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Abstract: The absence of Callan-Symanzik coupling-constant renormalization in a massive
Thirring model is demonstrated to all orders using normal product methods. The deri-
vation depends crucially on the mildness of the “anomaly” of the axial-vector Ward iden-
tity in this model, as well as on the special relationship between vector and axial-vector
currents in two-dimensional field theory. Application of power-counting arguments
establishes the asymptotic scale invariance of the vertex functions when the mass m
tends to zero with the normalization point u either fixed (Gell-Mann-Low limit) or van-
ishing with m (Callan-Symanzik limit).

1. INTRODUCTION

Wilson’s conjecture [1] that the dominant short-distance singularities of products
of fields are those of a scale-invariant zero-mass theory has stimulated considerable
interest in the question of how quantum field theories behave in the limit of van-
ishing mass. Among the various models studied in this regard, the massive Thirring
model [2] of a self-interacting spinor field in a space-time of two dimensions has
the almost unique advantage of having for its associated zero-mass theory a well
known, exactly soluble, scale-invariant model [3—5]. The important issue here is
whether or not the Green’s functions of the massive Thirring model, which one can
calculate to arbitrary order in renormalized perturbation theory, pass over smoothly
into the known Green’s functions [4] of the massless theory. In other words, does
the asymptotic short-distance behavior of the massive model coincide with that of
the massless case?

Mueller and Trueman [2] have provided impressive evidence that the conjectured
smooth zero-mass limit does indeed occur. They consider a model in which the
Thirring field of mass m > 0 interacts via a trilinear coupling with a heavy vector
boson of mass M. The zero-mass limit is defined to be that in which m tends to zero
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and M becomes infinite, in that order. The authors verify that, at least to fourth
order in the four-fermion coupling, the renormalization of the coupling constant”
is finite in the limit, and hence the limiting theory, which should exist [6] provided
the Green’s functions are normalized away from the mass shell, is scale invariant.
They then conclude that the N-point (proper) vertex functions of the zero-mass
limiting theory satisfy the same “anomalous” scaling law (which determines the
two-point function completely, up to normalization)

TM0p, .. )= AN W2 WNg o p) (1.1)

as those of the massless Thirring model, and moreover that the vertex functions
of the original massive theory satisfy (1.1) asymptotically for sufficiently large A.

In the present article we investigate a massive Thirring model which differs in
certain essential respects from that of Mueller and Trueman. In particular we shall
consider from the beginning a four-fermion contact interaction (this corresponds
to letting M — = before m — 0), and shall avoid ultra-violet divergences by applying
Zimmermann’s version [7] of the BPH subtraction scheme (without cutoffs). We
apply powerful normal product techniques [8—10] to demonstrate the absence of
Callan-Symanzik [11, 12] coupling constant renormalization to all orders without
resorting to laborious graphical analysis or to the usual power-counting arguments
(whose validity is yet to be established). Power counting is, of course, a necessary
ingredient in showing the asymptotic scale invariance of the vertex functions, but
is not needed to establish the vanishing of the Callan-Symanzik coefficient 8. The
latter is rather a direct consequence of the Ward identities of the massive theory,
and in particular of the remarkably mild form of the “anomaly” [13] of the axial-
vector Ward identity in this model.

2. THE MASSIVE THIRRING MODEL

2.1. Specification of the Green's functions
We consider a two-dimensional spinor field theory whose effective Lagrangian
density (Zimmermann’s terminology [8]) is given by

Lgpr =1 1(140) Y743 ¥ — (m-a) ¥ ~ 5 -0 @Y V) Fr, ) =Ly + Ly,

Lo=Lidy*a, 4 —myy, 2.1)

where the finite renormalization constants 4, b and ¢ are power series.in the cou-
pling constant g to be determined by the normalization conditions of the theory.
The Green’s functions of the model are unambiguously defined by the modified
Gell-Mann—Low formula [8],
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where {0) is the free field whose propagator is specified by Ly and the finite part
prescription is that of Bogoliubov, Parasiuk, Hepp and Zimmermann (BPHZ) |8].
Before making the BPHZ subtractions, the right-hand side of (2.2} is the usual
sum over contributions from Feynman diagrams. If /; is the Feynman integrand
(in momentum space, before integrating over the independent internal momenta)
corresponding to the diagram G, then the BPHZ subtracted integrand is given by

