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It is  shown that  the p r e s e n c e  of a comple te  se t  of in t eg ra l s  of the motion that  a r e  a 
deformat ion  of the f r ee  in tegra l s  leads  to a fac tor iza t ion  of the S mat r ix .  The 
sca t t e r ing  c h a r a c t e r i s t i c s  of n ident ical  p a r t i c l e s  a r e  e x p r e s s e d  in t e r m s  of the 
two-pa r t i c l e  p rob l em.  

1. Consider ing a c l a s s i c a l  s y s t e m  of n one-d imens iona l  pa r t i c l e s  with in t e rpa r t i c l e  potential  
1 /x  2 or  1/sin2x, * Moser  [2] used  the L - M  p a i r  method, which has  been ac t ive ly  used  in recent  y e a r s  to 
solve nonl inear  equations [3]. This  enabled h im to cons t ruc t  n f i r s t  in tegra l s  in involution and show that  
the se t  of pa r t i c l e  momenta  [Pi}~ be fo re  and a f t e r  the col l i s ions  (for the potential  1 /x  2 ) is  the same .  In 
this  paper ,  we show that the c l a s s i c a l  and the quantum S ma t r i x  for  these  s y s t e m s  cau be e x p r e s s e d  
sole ly  in t e r m s  of the two-pa r t i c l e  S ma t r ix .  The r e su l t  is  obtained as  a consequence of the exis tence of 
a comple te  se t  of in tegra l s  of the motion and the i r  s imple  s t ruc tu re  (deformation of the f r ee  in tegra ls) ,  and 
an analogous si tuat ion obtains in the sca t t e r ing  of sol i tons.  We also just i fy  Ca loge ro ' s  assumpt ion  that  
the genera l i za t ion  of the Moser  L - M  p a i r  method fo r  n ident ical  pa r t i c l e s  (p rese rv ing  the s t ruc tu re  of the 
m a t r i c e s  L and M and leaving the in te rac t ion  a two-pa r t i c l e  one) is  poss ib le  only if the two-pa r t i c l e  
potent ial  is  the W e i e r s t r a s s  function [4]. 

The equations of the c l a s s i ca l  mechan ics  of n one-d imens iona l  pa r t i c l e s  with two-pa r t i c l e  
potent ial  v ( x )  and m a s s  m = 1 

~=p~, ~ = ,  Z v "  (x~-xj) ; k i~dxJdt ,  (1) 

a r e  equivalent  to an evolution equation for  the m a t r i c e s  L and M: 

L =  [M, L] =ML- -LM,  (2) 

where  L and M a re ,  r e spec t ive ly ,  n X n Hermi t i an  and an t i -Hermi t i an  m a t r i c e s  with the e lements  [4] 

L~j=pi6ij+ ( l--8~j)a(x,--x~) ; i<~j, L,~=Lj,  (3) 

M,j=8,j ~ ,  ~ (z , -xm) - (1-6,5) ~'  (x , -x j )  , (4) 

if  .the functions a (x)  and ~ (x)  a r e  re la ted  by  the functional equation 

a'(y)(z(z)-- . tz(y)cz ' (z)  =(z(y+7) (~(y)--~(Z)),  ~(y)=~(.--y),  v(x)=tZ(x)o~(--X). (5) 

We a s s u m e  that  Eq. (5) has  solut ions with v ( x )  > 0 and v (x)  ~ 0 as  Ix I -~ ~ .  Examples  of such 
potent ia ls  a r e  1 /x  ~ and 1/s inh 2 x. A few words  about the genera l  solution will be said l a t e r .  

