Exact form factors in integrable quantum field
theories: the scaling Z(N)-Ising model

H. Babujian', A. Foerster®?, and M. Karowski®

I Yerevan Physics Institute,
Alikhanian Brothers 2, Yerevan, 375036 Armenia
e-mail: babujian@physik.fu-berlin.de

2 Instituto de Fisica da UFRGS,
Av. Bento Gongalves 9500, Porto Alegre, RS - Brazil
e-mail: angela@if.ufrgs.br

3 Institut fiir Theoretische Physik Freie Universitit Berlin,
Arnimallee 14, 14195 Berlin, Germany
e-mail: karowski@physik.fu-berlin.de

November 28, 2005

Abstract:

A general form factor formula for the scaling Z(N)-Ising model is
constructed. Exact expressions of all matrix elements are obtained for
several local operators. In addition, the commutation rules for order,
disorder parameters and para-Fermi fields are derived. Because of the
unusual statistics of the fields, the quantum field theory seems to be
not related to any classical Lagrangian or field equation.
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1 Introduction

The ‘form factor program’ is part of the so-called ‘bootstrap program’ for in-
tegrable quantum field theories in 1+1-dimensions. This program classifies
integrable quantum field theoretic models and in addition it provides their
explicit exact solutions in terms of all Wightman functions. This means,
in particular, that we do not quantize a classical field theory. In fact the
quantum field theory considered in this paper is not related (at least to our
knowledge) to any classical Lagrangian or field equations of massive parti-
cles. The reason for this seems to be the unusual anyonic statistics of the
fields, turning this form factor investigations even more fascinating. The
bootstrap program consists of three main steps: First the S-matrix is cal-
culated by means of general properties as unitarity and crossing, the Yang-
Baxter equations and the additional assumption of ‘maximal analyticity’.
Second, matrix elements of local operators

(PP [ O@) [p1s-pn )™

are calculated using the 2-particle S-matrix as an input. As a third step
the Wightman functions can be obtained by inserting a complete set of
intermediate states.

The generalized form factors [1] are defined by the vacuum - n-particle
matrix elements

<0 ’ O(fl?) ‘ Dl Dn >7,n —_ e—iI(pl-‘ru.-‘rpn) FO (917 o 79n)

a1...00p a...0n



where the a; denote the type (charge) and the 6; are the rapidities of the par-
ticles (p; = M;(cosh 8;,sinh 6;)). This definition is meant for 6; > --- > 6,
in the other sectors of the variables the function F2(0) = FS ., (61,...,6y)
is given by analytic continuation with respect to the ;. General matrix el-
ements are obtained from F9 () by crossing which means in particular the
analytic continuation §; — 6; & im. Using general LSZ assumptions and
maximal analyticity in [2] the following properties of form factors have been

derived:!

(o) The form factor function Fg (9) is meromorphic with respect to all
variables 61,...,0,.

(i) It satisfies Watson’s equations

O @

FO (o000, = FO o (103,05, ..) Sava; (0)-

(ii) The crossing relation means for the connected part (see e.g. [4]) of the
matrix element

Qi <p1 | O(O) | P2,.--,Pn >ZZ’CO£: = Go(al) Fo(?lag...an (01 + Z.ﬂ-a 027 s 79n)
=F9 (02, ...,00, 01 —im)

a2...0n01

where 0©(a) is the statistics factor of the operator O with respect to
the particle a.

(iii) The function F9() has poles determined by one-particle states in
each sub-channel. In particular, if «; is the antiparticle of as, it has
the so-called annihilation pole at 12 = iw which implies the recursion
formula

Res FO(61,...,0,) =2iCo 0, FC (B3,...,6,)

O10=1m 3

x (1 — 0 (a2)Sara, (2n) - - - Sasas (623)) -

(iv) Bound state form factors yield another recursion formula

Res F (01,02,03,...) = V2FS (612),03,...) T

O12=1n

if 4n is the position of the bound state pole. The bound state inter-
twiner I') ; (see e.g. [5, 4]) is defined by

; — TParY
zgie;% Sap(0) =TT,

!The formulae have been proposed in [3] as a generalization of formulae in [1]. The
formulae are written here for the case of no backward scattering, for the general case see
[4].



(v) Since we are dealing with relativistic quantum field theories Lorentz
covariance in the form

FQ(0r,...,00) = e FQ(0y + 1, ..., 0n + 1)

holds if the local operator transforms as O — e**O where s is the
“spin” of O.

Note that consistency of (ii), (iii) and (v) imply a relation of spin and
statistics 09 (a) = ™2™ and also 69(a) = 1/09(@) where & is the anti-
particle of «, which has the same charge as O. All solutions of the form
factor equations (i) - (v) should provide the matrix elements of all fields in
an integrable quantum filed theory with a given S-matrix.

Generalized form factors are of the form [1]

FQO) =KZ©) [[ F6y), (05="0i—6)) (1)

1<i<j<n

where F'() is the 'minimal’ form factor function. It is the solution of Wat-
sons equation [6] and the crossing relation for n = 2

F(8) = F(—0)S(6) )
Flin = 0) = F(ir +0)

with no poles and zeros in the physical strip 0 < Im# < 7 (and a simple
zero at § = 0). In [4] a general integral representation for the K-function
K9(0) in terms of the off-shell Bethe Ansatz [7,8] has been presented, which
transforms the complicated equations (i)-(v) for the form factors to simple
ones for the p-functions (see [4] and (41) below)

KS(Q) = Z Cnm dzy - -- dzm h(Q, é) pO(Q> §) \Ifg(ﬁ, g) . (3)
B m Co Co

The symbols Cy denote specific contours in the complex z;-planes. The
function h(#, z) is scalar and encodes only data from the scattering matrix.
The function p®(f,z) on the other hand depends on the explicit nature of
the local operator @. We discuss these objects in more detail below. For
the case of a diagonal S-matrix, as in this paper, the off-shell Bethe Ansatz
vector W, (0, 2) is trivial. The K-function K& (6) is an meromorphic function
and has the ’physical poles’ in 0 < Im0;; < 7 corresponding to the form
factor properties (iii) and (iv). It turns out that for the examples we consider
in this paper there is only one term in the sum of (3).

In this paper we will focus on the determination of the form factors of the
scaling Z(N)-Ising quantum field theory in 1+1 dimensions. An Euclidean



field theory is obtained as the scaling limit of a classical statistical lattice
model in 2-dimensions given by the partition function

Z = Zexp ——ZEJZ,JJ ;Uie{l,w,...,wN_l},w:eQTri/N

{o}

as a generalization of the Ising model. It was conjectured by Koberle and
Swieca [9] that there exists a Z(N)-invariant interaction E(o;, 0;) such that
the resulting massive quantum field theory is integrable. In particular for
N = 2 the scaling Z(2)-Ising model is the well investigated model [10} 11,
12}, 13] which is equivalent to a massive free Dirac field theory. In this paper
we investigate the general Z(N)-model. It has also been discussed as a
deformation [14} 15] of a conformal Z(N) para-fermi field theory [16]. The
Z(N)-Ising model in the scaling limit possesses N — 1 types of particles:
a=1,...,N —1 of charge o, mass M, = MsinT{ and @ = N — « is the
antiparticle of . The n-particle S-matrix factorizes in terms of two-particle
ones since the model is integrable. The two-particle S-matrix for the Z(IV)-
Ising model has been proposed by Koéberle and Swieca [9]. The scattering
of two particles of type 1 is

sinh (6 + 2%%)

S(0) = -~
O)= SGan Lo —20)

(4)
This S-matrix is consistent with the picture that the bound state of N — 1
particles of type 1 is the anti-particle of 1. This will be essential also for the
construction of form factors below. We construct generalized form factors
of an operator O(x) and n particles of type 1 and for simplicity we write
FO) = FP ,(f). Note that all further matrix elements with different
particle states of the field operator O(z) are obtained by the crossing formula
(ii) and the bound state formula (iv). As an application of this form factor

approach we compute the commutation relations of fields. In particular, we
consider the fields wQQ(x) , (Q,Q =0,..., N —1) with charge @ and ‘dual
charge’ Q. There are in particular the order parameters og(x) = ¥go(z),
the disorder parameters () = ¢y () and the para-fermi fields 1g(z) =
g (z). We show that they satisfy the space like commutation rules:

oq(z)og(y) = og (y)oq(x)

1o (@) ke (y) ZMQ,( Yy ()
Hg(@)oQ(y) = oq(y)ug(w)e! ' v 2miea/N (5)
Do ()o(y) = Yoy (w)e ™ —v2miQ* N

It turns out that the nontrivial statistics factors 0 () in the form factor
equations (ii) and (iii) lead the nontrivial order- disorder and the anyonic

statistics of the fields.