RG= 20 2 (1), (2.3)

G
UEF ye U

where F is the set of forests (families of non-overlapping, one particle irreducible
subdiagrams) of G, and L, is the Taylor series to order 6 () in the independent
external momenta of vy, taken about the point where all such momenta are zero.
The degree function 6(y) which determines the number of subtractions of the sub-
diagram 7 is given in this model by

s(y)=2— ;—N7 . v (2.4)

where N7 is the number of external lines of 7.

Normal products [8] are introduced by a slight modification of the above for-
mulas. If O, a=1, 2, . . . are formal products of the basic fields and their derivatives
we define

E( ) |0) = finite part of

0 ____1:

! m
oir [T w, [6,](x,) TI
a=1 a =

OXoIT ﬂ o, 0) . H(x,) ﬂ d/“’)(y) ﬂ l[,(0)(2)

a=1 =1 i=1

X eXp{ifdzx: L ©, v O 30O, (2.5)
where again the finite part is that of BPHZ, but with
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B(M=2-4N — 2 (2-8,). (2.6)
Va (5%
Hege V, is the special vertex associated with O, and 8, is an integer or half-integer

greater than or equal to the dimension of O,.
Defining the 2N-point vertex functions '@V by

N N
2 2N .
(2m) 6(2 p;t Zlq,~)F‘ )(pl...pN,ql.--qN)

i=1 i

=f [ dz'xidzyiexp{i 2 (p,--x,-+q,-~y,~)}<on [Ty [T 9)iorROP
=1 i=1 i=1 i=1

r®(p, -p)=-S;. (p).
Sp(p) = [dx e? " XOITY(x)¥(0) 107, (2.7)

where the superscript PROP indicates that only proper (amputated, one-particle
irreducible) diagrams are included, we impose the normalization conditions

r®p, -p) lp=m =0

PP, =)=y =ik =),

1 ) . .
1650‘1‘12013014 Falaza3a4(p1p2’p3p4) L =g,
P pp= gk (45,7'*1)
with
=M M — _
50‘1"‘20‘3"‘4 = Yajeauagaz ~ Yayas3Tuageq 2(5011a3(S apay 6a1a46a2a3 )
(2.8)

The finite renormalization constants appearing in (2.1) are determined implicitly
by (2.8).

2.2. Callan-Symanzik and renormalization group equations
The Callan-Symanzik [11, 12] and renormalization group [6, 14] equations

of the massive Thirring model are most easily derived using differential vertex oper-
ations (DVO) [10] defined by

N N
ABOG(zN)(xl, L XAY V) =’fd22<0|TN8 [01() i[jl Yix) j]jl@(y].)lO)

(2.9)
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with corresponding formulas for the vertex functions. Clearly a DVO corresponds
to the presence of a special internal vertex in each Feynman diagram. We shall need
only four of the DVO’s, namely the ones closely associated with the Lagrangian
(2.1). They are, symbolically,

=i [¢xN, [9¥1 () ,
=i [N, [T9](),
A, = =3, [9748 ] (x),
Ay = 1 [N, Iy 9)(F7, )] (x) . (2.10)

Note that Yy has dimension one, so that A, is defined with one more subtraction
than is necessary to avoid ultraviolet divergences. This will be very useful, however,
for making mass insertions without disturbing the BPHZ subtraction scheme. Re-
ferring to ref. [10], we may write down the following identities for the N-point
vertex functions (in momentum space):

V) = _ 9b_ dc (M)
a T [(Bm ])A el S e | A

2 p [%A + 28 4 +aiA3} v

ou ou- 1 ou~—2 ou
9 V) = [aa ab dc V)
3" 5e 21 H g 82 Hae — 1) s 1Y),

NTWY) = [2(a — m)A| + 2(1 + b)A2 +4(c — g)A3] rt) >
A, TN = (A +ra, +sa T (10
where