2. We now turn to the ana lys i s  of c l a s s i ca l  sca t t e r ing  fo r  such a sys t em.  Note that the a r g u -  
ments  will have a genera l  na ture ,  i . e . ,  they will be val id fo r  s y s t e m s  that  have a comple te  set  of in tegra l s  
of the motion that  a r e  nea r ly  f r ee  ones.  (These include, fo r  example ,  the nonl inear  SchrSdinger equation 
of [7], the s ine -Gordon  equation [8], and va r i ous  o the rs .  ) 

�9 The quantum p r o b l e m  for  n one-d imens iona l  pa r t i c l e s  with b inary  in terac t ion  1/x  2 was comple te ly  
inves t iga ted  by  Calogero  [1]. 
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The m a t r i x  M is  an t i -Hermi t i an ,  and t he re fo re  the e igenvalues  ~ of the m a t r i x  L a r e  invar ian t s  
of the motion.  The asympto t i c  condit ions for  Eqs .  (1) fo r  t ~ _~o and a dec reas ing  potential  have the f o r m  

x, ( t) =p,-t+xo,-+o (t),  (6) 

i . e . ,  they a r e  de te rmined  by the set  of 2n n u m b e r s  {pc}~ ~ and {x0~-}C (the pa r t i c l e s  can be labeled in 
such a way that  p~t-<p2-<.. .  <p=-). Thus,  as  t ~ _ c o  the m a t r i x  L becomes  diagonal (the choice of a (x) 
is  nonunique [4], and fo r  us  it  is  convenient  i f  a ( x )  -~ 0 as  Ix [ ~ ~o; fo r  dec reas ing  potent ia ls  v ( x )  this 
can be done), L~j=p~-6,j+o(l), s A s i m i l a r  a rgumen t  in the l imi t  t ~ +~o and the condition that  the 
p a r t i c l e s  do not pa s s  through each o ther  leads  to ---p=_~+~ =p~- and ~--  + x~(t) =p~_~+lt+xo~++o (t).  Besides  the 
e igenvalues  ~i f u r t he r  invar ian t s  of the motion a r e  the coeff ic ients  Im(Pi , x) ) of the c h a r a c t e r i s t i c  po ly -  
nomial  

det(L-:~E) = ~ ,  (-)~) "-mI,~(p~, xj), E~j=6~j. (7) 
m ~ 0  

By v i r tue  of the asympto t ic  conditions and the p r o p e r t i e s  of the potential ,  I m in the l imi t  It] ~ ~o a r e  
equal a sympto t i ca l l y  to f r ee  s y m m e t r i c  hmct ions  of pi : 

I~~ (P~) = 2 p,,p~,.., p,,~ (8) 

and s i n c e  the Poisson  b r acke t s  {Ira, Ik} of the in t eg ra l s  of the motion is an in tegra l  of the motion~ it  
follows f r o m  the vanishing of i t s  a sympto t i c  behav io r  that [2, 4] 

(I,~(p~, xj), Ia~p~, x~)}~0~ l~ra,  k~n. (9) 

In what follows, we shall  r equ i re  the explici t  f o r m  of the th i rd  in tegra l ,  and we shall  t h e r e f o r e  say  a few 
words  about the s t ruc tu re  of I m (pi ' xj ). Using (7), we read i ly  obtain the equations 

n 

I~ (p~, xj)-----I, c~ (p~) = 2 p ~ = p ,  (1Oa) 

I, (p~, x~) = h  r176 (p~)-- 2 v (x,-x~) =V~P'-H, .(10b) 

L(P"ZJ)=I(s~ (P')-  2 p,,v(x~,-x,~), (10c) 

while the s t r u c t u r e  of I~ is  m o r e  compl ica ted ,  containing a (x i - x A ) explici t ly,  and it  cannot  be 
e x p r e s s e d  as  a po lynomia l  function of v (x i  - x A ). 

