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Abstract

The isomorphism SU(4) ~ O(6) is used to construct the form factors of the
0O(6) Gross—Neveu model as bound state form factors of the SU(4) chiral
Gross—Neveu model. This technique is generalized and is then applied to use
the O(6) as the starting point of the nesting procedure to obtain the O(N) form
factors for general even N.
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(Some figures may appear in colour only in the online journal)

1. Introduction

In previous decades integrable quantum field theories in 1 + 1 dimensions have been inves-
tigated very intensively. One of the pioneers was Petr Kulish: an infinite set of conservation
laws for the sine-Gordon and the massive Thirring model was derived by Kulish and Nissimov
in [1] (see also [2]). In [3], Kulish has shown that these conservation laws imply the factoriza-
tion of the S-matrix. He also made a seminal contribution in the algebraic formulation of the
nested Bethe ansatz: in [4] Kulish and Reshetikhin constructed the nested version of the alge-
braic Bethe ansatz for a GL(N) invariant model. The ‘off-shell” version of this nested algebraic
Bethe ansatz was later developed in [5] to solve matrix difference equations. This technique
was applied in [6-8] to construct form factors for the SU(N) chiral Gross—Neveu model.

In a previous paper [9] we constructed the O(N) nested Bethe ansatz, which needs deeper
investigations. We introduced an intertwiner, which connects two different S-matrices in the
nesting procedure S(0, N) and S(6, N — 2). Then we applied this technique in [10] and [11] to
the O(N) nonlinear o-model and the O(N) Gross—Neveu model with even N, respectively. In
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Figure 1. The isomorphism 0(6) ~ SU(4) in terms of the Dynkin diagrams.

the present article we will consider the form factors of the O(6) Gross—Neveu model which
will be the starting model for the nesting procedure for the O(N) Gross—Neveu model. The
O(4) Gross—Neveu-model will be considered in forthcoming papers.

Our results are related to the N = 4 supersymmetric Yang-Mills (SYM) theory. It is known
that the O(6) or SU(4) Bethe ansatz structure is connected to the N = 4 SYM theory, which,
in turn, is equivalent by the AdS/CFT conjecture to the super-string theory on the product
space AdSs x Ss. This equivalence means that there is a one-to-one correspondence between
all aspects of the theories including the global symmetry observables and the field content with
correlation functions. In the N = 4 SYM theory there is an automorphism symmetry group of
the supersymmetry algebra known as R-symmetry, which causes the supercharges to change
by a phase rotation. Thus for the N = 4 SYM theory the R-symmetry group is SU(4) ~ O(6).
This group is part of the full group of symmetry of the theory known as superconformal group
and is given by S(2,2|4) which also includes the conformal subgroup SO(2,4) and Poincare
supersymmetry [12, 13]. Therefore all integrable structures associated with SU(4) ~ O(6)
group are interesting tools for this big AdS/CFT correspondence conjecture.

In [14] was shown that the isomorphism O(6) ~ SU(4), see figure 1, leads to an identity
between the O(6) Gross—Neveu model and the SU(4) chiral Gross—Neveu model. The four
right-handed (left-handed) O(6) kinks correspond to the four fundamental SU(4) particles
(antiparticles). The six fundamental O(6) particles correspond to the six SU(4) bound states.
In [14] the isomorphism was shown for the S-matrices. In this article we demonstrate the iso-
morphism for the form factors.

In [10] and [11] we constructed form factors for the O(N) o-model and the O(N) Gross—
Neveu model (for N even), respectively. For these constructions we used the nested Bethe
ansatz, which means that for the level NV one needs the results from level ;¥ — 2, etc. In [10] we
used the isomorphism O(4) ~ SU(2) x SU(2) as the starting point of the nesting procedure
for the O(N) o-model. The SU(N) form factors were constructed in [6-8, 15, 16]. The results
of the present article, which rely on the isomorphism O(6) ~ SU(4) may serve as the starting
point of the nesting procedure for the O(N) Gross—Neveu model.

The article is organized as follows. In section 2 we recall some results on the needed S-matrices,
in particular the bound state procedure. In section 3 we recall results on the SU(4) and O(6) form
factors. We show that the form factors for O(6) vector particles are to be identified with SU(4)
bound state form factors. In section 4 we apply these results to some examples. In section 5 we
generalize the results to the so called ‘modified form factors’. We prove that they can be used to
start the nested ‘off-shell’ Bethe ansatz to solve the O(N) form factor equations. The appendix pro-
vides the more complicated proofs of the results we have obtained and further explicit calculations.