= it 2 A T, p)
ap* p=0

L]

s 1616‘11&2&3&4 OI‘a10120‘30“1'(00,00).
The first of these are simple consequences of the structure of Feynman diagrams
and the nature of the BPHZ subtraction scheme. The last is an identity relating
normal products of different degree of the type derived by Zimmermann |8].
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Egs. (2.11) express five quantities as linear combinations of the three (linearly
independent) A;I'¥) i =1, 2, 3. Thus there must be two independent linear rela-
tions among the quantities on the lefthand side. These are conveniently taken to
be [10] the Callan-Symanzik and renormalization group equations,

3 d m i

[m Py +u a_ll +B(— )ag —N’y( , )] @) ; (2.12)
a m d m (N) _

[u&+0~“~,g 5§7Nrp,g][‘ =0. (2.13)

Here «, 8, v, v and 7 may be determined from (2.11) by equating to zero the co-
efficient of each AI-I‘(N):

0 0 ] _
lm(»a“,h—"'ﬂéﬁ"‘ﬁ@—zﬂ(a*m)—am,
d 0 ) _
[mam+/"ta“+6_g*27]( 1 +b)—amr’
0 0 0
[’"*am”& +[35§—4'y](c*g)=ams , (2.14)

0 -
(ua#+oa— -21)(a-m)=0,

3 . 2 _
(w; toge —20(1+5)=0,

(#£+o£—47)(c—g)=0. (2.15)

Toarrive at (2.13) one chooses ¢ and 7 to satisfy the last two equations of (2.15)
and then verifies the remaining equation using (2.11) and the relation

9 i
(43, + 035 =200 (. -p)] =0. (2.16)
r=m
Subtracting (2.13) from (2.12) yields
9 d
[m%mgg_Ng]r(N)wonl‘(N), (2.17)

where n =8 — 0 and £ =y — 7 may be determined from (2.14) and (2.15) or, alter-
natively, from the normalization conditions at u applied to (2.17):

E——(AF(Z)(p p) +i), (2.18)
r=u
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A, T®
ajayajaq” 07 ajarazay

(P1Py P3Py

-1 2 .
Pi PEER (48 1)

(2.19)

n=4gt+ Limé

Analogues of (2.12) and (2.13) may be derived for the proper functions of the

current operator,
N N

2m)?8(p + Z}l p;+ .Zl a )P p.p, . ppea, - ay)
S0

N
= fdzx [] dzxidzyiexp {ipx +1i 2. (p/u X; +qj-y/.}}
i=1 /
_ 44 N
XOIMN, [y, wl@) T vy T oo oo
i=1 i=1
in a similar way. Fg\N) satisfies the first three of the eqgs. (2.11), and in addition
(N =T = [2a - m)A, +2(1 +b)A, +4(c — A1 TV) |
(8 — O = (A, +ra, 458, TV (2.20)
where

=1 Try* AT (0,0,0).

The presence of the term th\N) in the second equation is due to the BPHZ sub-
tractions for proper subdiagrams which contain both the y¢ and Yy, ¥ normal
product vertices. By the same reasoning as before, we obtain

0 0 0
[m a—r;+u@ + a—g—f(Nw 2)v] I‘()\N)zam(Aofl)Fg\N) ) (2.21)
[p%wé%fuvfz)f]rg’v) =0, (2.22)
d 9 (N) _ (V) 7
lm 5 -+n % (V- 2] 03 = am(Ay — HIM) (2.23)

2.3. Equations of motion and Ward identities
Equations of motion for the massive Thirring model may be derived in a straight-

forward manner using the methods of refs. [8] and [9]. In particular
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(i3, —m)OITY(x)) .. Yx V) - ¥ () 10)
=(0IT{(g = W, [(VY* V), W1 (x ) — ad(x ) — bAU(x }(x,) . .. (p)IO)
‘+z‘I§N1 (DR No(x, — v XOMY(xy) . U, W, ) - S 10,