By v i r tue  of the asympto t ic  behav io r s  of x i ( t ) a s  t -~ ~ o  c l a s s i ca l  sca t t e r ing  is  desc r ibed  by 
the t rans i t ion  f r o m  the se t  {p,-, Xo~-}~ ~ to the se t  {p,+, x0,§ ~. As we have a l r eady  mentioned,  Moser  and 
Calogero  have shown [4] that  p~§ We calcula te  the diseontinui ty of the asympto t ic  coord ina tes :  

A~=xo~+_~+~--xo~ - = lira (x~_~+, (t) --x~ (--t) --2p~-t) (11) 

and show that  i t  i s  en t i re ly  de te rmined  by the two-pa r t i c l e  p rob l em.  We cons ide r  f i r s t  a s y s t e m  of two 
p a r t i c l e s .  In the ea se  when the p a r t i c l e s  cannot  over take  each other,  using the solution of Eqs.  (1) in 
quadra tu res  for  two pa r t i c l e s ,  we have 

(k~-4v(x))'~' i -------A (k) , (12) 

where  k=p~---p,-,  p~-:>p,-~O, a<0, v(a) =k2/4. 

We now cons ide r  th ree  p a r t i c l e s .  Equations (1) c o r r e s p o n d  to motion defined by the ene rgy  
function H. In addition, one can cons ide r  the motion of our  s y s t e m  defined by  the Poisson  b r acke t s  of the 
hmct ion I~(pi ,  xj ) (10c). We denote the p a r a m e t e r  (time) of this motion by t~. We obtain the equations 
of motion 

~xJ~t~p~p~--v(x~--x~), (i, ], k) +-* (t, 2, 3), OpJOt~=py(x~--z~)+p~v'(x~--x~). (13) 

Thus,  the coord ina tes  x i and the m om en t a  Pi of our  s y s t e m  depend on the two p a r a m e t e r s  t and ~3. In 
what follows, we shall  use  the fact  that  the mot ions  defined by H and I a r e  independent because  they a r e  
involutory. 3 
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Using the t rans la t iona l  and Gali lean invar iance ,  we go over  to the s y s t e m  in which x~,r=p,-=0,  
and then the asympto t i c  behav io r s  a r e  x , ( t )=o( t ) ,  x~(t) =p~-t+x~2-+o(i), x~(t)=ps-t+Xo(:+o(t), and the co l l i -  
sion t ime  of the p a r t i c l e s  is  of o r d e r  t,,=--xo~.-/p,-, t,o=--x.,-/p3-, t,o=(xo~ (p,---p~-).: F o r  the chosen 
asympto t i c  momenta ,  the asympto t ic  behav io r  of the coord ina tes  and the momen ta  as  t 3 ~ +~o is  

xt(t, ts)=p2-p3-t3+o(l), x2(t, t~)=p2-t+o(t), x~(t, ts)=pa-t+o(t),  p,(t, t3)=p,-+o(l),  i= t ,  2, 3. (14) 

The col l is ion t ime  t~. 3 is  the same ,  while t~=(--xo~-+p~-po-t~)/p~-, t,~= (-Xo~-+p~-p~-t~)!p~ - and can be 
a r b i t r a r i l y  l a rge .  Thus,  at  the t ime  of the col l is ion of the second and the th i rd  pa r t i c l e  the f i r s t  pa r t i c l e  
may  be a r b i t r a r i l y  f a r  f r o m  them.  Af te r  the sca t t e r ing  in the s y s t e m  (2, 3), we have 

x~ (t) =p~-t+xo3---A (p~---p2-) +o (i),  x, (t) =p~-t+xo2-+A (p~---p~-) +o ( l), (15) 

where  A(k)  is  given by Eq. (12). The sca t t e r ing  now takes  p lace  in the s y s t e m  (2, 1), and then again in the 
s y s t e m  (3, 2). Af te r  the t rans i t ion  to the l imi t  t -~ +~o i t  r e m a i n s  to se t  t 3 = 0, which, s ince H and 13 
a r e  involutory,  g ives  the r e su l t  fo r  the or iginal  equations (1): 

x, ( t) =p,-t  +xo~---A (p~-- -p , - ) - -h  (p~---p,-) , 
-- (16) 

x~( t) =p2-t+xo,---A (p2---p,-) +A (Ps---p,-) , xs( t) =pt-t+xo,-+ A (p,---p,-)  +A (ps---p,-) . 