The form factor bootstrap program has been applied in [13] to the Z(2)-
model. Form factors for the Z(3)-model were investigated by one of the
present authors in [17]. There the form factors of the order parameter oy
were proposed up to four particles. Kirilov and Smirnov [18] proposed all
form factors of the Z(3)-model in terms of determinants. Some related work
can be found in [19]. For general N form factors for charge-less states (n
particles of type 1 and n particles of type N — 1) were calculated in [20].
In the present paper we present for the scaling Z(N)-Ising model integral
representations for all matrix elements of several field operators.

Recently, there has been a renewed interest in the form factors program
in connection to condensed matter physics [21} 22} 23] and atomic physics
[24]. In particular, applications to Mott insulators and carbon nanotubes as
well as in the field of Bose-Einstein condensates of ultra-cold atomic gases
have been discussed and in some instances correlation functions have been
computed.

The paper is organized as follows: In Section 2 we construct the general
form factor formula for the simplest N = 2 case, which corresponds to the
well-known scaling Z(2) - Ising model, and show that the known results can
be reproduced by our new general approach. In Section 3 we construct the
general form factor formula for the Z(3) case, which is more complex due
to the presence of bound states, and discuss several explicit examples. We
extend these results in Section 4, where the general form factors for Z(N) are
constructed and discussed in detail. Section 5 contains the derivation of the
commutation rules of the fields and some applications of this formalism are
presented. Some results of the present article have been published previously
[25] without proves.

2 Z(2)-form factors

To make our method more transparent and with the hope that our con-
struction will help to calculate form factors for all primary and descendant
fields, we start with the simplest case N = 2, which corresponds to the well
known Ising model in the scaling limit. This model, already investigated in
[10, 11}, 13}, 20], is equivalent to a massive free Dirac field theory. The model
possesses one particle with mass M and the 2-particle S-matrix is S = —1.
In [13] the form factor approach has been applied to this case with the result
for the order parameter field o(x)

F2(9) = (20)"~V/2 [[ tenhie; (6)

1<i<j<n

for n odd. It is easy to see that this expression satisfies the form factor
equations (i) - (iii) with statistics factor 0 = 1. For the Z(2) case in this
section we skip the proof that the functions obtained by our general formula



satisfy the form factor equations (i) - (v), the reader may easily reduce the
proofs for the Z(3) and the general Z (V) case of the following sections to this
simple one. Rather, we present the results for several fields, in particular,
we will show that our general formula reproduces the known results.

2.1 The general formula for n-particle form factors

We propose the n-particle form factors of an operator O(x) as given by (1))
with the minimal form factor function

F(0) = sinh 160 (7)

which is the minimal solution of Watson’s equations and crossing (2) for
S = —1. The K-function is given by our general formula (3) where the
Bethe Ansatz vector is trivial (because there is no backward scattering) and
the sum consists only of one term

KS(Q) = NnInm(QapO) : (8)
The fundamental building blocks of form factors are

L[ da ] By 000, 2) (9)

Oy _
Iim (6, p )_W Cgf - ¢ R

ho.z) =[] e -0 JI +(i—2)- (10)

i=1j=1 1<i<j<m

The h-function does not depend on the operator but only on the S-matrix
of the model, whereas the p-function depends on the operator. Both are
analytic functions of 6; (i = 1,...,n) and z; (j = 1,...,m) and are sym-
metric under ¢; < 6; and z; < z;. For all integration variables z; the
integration contours Cy = ) Cp, enclose clock wise oriented the points
zj = 0;(1 = 1,...,n). This means we assume that ¢(z) has a pole at
z = 0 such that R = fcg dz¢(z — 6). The functions ¢ (z) and 7(z) are given
in terms of the minimal form factor function as
1 —2i

9(z) = F(O)F(0 +im) ~ sinhz (11)

= Lsinh?z. (12)
The following properties of the p-functions guarantee that the form factors
satisfy (i) - (iii)

(i) p9,(0,2) is symmetric under 6; < ;

(ii'y) o999, (01 + 2mi, 02,...,2) = pS,(01,09,...,2)

(iii72) if 010 =im : pr?m(g’ §)|Z1:91 = O'Opgm(ﬁ, g)‘21:92

= Uopg—Qm_l(ai’n e 79n7 2yt 7Zm) +p

7



where 09 is the statistics factor of the operator O with respect to the par-
ticle. The function p must not contribute after integration, which means in
particular that is does not depend on the z; (in most cases p = 0). For conve-
nience we have introduced the indices ,,, to denote the number of variables.
For the recursion relation (iii) in addition the normalization coefficients have
to satisfy

N, =iN,_o. (13)

One may convince oneself that the form factor satisfies (i) and (ii). Not
so trivial is the residue relation (iii), however, it follows from a simplified
version of the proofs for the Z(3) and the general Z(N) case below.

2.2 Examples of fields and their p-functions:

We present the following correspondence of operators and p-functions which
are solutions of (i’y) - (ili’2). For the order parameter o(x), the disor-
der parameter p(z), fermi field ¢ (z), and the higher conserved currents
Ji(z), (L € Z) we propose the following p-functions and statistics parame-
ters

o(z) < phrn(l,2) =1 forn=2m+1 with o7 =1

() < phm (8, 2) = ime(Z=3X0) for p = 2m with o# = —1
YE(z) p%ﬁ(@, z) = eH(X75-320)  for p=2m+1 with o¥ = —1
JiE(z) < pﬁ;(ﬁ, 2) =S et S el%  forn=2m with o =1

(14)
Note that p # 0 in (iii’y) only for JLi. The motivation of these choices will be
more obvious when we investigate the commutation rules of fields in section
5land from the properties of the form factors which we now discuss in more
detail.

Explicit expressions of the form factors:

Now we have to check that the proposed p-functions really provide the
well known form factors for the order, disorder and fermi fields. In order
to get simple expressions for these form factors, we have to calculate the
integral (9) with (10) for each p-function separately.

For the order parameter: Only for odd numbers of particles the form
factors are non-zero. We calculate

Lm0, 1) =2" ]

1<i<j<n

1

—— forn=2m+1. 15
cosh %Hij (15)

The proof of this formula can be found in Appendix Bl The general formulae
1), 3), (7), and (13) with N,, = i(»=1/2 then imply for n odd

F<9ij) -\ (n—1)/2 1

FE@)=2" ]

1<i<j<n 1<i<j<n



which agrees with the known result (6). The proof that the integral I,,,,,(6, 1)
vanishes for even n and m > 0 is simple: If m(m—1) < n we may decompose
for real 6; the contours Cy = Cp — Co—ix Where ReCy goes from —oo to
oo and Im (6; + i) < ImCy < Im (6;). The shift z; — z; — im implies
h(8,z) — (—1)"h(6, z) such that the integrals along Cy and Co_;, cancel for
even n.

For the disorder parameter: Only for even numbers of particles the
form factors are non-zero. We calculate with p* as given in (14)

1
Inm(Qa p,u) =2" H — 1 for n =2m.
I<i<j<n cosh §9ij
The proof of this formula is analog to that in Appendix Bl therefore with

N, = /2 the form factors are for n even

Fr©o) = 2" [ tanh36;. (17)

1<i<j<n

Similar as above for the order parameter one can show that the integral
Iym (0, p*) vanishes for odd n and m > 0. It is also interesting to investigate
the asymptotic behavior of the form factors when one of the rapidities goes
to infinity. From the integral representation it is easy to check that

FZ(0) "= B (0) P2 20F7_,(0") .