OIT N, [§(@ — m)y] (x) X 10)

= (O T{(e— IV, [Ty U)(Ty, 1)) (x) — Ny [9] (0)—BN, B0 ] ()} X 10)

N

+i 22 8(x — ¥, )OITX 10 (2:24)
k=1

where X is an arbitrary product of the basic fields,

N N _
x= 1T vix) kTI V()
=1

i=1

As in ref. [9]. eq. (2.24) may be used to derive Ward identities for the vector and
axial-vector currents:

(1+b)% (OIT NV, [%yw] (x)X10)= (1+bX0IT Nz[a“(%”xp)] () X10)

= (14B)HOIT{N, [~ -m) ] (x) — N, [$-m) ] (x)}X 10y

N
=22 [8(x—y,) — 8(x — x,)]<OTX10); (2.25)
k=1

(1+5)2% (OIT N, [@7#75111] (x)X10>= (1+b)0IT Nz[a*‘(%uﬁw)] ()Xo
= (1+BYOIT{N, [ (0 myy Y] )+, [FySF—m)¥ | (x)+2m N, [P7° 9] (x)} X 10>
N

= e (5(x~xk)7ik+6(x—yk)7}5)b<0ITXIO)+2i(m—a)(0ITNz[wysw] )X 10).

(2.26)
For a justification of our bringing the derivative inside the time-ordering and nor-
mal product symbols, the reader is referred to the appendix of ref. [9].
The fact that the right-hand side of (2.26) involves N, [{y5 /] rather than
N [#¥3¥] is the two-dimensional analogue of the well-known “anomaly” of the
axial-vector Ward identity in quantum electrodynamics and other four-dimensional
models [13]. In our case, however, the “anomaly” is less drastic in its consequences,
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since it merely produces a change of normalization of the axial-vector current and
hence does not prevent it from being conserved in the zero-mass limit (see sect.3).
This is because Zimmermann’s identity relating normal products of different de-
gree is severely restricted by the requirements of P-, C- and Lorentz invariance,

as well as Fermi statistics, and assumes the particularly simple form,

N[0 1 =Ny 77 Y] +eN, [04y, V)] (2.27)
where

1,7 =i 5= OITN, (DY 1 WGt q) OFROF
M q=0

Thus we may rewrite (2.26) as

(1+B)(1—h)3“OITN, [l,l/’y”'ysgb](x)X|0)

N
= kZ:)l [0~ x 7>, +8x —yv3 1] ©ITXI0)

+2i(m ~ a){OITN | [Y7° ¥](x) X 10), (2.28)
where
. m—-a
h=2 Y e.

2.4. Vanishing of f(m/u, g)

The Ward identities of the massive Thirring model may be used to demonstrate
that the coefficient of the coupling-constant derivative in the Callan-Symanzik
equation vanishes to all orders. This property, which we shall prove without ref-
erence to the asymptotic behavior of vertex functions, will be employed in sect. 3
to show the scale invariance of the theory in the limit of vanishing mass.

We shall need the following Ward identities, which may be proved using methods
analogous to those which led to (2.25) and (2.28),

2N)
A
(L+D)p*0, (P, py .- Py Gy ---ay)

N
=ikE_1{I‘(Z‘N)(pl...p]\,,q1 g tp. o qy)

—I‘(ZN)(p1 PRt DAy Gy} (2.29)
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(1)1 —h)p, &) (p,p .. Dy ay - dy)

N
R 5
=1kZ=:l{F(2N)(pl ...pN,ql...qk+p...qN)’qu

S

nkF(ZN)(pl' S D Pps Ay - Ay}

+Y
=2m-T& (p,p, ... pya,...ay). (2.30)
(1 +0)p* A, T, p . pyaa - ay)

N
. 2
:lk21 {AOF("N)(pl-~~pN"?1---qk+p-~qN)

AT ptp .y d . ay)) (2.31)

(1 +0)(1 —mp, e 5T NP, py oy ay)

N
=i Z} {AOF(ZN)(pl...pN,ql...qk+p...qN)73k
k=1

70 BTN p a4y}

~2[1+(m - a)(A0 —u)] I‘gzjv)(p,p1 PNy ) (2.32)

where

(e*) = 0 I MV = MaS
L o) Y, 5T,

wy® = A,T5(0,0,0),

and T@Y) is defined in the same way as I‘§\2N) , with 1, is replaced by 5.