2. S-matrix

2.1. The SU(4) S-matrix

The S-matrix of the SU(4) chiral Gross—Neveu model for the scattering of two fundamental
particles (transforming as the SU(4) vector representation) is given by [6, 14, 17-19]

2
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VA 6) =D (0) 1+ SVD (0) P (1
or in terms of the components
D C
DC -
(S5U@)Y 2 9y = V@ (9) 5558 + SV () 6755 = ><
A Orp

with the rapidity difference of the particles 8 = 61, = 6, — 6,. The two S-matrix eigenvalues
are SiU(4) — pSUMA) & SU4) with

0 — Lir
SSU(4), SUDN _ 2! U@ ’
( + B ) 0+ %iﬂ' B 2)

Unitarity can be written as

UG (—)s5 W () = 1.

The highest weight amplitude

r-4i89r(+14)
aSU(4)(0) — SSU(4)(0) — _ 2im 4 2im (3)
" F(1+33) TG -5%)

is essential for the Bethe ansatz which will be used to construct the form factors. In order to
simplify the formulae we extract the factor @’V (6) from the S-matrix and define

SvSU(4) (0) _ SSU(4) (9)/61SU(4) (0) _ i)SU(4) (9)1 + E‘SU(4) (9)1) (4)
with
1.
BSU(4)(9) _ 0 ’ E,SU(4)(9) _ o™ '
0 — %iﬂ 0 — %i?‘(‘

The S-matrix eigenvalue SS_U(4)(9) has a pole at 6 = 1im which means that there exist a
bound state of 2 fundamental particles, which transforms as an SU(4) anti-symmetric tensor.
This have to be identified with a fundamental particle of the O(6) model (see below). The
bound states of 3 fundamental particles (ABC) (with 1 < A < B < C < 4) is to be identified
with an anti-particle of a fundamental particle D : (ABC) = D [6, 19, 20]. The charge conju-
gation matrix is

C(ABC)D = €ABCD 3)

where €4pcp is total anti-symmetric and €234 = 1.

2.2. The O(6) S-matrix

The O(6) Gross—Neveu S-matrix for the scattering of two fundamental particles (transforming
as the O(6) vector representation) can be written as [21]

S9©)(9) = p°©(9)1 4 2O (H)P + d°© (H)K, (6)
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or in terms of the components as

0 Y
oy
(599), 5 () = 090 (6)8705 + 2 (0)520% + d°©(8)C Copy = ><
1 6)2 ﬁ
with the ‘charge conjugation matrices’

Cap = 8,5 and C*F = 527 )
in the complex basis (see [11]). The three S-matrix eigenvalues are S0(6) bO©) 4 (0) and
SO = pO(6) 4 00 4 640) with

0 —+ im 60— 117'(' 6
SO(G)’S0(6)’S0(6) — , 2 , 1 SO( )
(0 + - ) 0 —ir’ 0+ Lir - ®

Unitarity reads as

So (=0)s5Y (0) = 1.

The highest weight amplitude is [21]

F(l—-LOT L +LO)T(2+-L0)T (L - Lo
00 =200 - Tho U G s s,
(14350 T (3 = 550) T (3 — 250) T (3 + 350)

For later convenience we introduce again
390 (9) = §°)(9) /a®® (6) = 67O (9)1 + PO ()P + I°OO)K  (9)
with

0 —li7r %) —%iw

— 0 = 2

0—%i7r 9—5177

00 (0) = d°©) (6) =

9—517'('17(__6.

Remark 1. Note, that the amplitudes b and ¢ are the same for SU(4) and O(6).