F o r  n pa r t i c l e s ,  using the in tegra l  In (P / ,  x j ) ,  we take the f i r s t  pa r t i c l e  f r o m  the group of n - 1 
p a r t i c l e s  and, arguing as  before ,  we obtain f inal ly for  the discont inui ty  of the asympto t ic  coordina tes  

- = -  ( w - p r )  + ( p r - w ) .  (17) 
t < i  j>.i 

The t rans i t ion  f r o m  the se t  {p,-, x0~-}, ~ to the se t  {p~+, x0,+}~ ~ during the sca t t e r ing  p r o c e s s  is  given by a 
canonical  t r a n s f o r m a t i o n  whose genera t ing  function we denote by �9 (z0~-, p~+). The d i f ference  between 
(1) (xo,-, pc +) and the genera t ing  function of the ident i ty t r a n s f o r m a t i o n  (to within re label ing of the  part icles) :  

n 

q)0 (x0,-, p,+) =- Z xo,-p,+--,+t (18) 

can be ca l led  na tu ra l ly  the c l a s s i ca l  S ma t r ix :  
n 

+ (xoi-. p,+) = y',xo,-p.-+,+,+ = r 1 7 6  
'=* '<J (19) 

a 

Z+(,.--,.-)-Z 
Note the following fact .  We requ i re  that  the s y s t e m  of n one-d imens iona l  pa r t i c l e s  with b ina ry  

in te rac t ion  have,  bes ides  the m o m e n t u m  and ene rgy  in tegra l s ,  a th i rd  in tegra l  of the f o r m  (10c). This  is  
equivalent  to the vanishing of the Po i s son  b r a c k e t s  {H, I3} , which a r e  equal to 

{tt, I,} = Z ;  v (x~-xO (v' (z,-x~) +o" (x,-x~)). (20) 

N * i ~ k  

F o r  th ree  pa r t i c l e s ,  introducing the notation x~ - x 2 = a, x 2 - x 3 = b, x~ - x 3 = a + b, we have 

v(a) v" (a) t jr 

v(a) ( v ' (b )+v ' (a+b) ) -v (b )  (v '(a)+v'(a+b)):+v(a+b) ( v ' ( a ) - v ' ( b ) ) =  v(b) v'(b) t I =0. (21) 
v(a+b) - v '  (a+b) t 

If  the potent ial  sa t i s f i e s  the functional  equation (21) fo r  t h r ee  pa r t i c l e s ,  then {H, I3} = 0 fo r  any n u m b e r  
of p a r t i c l e s .  Equation (21) is  none o ther  than the compos i t ion  t h e o r e m  fo r  the W e i e r s t r a s s  function 
~(z) [5], which d e t e r m i n e s  th is  function to within a f ac to r  and a constant .  As Calogero  has  shown, the 
W e i e r s t r a s s  function as  potent ial  sa t i s f i e s  the or iginal  equations (5), and, the re fo re ,  in such a s y s t e m  
the re  exis t  n i n t eg ra l s  of the motion.  This  a s s e r t i o n  is  analogous to the one obtained in [6]. There ,  the 
s ine -Gordon  equation was r e c o v e r e d  uniquely f r o m  the f r ee  K l e i n - F o c k  equation on the ba s i s  of the 
r equ i r emen t  that,  bes ides  the m o m e n t u m  and ene rgy  in tegra l s ,  t he re  should exis t  a th i rd  in tegra l  for  the 
equation with in te rac t ion  as  a modif icat ion of the f r ee  one by the addition of a power  s e r i e s  in the field and 

i t s  de r iva t ive  (see the Appendix). 

