin.de/~karowski 6e-mail: zapletal@physik.fu-berlin.de

2

Contents

1 Introduction 7

2 Integrable Classical Field Theories 9 2.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.1.1 Korteweg - de Vries equation (KdV) . . . . . . . . . . 9 2.1.2 Nonlinear Schrödinger equation (NS) . . . . . . . . . . 9 2.1.3 Sine-Gordon equation (SG) . . . . . . . . . . . . . . . 10 2.1.4 Toda models . . . . . . . . . . . . . . . . . . . . . . . . 10 2.1.5 Nonlinear sigma model (NLS) . . . . . . . . . . . . . . 10 2.1.6 Massive Thirring model (MT) . . . . . . . . . . . . . . 10 2.1.7 O(2N)-Gross-Neveu model (GN) . . . . . . . . . . . . . 11 2.1.8 Chiral Gross-Neveu model (CGN) . . . . . . . . . . . . 11 2.1.9 WZNW-models . . . . . . . . . . . . . . . . . . . . . . 11 2.2 Soliton behavior . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2.1 Korteweg - de Vries equation . . . . . . . . . . . . . . 11 2.2.2 Sine-Gordon solitons . . . . . . . . . . . . . . . . . . . 12 2.3 Inverse scattering method . . . . . . . . . . . . . . . . . . . . 14 2.3.1 The direct scattering problem . . . . . . . . . . . . . . 14 2.3.2 The inverse scattering problem . . . . . . . . . . . . . 15 2.3.3 Application to nonlinear classical wave equations . . . 16 2.4 Infinitely many conservation laws . . . . . . . . . . . . . . . . 18 2.4.1 Sine-Gordon model . . . . . . . . . . . . . . . . . . . . 18 2.4.2 Massive Thirring model . . . . . . . . . . . . . . . . . 20

3 Semi-classical Analysis 21

4 Conformal Field Theories 23 3

5 Integrable Quantum Field Theories 25 5.1 Quantum conservation laws . . . . . . . . . . . . . . . . . . . 25 5.1.1 The higher charges on scattering states . . . . . . . . . 25 5.1.2 BPHZ renormalization . . . . . . . . . . . . . . . . . . 26 5.2 Factorization of the S-matrix (Yang-Baxter Equation) . . . . . 32 5.3 Exact S-matrices . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.3.1 Analytic properties . . . . . . . . . . . . . . . . . . . . 36 5.3.2 Unitarity and crossing . . . . . . . . . . . . . . . . . . 37 5.3.3 Bound states . . . . . . . . . . . . . . . . . . . . . . . 37 5.4 Examples of exact S-matrices . . . . . . . . . . . . . . . . . . 39 5.4.1 Nonlinear Schrödinger equation (NS) . . . . . . . . . . 39 5.4.2 Massive Thirring model (MT) . . . . . . . . . . . . . . 43 5.4.3 Sine-Gordon equation (SG) . . . . . . . . . . . . . . . 47 5.4.4 Z(N)-Ising model (ZN) . . . . . . . . . . . . . . . . . . 51 5.4.5 Toda models . . . . . . . . . . . . . . . . . . . . . . . . 53 5.4.6 Nonlinear sigma model (NLS) . . . . . . . . . . . . . . 53 5.4.7 O(2N)-Gross-Neveu model (GN) . . . . . . . . . . . . . 54 5.4.8 Chiral Gross-Neveu model (CGN) . . . . . . . . . . . . 54

6 Bethe Ansatz 55 6.1 Algebraic Bethe Ansatz . . . . . . . . . . . . . . . . . . . . . . 55 6.1.1 Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . 55 6.1.2 Nested Algebraic Bethe Ansatz . . . . . . . . . . . . . 55 6.2 Thermodynamic Bethe Ansatz . . . . . . . . . . . . . . . . . . 55 6.2.1 Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . 55 6.2.2 New Applications . . . . . . . . . . . . . . . . . . . . . 55 6.3 “Off-Shell” Bethe Ansatz . . . . . . . . . . . . . . . . . . . . . 55 6.3.1 Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . 55 6.3.2 Applications to Conformal Field Theories . . . . . . . . 55 6.3.3 Difference Equations . . . . . . . . . . . . . . . . . . . 55 6.3.4 The nested “Off-Shell” Bethe Ansatz . . . . . . . . . . 55

7 Form Factors 57 7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 7.2 The S-matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 7.2.1 General Properties . . . . . . . . . . . . . . . . . . . . 61 7.2.2 Bound states . . . . . . . . . . . . . . . . . . . . . . . 66 7.2.3 The Sine-Gordon model S-matrix . . . . . . . . . . . . 70

7.3 Properties of generalized form factors . . . . . . . . . . . . . . 72 7.3.1 Form factors in momentum space and rapidity space . 73 7.3.2 The auxiliary form factor function . . . . . . . . . . . . 75 7.3.3 The general bosonic and fermionic case . . . . . . . . . 78 7.4 Solution for the sine-Gordon . . . . . . . . . . . . . . . . . . . 80 7.4.1 The general formula . . . . . . . . . . . . . . . . . . . 80 7.4.2 Two particle form factors . . . . . . . . . . . . . . . . 85 7.5 Perturbation theory: Massive Thirring model . . . . . . . . . 93 7.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

8 Greens Funtions 99

A Derivation of properties of generalized form factors 101 A.1 Properties of generalized form factors for the pure bosonic case 101 A.2 Properties of form factors for the general case . . . . . . . . . 107

B Proof of the main theorem 111

C Some useful formulae 121