2.3. Bound state S-matrix

The S-matrix eigenvalue §U@ (0) of (2) has a pole at 6 = %iw which means that two funda-
mental particles A and B form an anti-symmetric tensor bound state (AB). The S-matrix for the
scattering of these bound states with fundamental particles is given by [14, 22]

1

C'(R'S’ RS R/S/ 1Al "B’
S(R(S)C )(9( ))F( = A’B’)SSCIL}’ (913)50 (0a3)

912:§i7r
! !
fRS) (R'S") & RS
pr— B/
A cn 10
A s C 5 C ( )

where 6(12) = 1 (6) + 6,) is the bound state rapidity and 61»/i = 7/2 the bound state fusion
angle. The bound state fusion intertwiner Fg‘,f ) is defined by
4
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B A
i Res S541(0) =Y THATY = [(RS). (11)
O=4im R<S
A B
With a convenient choice of an undetermined phase factor one has
Iy =i0(3) 2/m)'" (548 — 535F) - 12

Applying formula (10) twice we get the S-matrix for the scattering of two bound states. For
example we obtain

SV pSUA) pSUM) ,SUE) | pSUM) (SUM) pSUM) pSUM) _ pSUM) (SUM) pSUA) SUE) — _,0(0) ()

where the arguments on the left hand side are to be taken as 6 + %iﬂ', 0,6,0 — %iﬂ'. There are
similar formulas for the other amplitudes. The result is the S-matrix for the O(6) Gross—Neveu
model up to a sign® (see [14]).

We have the map M&s) from the anti-symmetric tensor SU(4) bound states to the O(6)
vector states (in the complex basis) (see [6, 11, 14])

SU(4) bound states 0(6) vector states
(RS) € {(12),(13), (14),(23), (24), (34)}} {a €{1,2,3,3,2, 1}’

which means that the no-zero matrix elements are

(13)

M1y = Miizy = M{4y = Miys) = My = M{3) = 1.

3. Form factors

The matrix element of a local operator O(x) for a state of n particles of kind «; with rapidi-
ties 6;

(0|O(x)|6y,...,0, >g = e_ix(P1+-»-+Pn)FgO(Q)’ 0, >0,> >80, (14)

defines the generalized form factor FC | (8), which is a co-vector valued function with comp-
onents Fg (0).

3.1. Form factor equations

The co-vector valued function F' lon(Q) is meromorphic in all variables 61, . . ., 8, and satisfies
the following relations [23, 24]:

(i) The Watson’s equations describe the symmetry property under the permutation of both,
the variables 6;, 6; and the spaces i, j = i + 1 at the same time
FOu (. 0u6...) =F% (....0.0i...)S;(6;) (15)

I/

for all possible arrangements of the 6’s.

3 This is because the fundamental Gross—Neveu particles are fermions (see [14]).

5
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(i1) The crossing relation implies a periodicity property under the cyclic permutation of the
rapidity variables and spaces

"y | O0) [ opi )
=FP (01 +im 0s,...,0,)07C" =FF ,1(6s,...,0,,0, —ir)C"
(16)
where ¢& takes into account the statistics of the particle o with respect to (*. The charge
conjugation matrix C"' will be discussed below.
(ii1) There are poles determined by one-particle states in each sub-channel given by a subset of

particles of the state in (14). In particular the function F© (g) has a pole at 61, = im such
that B

Res Fl(?__n(ﬂl, . ,0,,) = 2i012 Fg.)..n(03’ ‘e ,Hn) (1 - U?Szn N .S23) .

2=
(17)
(iv) If there are also bound states in the model the function FS (@) has additional poles. If for
instance the particles 1 and 2 form a bound state (12), there is a pole at Ay, = in such that

12
Res FS.“"(GI,H% e »Hn) = F82)..‘n(9(12)’ e ,9,,) \@F%z ) (18)

O12=in

where the bound state intertwiner FSZ) is here given by (12) and the values of 6, 65, 0( 12)
are given in general in [14, 22, 25].
(v) Naturally, since we are dealing with relativistic quantum field theories we finally have

FO 01+ ... .0, +p) = FP (01,....0,) (19)
if the local operator transforms under Lorentz transformations as O — e**#(O where s is

the ‘spin’ of O.
For the SU(4) S-matrix (4) the bound state pole is at § = %iw, ie.n = %7‘(‘.

3.2. The general form factor formula

We write the general form factor FY | (9) for n fundamental particles following [23] as
09y = KO y
Fg (Q) - Kg (Q) H F(Gu) (20)
1<i<j<n

where F(6) is the minimal form factor function (see below). The K-function K©  (8)is given
in terms of a nested ‘off-shell’ Bethe ansatz (see e.g. [6, 10])°

KS () = /Cm dz ~~-/C(m) dz h(0.2) p©(0.2) Va(0.2) @)
[ [

written as a multiple contour integral. The scalar function %(6, z) depends only on the S-matrix
and not on the specific operator O(x)

4The statistics factor o'lo is determined by the space-like commutation rule of the operator O and the field which
creates the particle 1.