Of course, this result follows easily from the explicit expressions (16) and
(17). This asymptotic behavior is another motivation for our choice (14) of
the p-function for o(x) and pu(z).

For the fermi field: Only for n = 1 the form factors are non-zero. We
calculate with p¥~ as given in (14)

Inm(Q,pwi) = 0p1 eF2% forn=2m+1.

The proof that I, (6, p¢i) =0 for n =2m + 1 odd and m > 0 is the same
as for the disorder parameter. Therefore with the normalization N1 = v M

we obtain
_1p

e 2
FYO) = (01 60) 18) =u0) = Vr(* ) (18)
The property that all form factors of the fermi field vanish except the vacuum
one-particle matrix element reflects the fact that ¢ (z) is a free field, in

particular for the Wightman functions one easily obtains

(O gp(x1) - p(wn) [0) = (O [Y(x1) - (@n) [ 0) fpee -

For the infinite set of conserved higher cui'rents: Only for n =2
the form factors are non-zero. We calculate with p’c as given in (14)

L6, LO>

(& e

Inm(Qa pjg) = 5n2 (€:|:91 + €i02) 21 < > for n = 2m

sinh 912 + sinh 021

9



The proof that I, (8, pJLi) = 0 for n = 2m > 2 is again similar as above.
With the normalization co; = iM the form factors are

1

+ in +6 +6 Lo Lo
e By = nQM( : )( . )7
(O1TE(0) [0, 00)"™ = F002M (2 4 2% (P — M)

such that as in [26] the charges Qp = [dzJ?(z) satisfy the eigenvalue
equation

(QL—Ze”i) 161,...,0,)" =0 for L =+1,43,....
i=1

Obviously we get the energy momentum tensor from Jfl ().
The property Fﬁp =0 for odd n > 1 and F;L] = 0 for even n > 2 is related

to the fact that in the recursion relation (iii) the factor (1 —o® ] S) is zero
in both cases.

3 Z(3)-form factors

Let us now consider N = 3, which corresponds to the scaling Z(3)-Ising
model. In this case we have two particles, 1 and 2, and the bound state
of two particles of type 1 is the particle 2, which in turn is the antiparticle
of particle 1. Conversely, the bound state of two particles of type 2 is the
particle of type 1, which in turn is again the antiparticle of 2. So, our
construction should take into account this structure of the bound states.
We construct the form factors for particles of type 1, the others can then be
obtained by the form factor bound state formula (iv).

3.1 The general formula for n-particle form factors

In order to obtain a recursion relation where only form factors for particles
of type 1 are involved, we have to apply the bound state relation (iv) to get
the anti-particle and then the creation annihilation equation (iii) to obtain

Res Res F{9y; 1(61,...)= Res Fglh__1(9(12),93,...)\/§f‘

023=in O12=in 0(12)3=im
= 2FP (b4,...) <1 adll S(egi)> Var
i=4
(19)

where 0(19) = 1(01-+05) is the bound state rapidity, n = %W is the bound state

fusion angle and I" = 7 |Resg—y, 511(9)\1/ ? is the bound state intertwiner (see
[5,4]). In the following we use again the short notation FC |(y,...,60,) =

10



F2 () and also write the statistics factor as ¢©(1) = 0. We write the form
factors again in the form (1) where minimal form factor function

% dt 2 cosh §tsinh 2t
F(G):cgexp/ dt COS'S ik (1—cosht<1—,9>) (20)

o t sinh? ¢ i

is the solution of Watson’s equations (2) with the S-matrix (4) for N = 3.
The constant ¢ is given by (59) in appendix Al Similar as above we make
the Ansatz for the K-functions

KO(Q) = NnInmk(gapO) (21)

n

with the fundamental building blocks of form factors

1 d21 dzm du1 duy,
Fnt®0) = 1 LR e zwme s
22)

n

m k
WO zu) =[] (I oz —6) [T o(w; — ) (23)
7j=1 7j=1

i=1
X H T(Zij) H T(Uﬁ) H H %(Z
1<i<j<m 1<i<j<k 1<i<m 1<j<k

Again the integration contours Cp = ) Cp, enclose the points 6; such that
R = ng dz¢(z — 0). Equations (iii) and (iv), in particular (19) lead to the
relations

1

2
[T 66 + kin) [T F (6 + kin) =1 (24)
k=0

k=0

T(2)¢(2)p(=2) =1, »x(2)d(z) =1 (25)
as an extension of (11)) and (12) for the Z(2) case. The solution for ¢ is

1

oz) = sinh £z sinh £ (z + in)

(26)

if the constant cs is fixed as in (59). The phi-function satisfies the ‘Jost
function’ property

o0 _ 5. (27)

¢(0)

We will now show again that by the Ansatz (21)-(23) we have transformed
the form factor equations (i)-(v) in particular equation (19) to simple equa-
tions for the p-functions.

11



Assumptions for the p-functions: The function pfmk (0, z,u) is analytic
in all variables and satisfies:

(i’3) P9, (0,z,u) is symmetric under 6; < 0;

(ii’3) O'lopgmk(el + 27TZ7 827 e 717 @) = pgmk(ala 027 st 7&7 Q)
iii’ if 019 =093 =1
( 3) 012 23 n oo (28)
Prmk (Q’ Z, y)|21:91 =01 Pomk (Q’ Z, Q)|Z1:92
w=h 5 0 u=bs -
=07 pn—Sm—lk—l(Q y 2 7@) +p
(v'3) PO+ pz+ pu+p) = e pQ (0, 2,u)
where 0 = (04,...,0,), 2/ = (22,...,2m) and ¥ = (ug,...,uy). In (ii’3) and

(iii’s) J? is the statistics factor of the operator O with respect to the particle
of type 1 and in (v’3) s is the spin of the operator O. Again p must not
contribute after integration (in most cases p = 0). Again one may convince
oneself that the form factor satisfies (i) and (ii) if ~(6, z) is symmetric under
t; < 0; and periodic with respect to ; — 6; + 2mi. Not so trivial is the
residue relation (iii) which is proved in the following lemma.

Lemma 1 The form factors FO(0) defined by (1) and (20)-(23) satisfies
(1)—(v), in particular (19), if the p-functions satisfy (i’3)—(v’s) of (28), the
functions ¢, T and s the relations (24), (25) and the normalization constants
in (21) the recursion relation

2
N, (Reso(-0)) otin) FHan)F2in) = Noa2ivr.(29)

Proof. The form factor equations (i), (ii), and (v) follow obviously from
the equations for the p-functions (i’s), (ii’s), and (v’s), respectively. As
already stated, we will prove properties (iii) and (iv) together in the form of
(19). Taking the residues Resg,,—i, Resg,,—in there will be mk equal terms
originating from pinchings for z; and u;. We pick them from z; and u; and
rewrite the products that appear in the expression for I,,,,; in a convenient
form, such that the location of the poles turns out to be separated from the

12



general expression. Then, the essential calculation to be performed is

d dzm d d
Res Res Inmk(0,p ) — Z2 / “ u2 .. AUk
B23=in 012=1n mk o0 Cor Cor Cor R
X H H ¢(Zj - 91) H Qb(u] - 01)
=4 \j=2 j=2
m k
X H 7(zij) H T(uij)HH%(Zz u;)
2<i<g<m 2<i<j<k 1=2j=2
3 m k
<TL{ TT s = 00 T ot — 00 | »
=1 j:2 ]:2
with

dzl du1

r = Res Res /c R/c = g (p(21 — O:)p(ur — 0;))