The extra term in the last equation is due to the fact that the Zimmermann ex-
pansion relating N, [yy3y] and Ny [y3¥] contains a term arising from subtrac-
tions for which the ¥ vertex and the Ay vertex are in the same proper subdiagram
with two external lines.

We now apply the Callan-Symanzik differential operator

0 0

i-{- _+B_
Mam TP oau TP ag
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to both sides of (2.29) and (2.30), simplifying the results with the aid of (2.31),
(2.32),(2.12),(2.14),(2.21) and the analogue of (2.21) with y» and ¢ replaced by
v3 and u, respectively. Thus

[oanr + aomt (11 +b)]p}‘l“§\2N)=0,

[amr+amt(1 +b)-(1+b)3%:|pue”}‘[‘;\2]v)=0, (2.33)
and hence,

r+(l1+b)r=0,

S—Z= 0. (2.34)

But a simple computation shows that the first-order contribution to £ is nonzero.
Hence g(m/u, g) = 0.
Referring back to (2.14) we may now write a convenient expression for the
“anomalous dimension”, y(m/u, g):
m'r
1+m'r

2y(m/u, g) = 0, (2.35)

where m' = (m — a)/(1 + b).

3. ZERO—MASS LIMITS

3.1. Preliminaries

In this section we investigate the asymptotic behavior of the vertex functions
in two different zero-mass limits: (i) the Gell-Mann-Low limit [6], in which m
tends to zero with g and u fixed, and (ii) the Callan-Symanzik limit {11, 12] in
which m and u tend to zero with g and m/u fixed. Both limits define scale invariant
zero-mass theories in which the Ward identities of the massless Thirring model are
satisfied.

Our methods follow closely those of Symanzik [15]. With him we assume the
validity of certain power counting arguments which are generally accepted as true
but which have not yet been placed on a completely rigorous footing. Thus we
shall suppose that for non-exceptional [15] momenta py, . .. py (no nontrivial
sub-sum Ekp,-k is lightlike), a Feynman integral of the type

Jp.m,g)=lim [dkR (b, kom, g €).  {p=py... oy}, k=K k)
e—>0
(3.1)
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where R is given by (2.3) and the e-dependence of the integrand enters through
Zimmermann’s form [7] for the propagator,

S(p.€) = i+ m)[p? — m? + ie(p? + m*)] !

has an asymptotic expansion, for A > [15],

oo

Jp AV m,g) =2\ 2 e, m, g))\“klogl)\ , (3.2)
k=0
where the leading power a is an integer which may be determined by counting powers

in Rg(p, k, m, g, €). The latter leads to the following assignment of leading asymp-
totic powers in the massive Thirring model:

a=1:rs:,t u,e.
a=0:T™ A 1™ PN A TN b b oo gy (3.3)
a=—l:amn§.

The same power-counting is applicable for both Gell-Mann-Low and Callan-
Symanzik zero-mass limits, since the asymptotic forms differ only by powers of
log ™ /u.

3.2. Gell-Mann-Low zero-mass limit

From (3.3) we see that in the limit of vanishing m with u fixed and positive, the
vertex functions F(N), AN '™ etc., are at worst logarithmically divergent, whereas
n and £ tend to zero like m log¥m (x = unknown logarithmic power). Thus, from
(2.17), we have for non-exceptional momenta

maa—mF(N)=O(m log¥m) , (3.4)

and so TW) must be constant in the limit. Similarly, from (2.14), (2.15), (2.34)
and (3.3),

m gim=~am(1 +b)t +O0(m log"m) , 3.5

so that (2.23) yields

m aa_m [(1+ b)I‘gv)] = O(m log™m) , (3.6)
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and the currentj, = (1 + b)V, [EV;JP] has finite vertex functions in the zero-mass
limit.