3. We now turn  to the quantum case  fo r  n one-d imens iona l  p a r t i c l e s .  The genera l  formula t ion  
of the p r o b l e m  in quantum mechan ics  fo r  the s y s t e m  (10a), (10b), . . .  does not p r e sen t  diff icult ies .  The 
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exp re s s ions  Im(P  i , x3 ) in each t e r m  contain d i f ferent  Pi and ~ (x) - x~), the number s  of the coordina tes  
do not coincide with the num ber s  of the momenta ,  and the re  is  no ope ra to r  o rder ing  p rob l em.  The set  of 
o p e r a t o r s  Im(P~,  x~ ), i -< m -< n, is  a comple te  set  fo r  our  sys tem,  and the eigenflmctions sa t i s fy  the 
equations 

L, (p~, x~)W(x~,.. . ,  x,~)=EmW(x,, . i . ,  x~), l<~m<n. (22) 

The admiss ib le  potent ia ls  v (x )  have the s ingula t i ry  1/X 2 irl the neighborhood of the origin,  and we shall  
t he re fo re  cons ide r  the eigenfunctions in the region x~ -> x 2 -> . . .  -~ x with null conditions on the 
boundar ies  x~ = l i ~  t It is  convenient  to r e p r e s e n t  the e igenvalues  E m as  s y m m e t r i c  functions of the 
p a r a m e t e r s  k i , i -< n, which desc r ibe  the common  eigenfunctions of the o p e r a t o r s  

I~: ~ (p0exp (i ~,k~ ~x~), where  (at ,  ~ . . . .  , (r n ) i s  an a r b i t r a r y  pe rmuta t ion  of (1, 2 . . . . .  n ) .  R e m e m -  

ber ing that  the o p e r a t o r s  Im(Pi ,  xj) a r e  given a sympto t i ca l ly  for  x,=a~r, a~>a~:>... >a~, r~oo, by I (~ (p i ) ,  
the asympto t ic  behav io r  of the eigenffmction W (x, . . . . .  x.)-~ tg (x~]k~) is  a l inear  combinat ion of exponentials :  

n 

where  the sum is  taken over  all  n! pe rmuta t ions  ~ = (~,  ~ . . . . .  a n ). We de te rmine  the coeff ic ients  A a 
by cons ider ing  the asympto t ic  behav io r  of the o p e r a t o r s  Im(P~, xr along the di f ferent  boundar ies  of the 
chosen region x i ->xi+~, 1 ~ i -< n - t .  Suppose, as  before ,  x~ = a i r ,  r ~ ,  but a~ = aj+~ + y / r ,  
i. e . ,  xj - xj+~ can take any posi t ive  va lues .  Then 

L,, (p,, x~,) .=I., (n-2)  + (p~+p~+,) Is (n-2)  + (p,p~+,--u (x~-x~+,) ) I~ ~-), (n--2), (24) 

where  I(Om ) (n - 2 ) is  a s y m m e t r i c  function of n - 2 momen tum ope ra to r s  without the momen ta  pj and 
pj+~. In this direct ion,  the asympto t ic  behav io r  of the e igenhmction $ ( x  i I k m) is 

exp ko x,) exp (% + + (Xs - -  I(koj - (25) 

where  the sum is  ove r  p a i r s  of pe rmuta t ions  ~=(~,, ~ . . . . . .  ~ )  and ~(]~-~/+t) (o . . . . . .  aj+~, a~ . . . .  o~) that  
d i f fer  f r o m  one another  by a t ranspos i t ion ,  and r (y I k) i s  an eigenfunction of the o p e r a t o r  -d2 /dy  2 + v(y). 
I t s  asympto t ic  behav io r  is  (k=(k%--k~j+~)/2) 

(x~--zj+~ [ k) =exp (ik (xj--x~ ~) ) +exp (2il] ( k) -- ik (xj--x~+~) ) +o ( t ) , (26) 

and, the re fo re ,  the coeff ic ients  A~- and AT(j~+~) a r e  re la ted  by  the equation 

A~(j~.+~) = exp (2iq ((k~j. - -  ka~+~)/2)) A~. (27) 

Taking into account  the a n t i s y m m e t r y  p r o p e r t y  of the two-pa r t i c l e  phase  shift  V (k)  = V ( - k ) ,  o rder ing  
the k i 's-. k 1 < k 2 < . . .  < kn, and choosing the coeff ic ient  of the incident wave exp(i~k~ x i ) equal to unity, 
we obtain for  Aa 