3 A more general form of the nested Bethe ansatz where the p-function depends on all level z-variables is discussed
in section 3.1 of [6].
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o 0, + 3ir
0, + 3ir Oy + 3im b2
® 6
©9n @92 ogl_lm
oen—%iﬂ ogn_%m 2
N f
(] 91 —
o0, —2um o Oy — 2im
Figure 2. The integration contour for SU(4).
we.) =[[I1¢0:-2) [ G-2) (22)
i=1 j=1 I<i<jsm
() = 23)
$(—2)o(z)

The dependence on the specific operator O(x) is encoded in the scalar p-function® p© (6, z)
which is in general a simple function of e? and e%. The function ¢(6) and the integration con-
tours Cy depend on the model and are given below.

3.3. SU(4) form factors

3.3.1. Minimal form factor. Let S () be an S-matrix eigenvalue. The solution of Watson’s and
the crossing equations (i) and (ii) for two particles

F(0) = S(0)F (—0)

F(ir + ) = F (i — 6) 24

with no poles in the physical strip 0 < Imé# < 7 and at most a simple zero at § = 0 is the mini-
mal form factor [23]. For the construction of the ‘off-shell’ Bethe ansatz the minimal form
factor for the highest weight eigenvalue of the SU(4) S-matrix a%U*) () of (3) is essential. The
unique solution (up to a constant factor) is

1o — 10
FSUM#) 9) = G(Ziw) G(l 2i7;) 25)
2

9 0
GG +21:) GG — 37

where G(z) is Barnes G-function, which satisfies (see e.g. [26])

G(142z) =T(z)G(2).
3.3.2. The n-particle form factor for SU(4). Ts given by (21) and the function ¢(6) in (22) and
(23) is (see [6])

~ 3 1 1

=T (2+-—0|T(-=0).

() <4 + 27Ti6> ( 2#19) (26)

The integration contour in (21) for SU(4) is depicted in figure 2

How the statistics factors enter the periodicity rules for the p-functions is presented in section 3.1 of [6].

7
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3.3.3. Nesting. The Bethe state in (21) for SU(4) is written as

Uy (0.2) = Ky (2) 956, 2) (27)

where A = (Ay,...,A,) with 1 <A; <4 and summation over all B= (By,...,B,) with
2 < B; < 4 is assumed. The basic Bethe ansatz co-vectors (in the algebraic formulation)

i’%,n € (Vl“‘")T are defined as [6]
Bl Bm 1 1

A\ = 21 91 Qn: ’ 1§Az§4

Ay A, (28)

The nested Bethe ansatz is obtained by writing for Klgl) (z) of (27) an ansatz as (21) and so
on: for K (z1)) we have an SU(3) and for K (z?) an SU(2) Bethe ansatz, which is well
known. The number m = n; in (28) is the number of ‘weight flip” operators. These numbers
for the various levels of the nested Bethe ansatz satisfy [6]

(n—mny,n —ng,ny — nz,n3) :w0+L(1,1,1,1) (29)

where w? is the weight vector of the operator O and L =0, 1,2,.. ..

3.4. O(6) form factors

3.4.1. Minimal form factors. The solutions of Watson’s and the crossing equations (i) and (ii)
for two particles (24) with no poles in the physical strip 0 < Imf < 7 and at most a simple
zero at @ = ( are the minimal form factors [23]

. . 5 1
(R0, P9, F20) ™ (Nanhé (im—6) TG~ 250 T (5 + 550) 1) FO(6) min,

imT—0 " T2(3)coshi (ir — )
(30)
They belong to the S-matrix eigenvalues Sg %) and Si(ﬁ) of (8). The full 2-particle form factors
are
0(6 1 0(6) min
FO%4 () = FOOT™ (0). 31)