023=in O12=in 1

z 2

k m
H 7(215 HTUIJ zl—ul)H (21 — uy H = u1 pn(ﬁzu)
Jj=2 j=2

j=2

Replacing Cy by Cy where §' = (0y,...,0,) we have used 7(0) = 7(Lin) =
2#(0) = »(—in) = 0 and the fact that the zj,u;-integrations give non-
vanishing results only for (z1,u1) at (01,02) and (02,603). This is because
for 612, 623 — i1 pinching appears at z; = 02, u; = 03 and z; = 01, u; = 0s.
Defining the function

m k k m
f(z1,u1) = HT(le) HT(UU s(z1—u1 H (21— H se(zj—u)p2 (0, 2, u)

and using the property that f(z,z2) = f(z,z —in) = 0, we calculate

d d a
r = Res Res / @ ﬂf (21, u1 H d(z1 — 0)p(u1 — 6;))
Cg i=1

O23=1in O12=in

E (Res¢< 0)) ¢2<m>H<¢<em>¢<egi>> (f(ﬁz,es)—f<91,92)HS(93i)>

0=
in Py} i=4

We have used the symmetries of the phi-function ¢(0) = ¢(6 + 2mi) =
¢(—0 — in) the Jost property (27) and 612,023 = in = %m which implies

13



that

2
Res (b(@gl) Res ¢(032 Res <Z>(913) Res ¢(021) = (Res o(— ))

O12=in O23=in ) O12=in O23=1in O=1in
P(023)p(031) = ¢(6h2)¢ (923) = ¢*(in)

¢(01i) _ o0z —in) _ ¢(—0si)
¢(93z) ¢(‘932) ¢(63z)

With the help of the defining equations (25) for 7 and 3¢ which imply

= S(03,) .

3 -1
<H oz — 90) = 7(01 — 2)3(2 — 03) = 7(02 — 2)5(0; — 2)
=1

= T(92 — Z)%(Z — 03) = 7'(03 — Z)%(@l — Z)
we obtain the relations for f(6s,603) and f(61,62)

1(ﬁ |

Finally we obtain using the defining relation (24) for the phi-function

Ew
EPT‘

¢(u3 - 01)) f(91’92) = %(012)p7(;)(Q7 Hl,gl,HQ,Q,)

% 2

B(u; — 0;) | f(02,05) = 52(63)pS (0,02, 2", 05,4) .

:w
EF

=1 2

J

3 n

Res Res Inmi(0,p°) = <£{e£¢(_9)> ®2(im) »(in) HH

O23=1n 012=1n i=1j=4

X In—3m—16-1(0',p (1 — 07 HS (03i) >

if the p-function satisfies (iii’s). Therefore the form factor given by (1) and
(20)—(23)) satisfies (14) and (iii) if the normalization constants satisfy (29).
]

3.2 Examples of fields and p-functions

We present solutions of the equations for the p-functions (i’3)—(v’s) of (28)
and some explicit examples of the resulting form factors. We identify the
fields by the properties of their matrix elements. In section [5 we show that
the field satisfy the desired commutation rules. ThlS motivates to propose
a correspondence of fields ¢(z) and p-functions p w0, 2,u).

The order parameter og(z): We look for a solutlon of (i’3)-(v’s) with

charge Q=12
spin s =0

statistics JTQ =1.

14



Since the fields carry the charge ) the only non-vanishing form factors with
n particles of type 1 are the ones with n = @@mod3. We propose the
correspondence of the field and the p-function:

m=I[l+1k=1 for@Q@ =1

oQ . o

The normalization constants IV, follow from (29).
Examples for Q = 1: The form factors of the order parameter oy (z)
for one and four particles of type 1 are

F7' =(0]01(0) |p)1 = Nil1o =1
F41(0) = (0]01(0) [ p1,p2, s, pa){iy = Nalunn (0,1)  [[  F(65)

1<i<j<4

where we calculate from our integral representation (22)

I421(6,1) = const (Z e Z e - 1) H sinh £(6;; — in) sinh  (6;; + in)

1<J

This result has already been obtained in [17] where also the form factor
equation (iv) has been discussed, in particular (up to normalizations)

Res  (0|01(0)|p1,p2,p3,p4) 1111 = const(0]o1(0) | p1,p2,ps + pa )il
034=271/3

with

const F(612) f[ F15m(6;3)

sinh (612 — in) sinh 3 (612 + in)

0| 01(0) | p1, p2, p3 )ity =
< ’ 1( )|p1 D2 p3>112 11 COSh%QB

where F{gin is the minimal form factor function for the S-matrix Si5. Further
it has been found in [17] that

Res (0|01(0)|p1,p2,p3) s = const(0]c1(0) | p1 + pa, p3 )55
012=2mi/3

with
const F(012)

sinh £ (612 — in) sinh 3 (612 + in)

(0]01(0) | p1,p2)53 = (30)

and the form factor equation (iii) has been checked

Res (0]01(0)|p1,p2,p3)i1s = const (S(612) — 1) .

Oa3=1m

Example for @ = 2: The form factor of the order parameter oy(zx) for
two particles of type 1 is

F72(0) = (0] 02(0) | p1,p2)it = Nalo11(0, 1) F(612)
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where we calculate

1
I511(0,1) = 3
) = o T Bra — i) sinh 3012 + 1)

which agrees with the result (30) of [17]. This is to be expected because of
charge conjugation.
The disorder parameter fi5(x): We look for a solution of (i’3)-(v’3) with

charge Q=0
spin s=0

statistics afé =¥

where w = €, = 2/3. We call the number Q = 1,2 the ‘dual charge’ of the

field I (z). Since the fields carry the charge Q = 0 the only non-vanishing

form factors with n particles of type 1 are the ones with n = 0mod 3. We
propose the correspondence of the field and the p-function:@)

m 1 n

V= e (S 2 -1 301

i=1 i=1

m k n with { E—m
Vi =vow(Eat Lu-350)
=1 =1 =1

n=3m
= =

e}

where p = \ﬁQ(Q_NH)m. Again the normalization constants N, follow
from (29).

Examples for Q = 1,2: The form factors of the disorder parameter
MQ(.T) for 0 and 3 particles of type 1 are

" = (0] ug(0)] 0) = 1

L
Fii(0) = (O\MQ(O) \p17P27P3>111 = N3I311(0, p"?) H F11(05)
1<i<j<3
We calculate from our integral representation (22)

n

1
2 3 1
I311(0,p"'?) = conste s’ Zeie - |

i< sinh 1 (6;; — in) sinh 3 ((0;; + in)

where the upper sign is for Q = 1 and the lower one for Q = 2. Using the
form factor bound state formula (iv) we obtain (up to a constant)
1

Hé 1lg mm
F2(0) = eTest12 0
12 (0) =e cosh %012 (012).

It is interesting to note that for Ref; — oo we have the relation of order
and disorder parameter form factors (up to constants)

lim (0]01(0)|p1,p2,p3, pa)iiy = (0] p2(0) | p2, ps, pa) iy

Re 61 —o00

16



which follows from the asymptotic behavior

F(Hh) — €§91i

1
1

Lio1(8,1) — & O e '

421(6,1) — e (;e ) He inh 3(6i; — a) sinh 3(6;; + a)

5 4 sinh =
j=2 1<z<]S 2

The para-fermi field ¢ (z): We look for a solution of (i’3)-(v’3) with

charge @ =@

spin s = Q(B—Q)/3

statistics J?Q = w?.
These fields have charge ) = 1,2 and dual charge Q = (). The only non-
vanishing form factors with n particles of type 1 are the ones with n =
@ mod 3. We propose the correspondence of the field and the p-function:

(R S ._lne, N
pnmk_pexp ZZ’L 32 % n—3l+Q
¢Q > ZT:nl kz:l . with m=14+1
pfimZPexp<Ezz-+Zuz-—§EHi> k=1+Q—1
i=1 =1 i=1

where p = \/(ZQ(Qfl)l. Again the normalization constants N, follow from
(29).