Eq. (3.4) allows us to define, at least for non-exceptional momenta, the Gell-
Mann-Low zero-mass theory associated with the massive Thirring model as follows:

L@, - Py )= lim TN opymog). (3.7)

m—0

The limiting vertex functions are scale-invariant, satisfying

9 vy Ny — W) |

Hag TamL = V0. )Ty = V(0.9 (3.8)
since

m m m m
ofl— g} =8l— g} nl= g}l=-nl=, g)=00nlog"m) .

(u g) ﬁ(u g) n(.# g) n(# g) og"m)

m 174} m 1441

g lEAN= gl EH == g =yl 2+ Om log" m) . 3.9

T(u g) 7(“ g) S(u g) 7(“ g) (m log* m) (3.9)

From (3.8), the boundary conditions for time-ordered Green’s functions and the
normalization condition at u, the two-point function of the zero-mass theory is
completely determined:

L& (b p)= g (p? +i0)77, 7=7(0.g) . (3.10)

The zero-mass vector-current vertex functions (for non-exceptional momenta)
are defined with the aid of (3.6):

F(C/,\I]\)i}i(p’pl c Py, 8) = lim (1 +b)[‘(N)>‘(p,pl C Py L, 8) (3.11)

m—0

From (2.29), (2.30) and (3.3) these are easily seen to satisfy the Ward identities,
characteristic of the massless Thirring model [4]

QM)A
PAFGmL @opy - Py by dy)

N
=20 &N (b, Ppedy. - a P ay)
k=1

S NI Y S R N 8 (3.12)
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(1 =" e, SEQR NP ) - Dy 4y - ay)

rev 5
Z:) PemL @y Py - v ayYg,
5 QN
+7ka(GM)L(p1...pk+p...pN,ql.. ay)} . (3.13)

where

h0= lim A <oo,

m—0

3.3. Callan-Symanzik zero-mass limit

The asymptotic behavior of the massive Thirring model in the limit m = O,
u—~> 0and p = y/m fixed may be studied in a manner which parallels closely the
discussion of the preceding paragraphs. The controlling differential equation is now
(2.12) which we rewrite, considering u = pm as a function of m

0 V) = )
[m (,%—Ny][‘ —amAOF . (3.14)

From (3.3) the righthand side may be ignored in the limit m > 0, and we may define
the vertex functions of the Callan-Symanzik zero-mass theory for non-exceptional
momenta as

Ny
F(N)(Pl Py M. P, &) = lim (,—;li) F‘N)(pl. Py M, pm, &) .(3.15)
m—-() 0

where m is an arbitrary mass parameter which fixes the normalization. Similarly,
the current vertex function may be defined as

red* @, py .- Py, Mg, p, 8)

= lim
m-—+0

m\ —(N=2)y+tamt WA ;
(;,g) V™ op, . py,m, pm, g) (3.16)

Using methods analogous to those of subsect. 3.2, one may derive in straightforward
fashion the Ward identities characteristic of the massless Thirring model. This time
the anomalous dimension, non-trivially dependent on the choice of p, is given by

(P, 8) - (3.17)
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4, CONCLUSIONS

Why is the massive Thirring model asymptotically scale invariant? According to
Mueller and Trueman [2], the crucial fact is that the interaction is renormalizable
and of the form )\j“]'“, with 7, conserved. Our analysis reveals a quite different pic-
ture: the absence of Callan-Symanzik coupling-constant renormalization, which
leads to asymptotic scaling in either of the two zero-mass limits of sect. 3, is a
consequence of the asymptotic conscrvation of both vector and axial-vector cur-
rents (/,,, resp. js,,), with the two related by the relation (peculiar to two dimensions)

]5” = E,uvjv .

The authors are indebted to B. Schroer for a number of helptul discussions
during the preliminary phase of this work, as well as to T.L. Trueman and A.H.
Mueller for clarification of several points in their article.
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