A~=exp (2i ~ ~l( (k,-k~)/2) ) , (28) 

where the sum is over all transpositions (i, j) whose product carries (I, 2 ..... n) into the given 

permutation ~ = (a~ ..... o n ). Thus, the coefficient of 
n 

,+,x,) 
is  

exp (2i 2 ~l((k~-k~)/2)). (30) 

F o r  s ingle-channel  sca t te r ing ,  which holds in our  case ,  the S ma t r i x  mus t  be de te rmined  by cons ider ing  
the behav io r  in the l imi t  r -~ ~o of the eigenfunction co r respond ing  to the fixed set  {ki} ~ in tegra ted  with 
r e spec t  to the angula r  coord ina te  v a r i a b l e s  with a smooth function. The coeff icient  of the re f lec ted  wave 
de te rmined  by this asympto t ic  behav io r  then g ives  the S ma t r ix .  

In the in tegra t ion  with r e s pec t  to the angula r  v a r i a b l e s  in our  region x - -x~ >- . . .  --- x n and fo r  
the chosen order ing  of the set  { ki} n 1' a contr ibut ion to the incident wave* exp (l--El )/(]k]r)~'-~)/z and to 

* In t h e s e  e x p r e s s i o n s  r ~ = ~  x~, Ik[z =~-~, k~2. 
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the r e f l e c t ed  wave exp ( i l k l r ) / ( [ k ] r )  '"-')~ f r o m  the  s u m  (23) c o m e  f r o m  only the  t e r m s  exp (i Ek~x~  ) and 

(29), r e s p e c t i v e l y .  Thus ,  f o r  the S m a t r i x  of the s y s t e m  of  n o n e - d i m e n s i o n a l  p a r t i c l e s  with b i n a r y  
i n t e r ac t i on  g ( x ) = c $  (x) admi t t ing  the fo rm u la t i on  of  the s c a t t e r i n g  p r o b l e m  we have obta ined the f o r m u l a  

( (k , -k~) /2)  H S ( k :  ~+,-k,), S(k , ' ,  . . . .  k. ';  k , , . . . , k . )  = e x p  (2~ 2 ~1 ) - (31) 

energyWhere ~((k~.(k 2 + k~)z2.kj)/2) is  the phase  shif t  of the t w o - p a r t i c l e  p r o b l e m  with tota l  m o m e n t u m  k i + k) and 

Note tha t  the W e i e r s t r a s s  funct ion - in the g e n e r a l  c a s e  i t  i s  a doubly pe r iod ic  m e r o m o r p h i e  
funct ion - def ines  a m o r e  i n t e r e s t i ng  c l a s s  of po ten t i a l s  f o r  s t a t i s t i ca l  phys i c s  r a t h e r  than sca t t e r ing  
t h e o r y .  

The ques t ion  of the f a c t o r i z a t i o n  of the S m a t r i x  f o r  M o s e r - C a l o g e r o  s y s t e m s  was  sugges ted  to 
me  by L.  D. Faddeev .  I a m  a l so  v e r y  g ra t e fu l  to V. S. Bus laev ,  F .  Ca loge ro ,  and M. A. S e m e n o v - T y a n -  
Shan ' sk i i  f o r  helpful  d i s c u s s i o n s .  