Examples for Q = 1,2: The form factors of the para-fermi field 1 ()
for 1 and 4 particles of type 1 are

FP(0) = (0] 1(0) | p)1 = Nili1o(0,p¥*) = €5°
F1(0) = (0]91(0) | pr,p2.ps. pa)iing = NaLim (0.9%) T F(635)

1<i<j<4
4
_2 36 F(0,.
= conste °i=1 Zeeﬁej H ] . ( U) 1 ;
sinh 5 (0;; — in) sinh 5(60;; + in)

i<j 1<i<j<4
and the one of the para-fermi field ¢5(z) for 2 particles of type 1 is
FY2(0) = (0]42(0) | p1,p2)11 = Nalon1 (8, p*?) F(612)

F(6:12)

= const e3(01102) T ; 1 —
sinh 5 (012 — in) sinh 5 (012 4 in)

All these examples agree with the results of [18].
The higher currents J;(z): We look for a solution of (i’3)-(v’3) with

charge @ =0

spin s =L+1
L. JE
statistics o,f = 1.
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Since the currents are Z(3)-charge-less the only non-vanishing form factors
with n particles of type 1 are the ones with n = Omod 3. We propose the
correspondence of the currents and the p-functions for L € Z

i b= (o) (S e ) {120
i=1

i=1 =1

Note that for this case the function p in (28) is non-vanishing, however,
it does not contribute because Ip,m(8,1) = 0 for n = 3m. The proof of
this fact is similar to that one in appendix B. The higher charges Q1 =
[ dzJ?(z) satisfy the eigenvalue equations

(QL - ZeL9i> ’pla"'vpn>in =0.
i=1

Obviously, from Jfl (z) we obtain the energy momentum tensor.
Examples: The form factors of energy momentum tensor that is Jf (z)
for L = 41 for 0 and 3 particles of type 1 are

FJi = (0] JE(0)[0) =0
JE in +
FyH(0) = (0] JE(0) | p1,p2.p3)ihy = esi1lzi1 (0, p'L) H F(0;;)
1<i<j<3

— +eonst (eiel NS _’_€i03> (€L91 1 Lt +€L93>

FHZ-]-
< 11 (05)

1<i<i<s sinh £(6;; — in) sinh 1 (0,5 + in)

By (iv) we obtain the bound state form factor (up to a normalization) for
L=+1
+ .
FIJQL (0) = +const e%(Lﬂ)wﬁ%)ngm(ﬁlg) :

Notice that this last expression agrees with the results of [20] when N = 3.

4 Z(N)-form factors

The scaling Z(N)-Ising model possesses particles of type a =1,...,N — 1
with Z(N)-charge QQ, = « such that the anti particle of « is @ = N —a. The
bound state fusion rules are () = a + fmod N, in particular the bound
state of N — 1 particles of type 1 is the antiparticle 1. Therefore applying
N — 2 times formula (iv) and once (iii) we obtain the recursion relations for
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form factors where only particles of type 1 are involved

Res ... Res F,(b1,...,0,) =2iF,_N(ONi1,---,0n)
ON_1N=in " h10= =in
X (1—0? IT s~ ) H Varite (31)
i=N+1

where n = 2% and the T = i |Resgiy, S1a(9)|1/2 are the bound state

intertwiners of the fusion (la) =1+ a. We will construct the form factors
of particles of type 1, all the others are then obtained by the bound state
formula (iv).

4.1 The general Z(N)-form factor formula

Following [1] we write the form factors again in the form (I))

FEO)=K200) J[ Fo) (32)

where minimal form factor function [17]

% gt 2cosh ~tsinh X=1¢ 0
F(0) = — Ly N 1—cosht1—— 33
(0) = enexp /0 t sinh? ¢ < o8 ( 27r>> (33)

is the solution of Watson’s equations (2) with the S-matrix (4). The con-
stant cy is given by (59) in appendix AL The K-function K (61, ...,6,)
is totally symmetric in the rapidities 6;, 2m¢ periodic, containing the entire
pole structure and determines the asymptotic behavior for large values of
the rapidities. Similar as above we make the Ansatz for the K-functions

KQ(0) = NInp (0, °) (34)

with the fundamental building blocks of form factors

L (6,9°) = H - H/ L) (6,200, 2) (35)

mE n
h(8,z H TGk -0 TI 2k — 25) (36)
k=1 \j=1li=1 1<i<j<my,
mg my

X H H H »( 2k — 215)

1<k<I<N—-1i=1j=1

where m = (my,...,my—1) and z = (2i;), k=1,..., N —=1,i=1,...,my.
Again the integration contours Cp = Y Cp, enclose the points ; such that

19



R = [, dz¢(z — 0). Equations (iii) and (iv), in particular (3I) lead to the
relations

N-2 N-1
[T #(z + kin) T] F(z + kin) =1 (37)
k=0 k=0
T(=2)p(z+im) ¢ (2) =1, x(2)p(z) =1 (38)
N_1N—2 N-1 N-2N-2
Ny <5es¢(—0)> I1 ¢"kin) T] FN*(kin) = No_n2i [T J] voride
= k=1 k=1 k=1 a=1
(39)
where m — 1= (my —1,...,my—_1 — 1). The solution of (37) for ¢ is again
o(z) = : (40)

sinh £z sinh £ (z + in)

if the constant cy is fixed as in (59). The phi-function satisfies again the
‘Jost function’ property ¢(—0)/¢(0) = S(0). The p-function pgm(ﬁ, z) is
analytic in all variables and satisfies:

(i") pfm(Q, z) is symmetric under 6; < 6;
(ii7) Jf)pgm(el + 27,04, ... ,g) = pfm(Ql, Oo, ... ,g)
(iii") if sy = in = 2mi/N fork=1,...,N —1

(41)
pfm(ﬁ, g) ’Zk1=9k = U?pr(?m(gv 1) |Zk1:‘9k+1

= U?pg—Nm—1(Ql7§,) +p

(Vy) pr?mk (Q + sz + M) = esupgmk (Qy §)

where 0/ = (On11,...,00), 2 = (21i), k=1,...,N—1,i=2...,my. In
(ii") and (iii’) o is the statistics factor of the operator @ with respect to
the particle of type 1 and in (v’) s is the spin of the operator O. Again p
must not contribute after integration (in most cases p = 0).

By means of the off-shell Bethe Ansatz (3) and (35) we have transformed
the complicated form factor equations (i) — (v) to simple equations for the
p-functions (i’) — (v’). Again one may convince oneself that the form factor
satisfies (i) and (ii) if (6, z) is symmetric under 6; < 6; and periodic with
respect to §; — 6; + 2mi. Not so trivial is again the residue relation (iii)
which is proved in the following lemma.

Lemma 2 The form factors given by equations (32) — (36) satisfy the form
factor equations (i) — (v) if the functions ¢, T, s satisfy (37) and (38), the
normalization constants satisfy (39) and the p-functions satisfy (’) — (v’) of

(41)-
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The proof of this lemma follows the same strategy of the previous Z(3)
case. Here, however, the essential calculation is much more involved, due to
the existence more types of particles. Details of this proof can be found in
Appendix [C.

4.2 Examples of fields and p-functions

We present solutions of the equations for the p-functions (i’)—(v’) of (41)
and some explicit examples of the resulting form factors. We identify the
fields by the properties of their matrix elements. In section |5 we show that
the fields satisfy the desired commutation rules. This motivates to propose
a correspondence of fields ¢(z) and p-functions p® (8, z).

The fields ¢Q7Q(x): These fields have the charge @ = 0,..., N — 1 and the

dual charge Q =0,..., N — 1. We look for a solution of (i’)-(v’) with

charge @QmodN
i s¥ =min(Q,Q) ~ QQ/N (42)

statistics a;ﬁ =w@

with w = e = ¢2™/N_ The phase factor a% is the statistics factor of the
field ’QZJQ’Q(I') with respect to the particle of type 1. Since the fields carry
the charge @ the only non-vanishing form factors with n particles of type 1
are the ones with n = @Q mod N. We propose the correspondence of the field
and the p-function:

Q my

Yoq = PIE =pexp [ DD - % S0, (43)
k=1 j=1 i=1

mp=1+1for k <@

withn =31+@Q, 1=0,1,2,... and {mk:z for Q < k

where p = \/EQ(Q_NH)W N One easily checks that this p-function satis-

fies the equations (i’)-(v’) and the requirements (42). The normalization
constants N,, follow from (39). In particular we have for

Q
Q

0  the order parameters  og(z) = ¥go(x)
=0 the disorder parameter ps(x) = Yya(2)

Q = @ the para-fermi fields Yo(z) = Yoo(x) .
They satisfy space like commutation rules (5)), derived in the next section.
The para-fermi fields ¢g(x) are the massive analogs of the para-fermi fields
in the conformal quantum field theory of [14} [15]. One obtains a second set
of fields Vg Q(x) by changing the sign in the exponent of (43]).