" sinh L — Lir)sinh 1 (6 + Lir) +,—0

They are non-minimal solutions of (24) having a pole at § = %iﬂ (see (5.10) and (2.16) of [23]).
For the construction of the ‘off-shell’ Bethe ansatz the minimal solution of the form factor
equation (24) for the highest weight eigenvalue of the O(N) S-matrix’

FO©) (8) = —a®©) ()FO©) (—g) (32)

7The minus sign in (32) is due to fermionic statistics of the fundamental particles (see also equation 4.12 of [27]).
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is essential. The unique solution (up to a constant factor) is

1 .
FO©) () = ccosh 3 (ir — ) F2(6) min )

GUL)G(-4E) G(+32)G(E-12
TGO+1DGG- GG IDe(E-1E O

The function $(6) in (22) is the same as (26) for SU(4) and the integration contours in (21)
can be found in [11].

3.5. Bound state form factors

The statistics factor of two fundamental particles in the chiral SU(N) Gross—Neveu model
[6, 19, 20] is o = exp (2mis), where s = § (1 — &) is the spin. For SU(4) this means that the
spinis s = g, and the statistics factor is o = exp ( 7r1) In particular, the bound states of two
fundamental SU(4) particles are fermions because g4 = —1.

An n’ = n/2-particle form factor for O(6) is calculated from an n-particle one of SU(4)
using the bound state formula (iv) of (18)

Fg((’) (Wl = 2-n/4 Res ... Res FiU(4)(Q) (34)
Onp=xim Opn—1n=3iT
where ' = Iy . FX‘"LI s the total intertwiner and w; = % (62i—1 + 6;) are the bound

state rapldltles

Lemma 2. The bound state form factors defined by (34) satisfy the form factor equa-
tions (i)—(v) of (15)—(18). The K-functions defined by (20) and (34) satisfy, in particular

L.

1
K2© ()T =27/ = = Res ... Res K;'“(p)
- - lgi[‘j[gn/ d)(iwl,})d)( wlj )912:%”— 9”*1":%17‘- 4
(35)

2. the form factor equation (iii) in the form (see [11])

ResK(6)(): 2

wip=iT (

012H¢ wj1 + 717r)¢~>(w,2) 30( ,,)/( ) (1= Sow ... 53)
(36)
with @ = ws, ... wy.

Proof. In appendix E of [25] was proved that in general bound state form factors satisfy the
form factor equations. We use the variables u, 0 with § = %iﬁu, w = %i’]TO.

1. Equation (34) implies for the K-functions (35) because from (25) and (33) we derive

FSU® (w + Lir) (FSU® () FSU® (w — Lir) B 1
FO0©) (w) C d(—w)p(—w + Lim)’
(37)
2. This follows from the general proof of (iii) in [25] and (35). One can also prove it directly

from (iii) for FEUW (9), equation (35) and (up to a const.)
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3<1<—['< /¢(—wy)¢~>( 21’/T) n n’ ~
o 7THIH>U H<w+*mﬂw)

1<i<j<nr¢(_wU)¢( wy + 3im) i 5j=2 =3
~ ~

for 92,',1 =w; + %i’]‘r, 92,‘ = W — %171’ and Wi = im. |
This lemma implies the following

Corollary 3. In [14] we demonstrated that the isomorphism O(6) ~ SU(4), leads to an
equivalence between the O(6) Gross—Neveu model and the SU(4) chiral Gross—Neveu model
for the S-matrices. The results of this section show, that this is also true for the form factors.

4. Examples of operators

‘We use the results of [6] and [11].

4.1. The current J*(x)

4.1.1. The SU(4) form factor. The SU(4) Noether current Ji7(x) transforms as the adjoint
representation with weight vector w/ = (2,1, 1,0). Because the Bethe ansatz yields highest
weight states we consider the highest weight component

T(x) = €, (x),

where the anti-particle 4 is defined by (5) and J(x) is the pseudo potential with the p-function
in (21) (see section 4.3 of [6])

1 o ) _ (3)
PJ(Q,E) — 62(20, >z >z )/Zeei. (38)

The n-particle current form factor for SU(4) is given by (20) and the nested ‘off-shell” Bethe
ansatz (21) with the p-function (38). The numbers of ‘weight flip” operators in the various levels
of the nested Bethe ansatz are givenby (29)asn =4 4+ 4L, ny =2+ 3L, np =14+ 2L, n3 = L.
In particular we consider L = 0, i.e. n =4, nj =2, np = 1 and n3 = 0. The Bethe state in
(21) is then

Ua(6.2) = Ky (2)@5(6. 2)

Ky (2) /dyH¢ Ny @)

Uy (z.y) = 03,03,b(21 — y)elza — ) + 03, 03,¢(z1 — ) &

(see also figure 3). Below we use this formula to calculate the bound state form factor.