A p p e n d i x  

The  f r e e  K l e i n - F o e k  equat ion  (_oo<x, t < + - ,  r 

(pu-(p==+mZ(p=(pa~+m~(p=0; ~: ~(t-x)]2, (y=(t+x)/2, (32) 

has ,  b e s i d e s  the e n e r g y - m o m e n t u m  t e n s o r  [which we wr i te  in the  f o r m  of the p a i r  of c o n s e r v e d  c u r r e n t s  
((~j, - n ~ ) ,  (m~. ~, - ~ )  ], an infini te  n u m b e r  of  c o n s e r v e d  c u r r e n t s  by v i r t ue  of the s y m m e t r y  unde r  the 
subs t i tu t ion  a*-*~ and the fac t  that  in addi t ion to ~ (~, r )  the de r iva t ive  with r e s p e c t  to  a of any  o r d e r  is  
a l so  a solut ion of Eq.  (32). We denote  the c o n s e r v e d  c u r r e n t s  by  (A("), ]J")) and (1.(">, �9 ("> jo ), where  n = 1, 2, 
. . . .  and 

1~ ~) = (o~m) 2, (~) "-~ .(") "-~ .~') 1o = - m 2 (  ~ ~)~; 1, = m2(o, ~)2, 1o = - ( o , ' ~ )  ~. ( 33 )  

z - -  ~ 0 f i n )  ( n )  By v i r tue  of Eq.  (32), o ](") oo]J ~) 0, ~j~ - o~i~ =0. Let  u s  c o n s i d e r  what  i n t e r ac t i on  t e r m s  can  be 
added to Eq. (32) if  we r equ i r e ,  f i r s t ,  tha t  t h e  i n t e r ac t i on  conta in  only  p o w e r s  of the f ieId ~0 and, second,  
the c o n s e r v e d  c u r r e n t s  a c q u i r e  c o r r e c t i o n s  of  h ighe r  than second  d e g r e e  in go. We add to (32) an infinite 
s e r i e s  with a r b i t r a r y  cons t an t s  a n tha t  a r e  to  be d e t e r m i n e d :  

~,, = -mz~ + ~ a ~  ~. (34) 

The  c u r r e n t s  J(~) and j(1) can  be r e a d i l y  found in this  c a s e  too (the e n e r g y - m o m e n t u m  t e n s o r  ex i s t s  f o r  
any local  in t e rac t ion ) .  C o n s i d e r  the c u r r e n t  j(2) ; f o r  i ts  c o n s e r v a t i o n  we m u s t  have the equat ion 

a~(~oJ = 2(~,~oo, = aj(o 2) + a~F(~, ~ .. . . .  ), (35) 

whe re  the r i gh t -hand  s ide can conta in  an addi t ional  t e r m  in the f o r m  of a de r iva t ive  with r e s p e c t  to r ,  
which,  modify ing  the c u r r e n t ,  we t r a n s f e r  to the  l e f t -hand  s ide .  Using Eq.  (25), we obtain 

r t ~ z  

and we r e w r i t e  Eq. (35) in the f o r m  
oo 

n = z  n ~ 2  n ~ 2  

If  th is  equat ion is  to e x p r e s s  a c o n s e r v a t i o n  law, the l a s t  t e r m  m u s t  be a total  de r iva t ive  with r e s p e c t  to r .  
We e x p r e s s  the t e r m  with n = 3 in t e r m s  of the equat ion of mot ion  (34) : 

- ( ~ 6as 
- ep.Z2a~ + 6aam-Z(p. s ~~ -- a.(p" -- q)o s Z n(n-l)a~q)'-~ = --c3.q)~a - ~" 2a~+ ~[(n+2)(n+i)a.+~+6m-Zasa.]q~" ) .  

n ~ 2  . n = $ ,  n ~ 2  . 

Thus ,  the l a s t  t e r m  in (36) has  the f o r m  of a total  de r iva t i ve  with r e s p e c t  to ~" plus  a s e r i e s  in q~, which 
cannot  be r e p r e s e n t e d  in the f o r m  of a de r iva t ive  with r e s p e c t  to  a o r  with r e s p e c t  to � 9  T h e r e f o r e ,  
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this ser ies  must vanish identically, which gives relations between its coefficients: 

a~_=a2~=O, a2~,• m2A~/(2n+l) !, A = - 6 a ~ m  -z, 

and Eq. (25) can be rewritten in a compact form with a rb i t ra ry  constant A: 

q),~+ mZA -v' sh (AV~qO =0. 
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