The higher currents JLi (x): These fields are charge-less, have bosonic sta-
tistics and spin L £+ 1. The only non-vanishing form factors with n particles

21



of type 1 are the ones with n = 0mod N. We propose the correspondence
of the currents and the p-functions for L € Z

Ji n N—1 m
Jit o Ppin = :l:Zeiei Z ZeLz’“J’ for n = 3m.
i=1 k=1 j=1

The higher charges Qr, = [ d:z:Jg(:c) satisfy again the eigenvalue equations

n
<QL — ZeLgi) |p1,--'7pn>m =0.
=1

Obviously, from Jicl () we obtain the energy momentum tensor.
Examples: Up to normalization constants we calculate for the order
parameters o1(z) and o3(z)

(0[01(0)|0)1 =1

(0] 02(0) | 61,09)i7 = F(b12)

sinh 1 (612 — 27i/N) sinh 1 (612 + 27i/N)

and for the para-fermi fields ¥ (z) and 2(x)

(0]10(0)|0)g = e~ F

(0]12(0) | 61,602)7; =

(44)
6(1_%)(01+02)F(912)
sinh £ (612 — 2mi/N) sinh & (612 + 27i/N)

where | §)¢ denotes a one-particle state of charge @ and |61, 62)1? a state of
two particles of charge 1.

5 Commutation rules

5.1 The general formula

Techniques similar to the ones of this section have been applied for the sim-
pler case of no bound states and bosonic statistics in [3,27]. A generalization
for the case of bound states has been discussed in [28]. Here we generalize
these techniques for the case of more general statistics and also discuss the
contribution of poles related to the double poles of bound state S-matrices?.
In order to discuss commutation rules of two fields ¢(z) and ¢ (y) we have to
use a general crossing formula for form factors which was derived in [4] (see
also [3]). For quantum field theories with general statistics we introduce as-

sumptions on the statistics factor of a field ¥ (x) and a particle . It is easy

2For bound state form factors there are also higher order ’physical poles’ (see e.g.
[29] 130, 131}, 132]).
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to see that for consistency of (ii) and (iii) the condition o¥(a)o?¥ (@) = 1 has
to hold if & is the anti-particle of . We assume that

o¥(a) = 0¥ (Qa) (45)

depends on the charge of the particle such that o¥(Q + Q') = o¥(Q)c%(Q").
A stronger assumption (which holds for the Z(/N)-model) is the existence of
a ‘dual charge’ @y of the fields such that

0¥ (a) = W@ Qo (46)

where |w| = 1.

In order to write the following long formulae we introduce short notation:
For a field O(x) and for ordered sets of rapidities ; > --- > 6, and 0] <
.-+ < 0 we write the general matrix element of O(0) as

O%(05,0,) == ““(Bn(l), -, B1(001) | O n(Br), .., an () Y™ (47)

where 0, = (01,...,0,) and 83 = (6,,...,6.,,). The array of indices a =
(a1,...,a,) denote a set of particles (a; € {types of particles}) and corre-
spondingly for 5 (we also write |a| = n etc.). Similar as for form factors this
matrix element is given for general order of the rapidities by the symmetry
property (i) for both the in- and out-states which takes the general form:
Ox(8).8,) = S5(65)0%(85.0,)53(0.)
a\Y3, Y, 5 \Z Y\L6r Zy /P a\Za
if 6., is a permutation of ¢, and 05 a permutation of Q/’B. The matrix S%(Qa)
is defined as the representation of the permutation m(6,) = 6., generated
by the two-particle S-matrices Sa22, (012), for example Sa3227, (01, 02,03) =
ST (013) 82382 (623) (c.£. [4]).
We consider an arbitrary matrix element of products of fields O =
d(x)(y) and O = (y)p(x). Inserting a complete set of intermediate states
| Q~7 )’7" we obtain

Pl o 1 ~ ~ A
A R g A LI N B

(48)

where ¢ = $(0),¢ = $(0), P, = the total momentum of the state |6, )2
etc. and [; = ‘13:‘1 J %. Einstein summation convention over all sets y
0, J

is assumed. We also define 7! =[], no! where n, is the number of particles
of type a in 7. We apply the general crossing formula (31) of [4] which is
obtained by taking into account the disconnected terms in (ii) and iterating
that formula. Strictly speaking, we apply the second version of the crossing
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formula to the matrix element of ¢

g n n T 0 I n
QSE(Q,/B?Q')/) = Z S (9:07 02—) (z)gé(gg?a—/ﬁ )Cpp 15 (0 T 0%) Si (Q'y)

0,000,
0,00,=0,
(49)
where p = (ﬁ‘p‘,...,ﬁl) with p = antiparticle of p and Q’ﬁ — ¢m_ means
that all rapidities are taken as @ — i(mw —¢). The matrix 15(¢'_,0,) is

defined by (47) with O = 1 the unit operator. The summation is over all
decompositions of the sets of rapidities Q’B and 6.,. To the matrix element of
1 we apply the first version of the crossing formula

n v T A
a(0y,00) =00y Y Sixl(6,.0,)15(8,,6,) C* sy (B-tin—,6,) S5 (6,)
6,u0,=0,
0,U0,=0,,

(50)
where we assume that the statistics factor a( ) of the field ¢ with re-
spect to all particles in y is the same for all v which contribute to (48)
(see below) Inserting (49) and (50) in (48) we use the product formula
S;U(H )Sx(0,,0.) = Ss=(0,,0,). Let us first assume that the sets rapidi-
ties in the initial state 8, and the ones of the final state 0’ have no common

elements which implies that also 6, N §, = 0. Then we may use (i) to
get Sp2 (6, OW) = 1 and we can perform the 0 - and 0, -integrations. The
remaining f-integration variables are é = é ﬂé then we may write for
the sets of particles ¢ = pw, m = wr and v = pwt and similar for rapidities
and momenta. Equation (48)) simplifies as

8 M'T
(G)pl)a @) = 32 758 2,0 / X4
0,00, =0,
0,U0,=0,

% SgA(Q )ei(P;fPM)xfi(PAfP;)y (51)

167

where
pr ] ] PP (VT T (WD
Xt = C’é)%@@;nﬁw‘i’ﬁ —im_)CRLCTECe
X Proa (0 +im_, B, + im0, )e Pl | (52)

The integrand X ii may be depicted as
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Similarly, if we apply for the operator product ¢ (y)¢(x) again the second
crossing formula to the matrix element of ¢ and the first one the matrix
element of ¥ we obtain equation (51) where X;% is replaced by

PT : . PP (\TT (W
Y = af@q@é(gu, 0, —im_,0'; — in_)CPLCTEC2

X Pepn (0 +im_, 0, 0,)e P @) (53)

which means that only azﬁy) is replaced by az%), P, by —P,, and the integra-

tion variables 8, by 6, — im_.

No bound states: In this case there are no singularities in the physical
strip and we may shift in the matrix element of ¢ (y)é(z) (51) with (53) for
equal times and z' < y! the integration variables by 6; — 6; + im_. Note
that the factor e’»@=¥ decreases for 0 < Reb; < 7 if 2! < y!. Because
P, — —P, we get the matrix element of ¢(z)y(y) (51) with (52) up to the
statistics factors. Therefore we conclude

H@)(y) = Y(y)o(z)o? for z! <y’ (54)
where o%? = JZ/%) /O‘E%). Using the assumption (45) we have with Q5 =
2761 Q’V

oty =109 =0%(Qy) = 0*(Q5 - Qs)

I (o

which is the same for all v, as assumed above. The last equation follows
from )5 = —@Q~ and charge conservation which means that the the matrix

elements qu7 in (48) are non-vanishing if Qs + Qp = Q4. Therefore the
statistics factor of the fields ¢ with respect to ¢ is

= =0¥(=Qy) = 1/0(Qy) (55)

which is in general not symmetric under the exchange of ¢ and ¢. Finally,
we obtain the space like commutation rules

steyit) = vt { o9 i e S0 (56)

for z! >y

where the second relation is obtained from (54) by exchanging ¢ < 1 and
x <> y . The same result appears when there are bound states. This is
proved in appendix [D! where also the existence of double poles in bound
state S-matrices is taken into account.

25



5.2 Application to the Z(N)-model

The statistics factors in this model are of the form (46) o¥(a) = wQvQa
where @), is the dual charge of the field v and @), is the charge of the

particle «, therefore o¥¢ = w=@uQs . The general equal time commutation
rule (56) for fields ¢55(2) defined by (43) in section 4/ reads as

wRQ — ¢—2mRQ/N g5 1 < n

1/’@@@)1%[%(@) = ¢RR(?J)¢QQ(9§) { WQR _ engR/N (57)

for z! > y'.

Notice that in this model we have a more general anyonic statistics.
Examples:

1. The order parameters have bosonic commutation rules with respect to
each other

oQ(x)aq (y) = oq (y)og().

2. The disorder parameters have again bosonic commutation rules with
respect to each other.

3. For the order-disorder parameters we obtain the typical commutation
rule

1 for z' < y!
MQ(CU)UQ(Q) = UQ(?J)MQ(ZU) WwRQ — 2mQQ/N fop 21 S Yyl

4. The para-fermi fields have anyonic commutation rules
e(z!—yb)2mi
va(@)Ur(y) = Yr(y)bo(a)e ™ v PrQR/N, (58)

These results prove the commutation rules (5) in the Introduction.

The 2-point Wightman function: In order to compare these commuta-
tion rules with the explicit results of the previous section we calculate the
2-point Wightman function for the para-fermi fields ¢g and ¢¥n_¢g (with
spin s = Q(N — Q)/N) in 1-particle (charge @) intermediate state approxi-
mation. Using the result (44) we obtain

(0] v(z) w-0(0)]0) = [ £(0]via(z)|6)0 o{ li—0(0)] 0 + ...

- % <w_ - “)m K, (M\/i (@ —ie)\/i(z~ — z‘e)> .

T — e

where v = 2Q(N —Q)/N and 2% = tF . This agrees with the commutation
rule (58), because for ¢ = 0 and x > 0 using the symmetry @ < N —Q,z —
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—x and translation invariance we obtain

(0]9o(x) ¥n-@(0)|0) = (0| ¥n—q(x) ¥o(0)]0)
= e"™(0|pn-q(—2) Pq(0)| 0)
= e™(0]Yn-q(0) Yo(z)|0)

where ((z —i€) / (—z — z'e))"/2 = ¢™€(®)/2 has bee used. The asymptotic
behavior is obtained from

L) (%) " +T(-v) (3)" for z— 0

\/27”6*2 for z — oo

for v # 0. Therefore the leading short distance behavior is up to constants

(0] vq(@) ¥n—q(0)0) ~ (7 —ie) ™"
(0] 4q(@) Pn-q(0)[0) ~ (z7 —ie) "

2K, (z) —

where the fields @Q (z) are obtained by changing the sign in the exponent of
(43).
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Appendix

A Some useful formulae

In this appendix we provide some explicit formulae for the scattering matri-
ces and the minimal form factors which we frequently employ in the explicit
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computations. The S-matrix of two fundamental’ particles (i.e. of type 1)
is [9]

S(6) =

: h 4] 2mi %) : _
sinh 5(0 + = ; _ —exp/ dt 2smht(l 2/N) sinhtz
0

sinh 5( — % t sinh ¢

where 6 is the rapidity difference defined by
pip2 = m?cosh 6.

A particle of type a (0 < a < N) is a bound state o = (g - - - o) of particles
of type a; where o = ag + -+ - + g, in particular a = (1--- 1) for all a;; = 1.

[0}

For the scattering of the bound state o and 3 we have [17]

_ \/3—04) Bra
N

*° dzx coshz(1 —coshz(l — &
0) = 2 — inhz—.
Sap(6) = exp /0 x sinh x tanh(xz/N) S

The minimal form factor functions, which satisfies Watson’s equations, are
obtained from the S-matrix formulae [1] and are given as (5 > «)

oo sinh¢ (1 — & )sinht (&
a0 o [~ USRI oY)
0

t sinh? ¢ tanh t/N im

in particular[17]

ht hts
FEn(g) = exp/ Cit 23111 (1) cos (1 — cosht (1 — 0))

0 sinh? ¢
% dt sinht (1 — 2 0
= —isinhé@exp/ — M ( cosht< — >
0

t sinh? ¢
2
= —isinh 5 9H k+1_N+%)F(k+2_%_%) T(k+3++)
: Plk+x+35) Th+1+x-3) \Tk+5-7)

and with 1 = (N — 1)

; e dt sinht 0
FEM(0) = — ——>|1—cosht|1——
i) exp/o t sinh?t ( €08 ( 27r>>

= FG%%1+ + 3
_H 2




There are simple relations between the minimal form factors which we es-
sentially use in our construction which are up to constants

mln min ZT‘- : ’L7T s min
<9+N)F (0_]\7) o sinh 3 <9+N> sinh 3 (9 N)F (9)
N-2
1
H frmin( ;27%) x H sinh% (9 + ]]:]2m'> sinh% (6 + k;\‘[ 27ri)
k=0

FE™(0) ™ (6 + im) o sinh 30 sinh & (6 + 2in/N) .

In equations (20) and (33) we used the function F(0) = cy F3™ () with

S N_1 o dt 2 sinh¢ (1 — %)
— 1— 2 )22\ NJ
e e (/0 tsinht (< N) sinh ¢ (59)

such that the normalizations in (37) and (40) hold.

B Integrals for the Z(2)-model

The claim (15) follows from the following lemma

Lemma 3 Forn =2m + 1 odd and x; = %
tanh 26,
Fal@) = Lum(@,1) — @)V ] 2t = 0.

1<i<j<n F(6i5)

Proof. Again as in the proof of lemma 2 in [33] we apply induction and
Liouville’s theorem. One easily verifies fi(z) = f3(z) = 0. As induction
assumptions we take f,_o = 0. The functions f,(z) are a meromorphic
functions in terms of the z; with at most simple poles at x; = —x; since
pinchings appear for z; = 0; = 6; £ im. The residues of the poles are
proportional to f,—o as follows from the recursion relations (iii) for both
terms. Furthermore f,(z) — 0 for x; — oo. Therefore f,(x) vanishes
identically by Liouville’s theorem. m

Note that the integrations in the definition (9) of I, can easily be
performed and with N = {1,...,n} and |K| =

Ln(@1) = > 1] 1]

KCN keKieN\K

smh Ori

C Proof of the main lemma

In this appendix we prove the main lemma [2 which provides the general
Z(N)-form factor formula.
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Proof. Similar as in the proof of lemma (1l we calculate

mi...my— dzi;
Res --- Res Inn(9, pnm)zl'—Nll H H/ %
ON—_1Nn=in 012 =in mit...my—1! 1 =2 Cyr
N-1 n mpg
< IT U I1 Il¢G—0) 11 (i —29)
k=1 \i=N+1;=2 2<i<j<my
mg my N—-1 N m
< I TIII#Gei =20 [ T TTT] ¢(zrs —62) | r
1<k<I<KN-—1i=2j=2 k=1 i=1;j=2
with r =
n
Res --- Res dz 21 — 0;) T(Zk1 — Zks
ON_1N=in 012=in (H /c kl) - H¢ i H ( - k])
= = 2<5<m
mg my
< ] sz — 2n) [ [ (i — 200) [ [ 521 — 215) | plom (6, 2) -
1<k<I<N-—1 i=2 j=2

Replacing Cy by Cy where 8’ = (On41, .. ., 0y,) we have used 7(0) = 7(+in) =
5(0) = 3(—in) = 0 and the fact that the z;i-integrations give non-vanishing
results only for zx; = 6 and Ox4+1, kK = 1,..., N — 1. This is because for
012,...,0N_1n — in pinching appears at (z11...,,2v-11) = (02,...,0n)
and (01,...,0n_1). Defining the function

N—
f(z11s -2 2v-11) H H T(2k1 — 2kj) H s(2k1 — 211)

k=1 2<5<my, 1<k<I<N-1

X H H% Zkl - le H% Zkz - le pnm(e Z)

1<k<I<N—1 \j=2

one obtains by means of (38) after some lengthy but straight forward calcu-
lation r =

GN_figS:m“'@fjgien(H/C dz’“) 11 (H¢zk1—9 ) flz,.. o 2no11)
N-1 N—-1 n
(Rew H¢kln> (H I1 <z><9k+u>>

k=1 i=N+1

T 0(61)
X (f(ﬁg,...,@N)— ( chb(em)) f(el,...,eN_1)> .

i=N+
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It has been used that f(...,z,...,z2...) = f(...,2,...,z2—in...) = 0 be-
cause of x(0) = »(—in) = 0. Using further the defining relation of ¢ in
terms of F' (37), the Jost property (27) of the ¢-function and the properties
(iii”) of (41) for the p-function we get

N—-1N-2
9N—1?vs=in 9122)77 *(7 pnm) (ezeii g )> k=1 ok

N n -1 n
X Iy Nm-1(8', D5 Nm—1) <H 11 F(Hk’i)> (1—0’? 11 S(QNv;)>

k=1i=N+1 i=N+1

which together with the relation for the normalization constants (39) proves
the claim. m

D Proof of the commutation rules

In this Appendix we prove that we find the same commutation rules for two
fields ¢(z) and 1 (y) when there are bound states poles or even when the
S-matrix has double poles?.

Bound states: We now show that the same result (54) appears when
there are bound states? which means that there are poles in the physical
strip. Let v = (af) be a bound state of @ and [ with fusion angle 7735
which means that at 6,3 = inlﬁ the S-matrix S,3(f) has a pole. The
momentum and the rapidity of the bound state are

Py = Pa + P33
Oy = 0o —i(m —15,) = 0 +i(r — nfs)

where nga and ?72‘i are the fusion angles of the bound states 3 = (Ja) and
a = (075), respectively.

We start matrix element of ¥ (y)¢(z) (given by (51) with (53)). First
we consider the contribution in the sum over the intermediate states where
a € w and B € A. All the particles which are not essential for this discussion
will be suppressed. Then the function 1,3 géa, 05) has a pole at 6, — 0 =

ing 3 such that by shifting the integration 8, — 6, + im_ there will be the
additional contribution

% Res ¢ (0o — iﬂ,)Cdo‘waﬁ(éa’ Qﬁ)eipa(x—y)e—iypg
0a=04

! ) aa ix Py —i
= 50a(0o — im)COy (0,) V2L [pet o7

3These poles appear typically for bound state - bound state scattering. The case of
higher order poles may be discussed similarly and will be published elsewhere.
“Here we follow the arguments of Quella [2§].
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with 0 = 05 +in)g, 0, = 05 +i(m —nF ) and the fusion intertwiner I'} 5
(see e.g. [33]). Next we consider the contribution to the sum over the

intermediate states where v € @ and 3 = p. Then the function ¢g5(03, 6, —
im) has a pole at 03 — 0~7 +aim = ingﬁ such that by shifting the integration

9} — 0} + ¢m_ there will be the additional contribution

% Res ¢p5(03,0, — i7r_)C;’WJV(év)eiﬁw(x*y)e*ixpﬁ
7

v =%

= — 2 0allo — im VTG, T (0,)ePo—ivPn

with 0,,0, as above and the fusion intertwiner Fg‘ﬁ/. From the crossing
relation of the fusion intertwiners

Caarlﬂ - F%CW

we conclude that these residue terms form bound state poles cancel. The
steps of the argument may be depicted as

Double poles:® Form factors have more poles which are not related to
bound states, they belong to higher poles of the S-matrix. First we consider
the contribution to the sum over the intermediate states where the particles
,1ew 2¢€ p. Again we suppress all particles which are not essential
for our discussion. Then the function ¢211(0,§ — im0 — im) has a pole at
0 = 60, = 0 + ir/N which correspond to the bound state (21) = 1 with the
fusion angle ny; = (1 — 1/N). We shift the integrations 0 — 0 +ir_ and
0 — 0' + im_ such that during the shift 0 < Im(d — ') < e. From the
é—integration there will be the additional contribution

= —%gbn(ﬁ — i /N, — im)V2C C 1 1 (8, 6y)e TV el

Further the function ¢11(6 — im/N,0 — im) has a pole at 0 = 6 = 6 +
im(1 — 3/N) which correspond to the bound state (11) = 2 with the fusion
angle nf; = 72/N. From the -integration there will be the additional

5This discussion is new.
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contribution

N2 o ~ i |
<_;> \/QéReS ¢11(0 — im /N, 0 — im) V205 C M 7 (6,61)e ) e

'=0q

= _%‘752(9 - i7T2/N)F%1F%1011111/111(92, 91)61'(P1+P2)($*y)e*mp

This procedure may be depicted as

We show this the additional term is cancelled by a contribution to the sum
over the intermediate states where 2 € w, 2 € A. Then the function 13,(6, )
has a pole at § = 03 = 0+ im(1 —2/N) which correspond to the double pole
of the S-matrix

i N

: 0 N2
sing (57 = %)
at 0 = iw(1 — 2/N). From the f-integration there will be the additional
contribution

. _ 2, _
smg(e—i-Nz)) sm%(%—l—M)

522(9) = (

2 Res ¢o (0 — im) C24y (B, )P le—v) =it P
2 g—g,

i . 3 . i Ploe) i
= Siga(0 — im2/N)C* (i) (¢11(92,91)F51011F51) eiPs@=y)o=iyP.

This procedure may be depicted as

The crossing relation of the fusion intertwiners
2 pll 1l 2211 11
F11F2 C - C ]'—‘Q Cil]'—‘Q

implies that this contribution again cancelled the one above. It has been
used that the form factor of bound states 22 has a simple pole where the
S-matrix S39 has a double pole and the residue is

Res ¢g9(0, 0) = —i (1/111(927 93)1“%10111“%1) :

6=03
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This may be calculated as follows. By the form factor equation (iv) we have

Res 3652 Y1111 (01, 02, 03, 04) = 21/’52(9(12)7 9(34))F%1P%1 .

012 :i"ﬁl 034:i7711

Therefore using the form factor equation (iii) and the definition of the fusion
intertwiners Res:S = I'T" we obtain

Res 52012, (30 T2 T
9(12)<34>:i7r(1—2/1v)¢22( (12), 030))T11 111

1
= — Res Res Res 1/11111(92,91,04,(93)311(912)811((934)

2 Gra=im 612=1n?, O34=in,

1 .
= - Res Res_ 2iCqy (¢11(02,03)511(012)511(034) — ¥11(62,03))

2 O14=im 91221'7]%1
=1iCqy (1#11(927 93)(—i)F%1F%1(—i)F%1F%1)

which implies the residue formula used above. This procedure may be de-
picted as

Res Res

11
62 63 04

Note that the last graph, as an on-shell graph, resembles (half of) the ‘box’
Feynman diagram which was used to investigate the double poles of bound
state S-matrices (see e.g. [29, 30])

The general case: Finally we consider the general case that the sets
rapidities in the initial state @, and the ones final state Qlﬁ have also common
elements. Then after inserting (49) and (50) in (48) there will be S-matrices
Six (éy, QNW) which produce additional poles in the physical strip which would
produce additional residue contributions while shifting the integration con-
tours. However, we can remove these S-matrices by using again the crossing
relation (ii) and move all the lines of common rapidities to the left or right
as depicted as follows

H_ D ®
NS,

T

Then we can apply the procedure as above.
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