4.1.2. The O(6) form factor. The O(6) Noether current transforms as an antisymmetric O(N)
tensor with weights w/ = (1, 1,0). The bound state formula (34) applied to (20,21) with the
p-function (38) yields the O(6) current form factor for /2 particles. In particular we consider
the case n = 4.

Proposition 4. The bound state formula (34) for n = 4 and (20) and (21) with the p-
function (38) vyield the two particle O(6) form factor of the pseudo-potential J*?(x) and the
current Jﬁ‘ﬁ (x) = €0V (x)

10
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3 2 2

V1 = U2 \
uql U U3 Uy

Figure 3. The Bethe state \IJA(E, v) in (42) for v = us, vy = ug.

af % oY
Fgl(g)zl (01,0,) = (5a16§2 - 5B Oa ) cosh 1912F?(6) ©) (40)
2
a3
Foror'™ (61,0,) = (52,62, — 62,62.) 0(61)7,u(6:)F°© () (41)

which agrees with the results of [11].
Proof. We have n =4, ny =2, n, = 1 and n3 = 0. For convenience we use here the vari-

ables u, v, w with § = irJu, z = irjv, y = imjw and calculate (always up to constants)

Res Res KSU(4)J( ) = Res Res/ dvh (u,v) p’ (u,2)Va(u,v)
Cu

up=1uz=1 up=1uz=1

= Res Res Res Res /i (u,0) p’(u,0)¥a(u,0) (42)

U =1 uzs=101=ur V3=uy

because the residues are obtained by pinchings at v; = uy, v = us which imply that the S-
matrices S(u, — v1) and S(ug — v3) are replaced by the permutation operator (see figure 3).
Using Yang-Baxter relations and the formula for the fusion intertwiner (11) we obtain

Res Res Ky () = G(u14)0(us2) KY (uaa)bura) p’ (a2, s) (T5'T50 TE'T,0,)

up=1uz=1

With (39) we have (again up to constants)
1 1 1 1 3 1
/301 11
=T <1 - ZUIZ) r (*Z + 11712)

where ¢(v; — w)e(v) —w) I(—1(v1 —w))I'(—1 4+ 1 (v1 — w)) and the Gauss formula

1T (a+n)T'(b+n) T()  T()(c—a—0b)
2 T@ T(®) L(ctn) T(c—a)l(c—b) “3)

2F| (a, b; C, 1) =
n=0

have been used. Similarly, we calculate K§3)( ) and get K, (1 )( ) = —Kg) (v). Finally using (38)

1
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12) (13 13) (12
Res Res K v (u ):Kj(o) (FglAlfngl F/SIA)ZF§SA1)

up=1unu=

K(0) = Sn)en)T (§ = Juae ) 0 (=4 + o) o) )

2
1 301 11
siném( (4 40) ( 4+40)>

with 0 = u(12y(34) = w13 = U4 = w14 — % = up3 + % The result (40) follows then from (37),
(30) and (31). m

4.2. The iso-scalar operator O

The SU(4) n-particle form factor for the iso-scalar operator O(x) with weights

= (0,0,0,0) is given by (20) and the nested ‘off-shell’ Bethe ansatz (21). The numbers
of ‘weight flip’ operators in the various levels of the nested Bethe ansatz are given by (29) as
n=4+44L, n =3 +3L, np =2+ 2L, n3 =1+ L. We propose for the iso-scalar operator
O(x) the p-function

o (Q’é) = 6%29:—21;(1)+ZZ[(3) — 1. (44)

With this p-function in (21) the form factor equations (i)—(v) of (15)—(18) hold with statistics
factor alo = —1 and spin s© = 0. The bound state formula (34) applied to (20) and (21) with
the p-function (44) yields the O(6) form factor of the operator 1% (x) for n/2 particles. In par-
ticular we consider the case L =0,i.en=4,n, =3, n, =2 andnz = 1.

Proposition 5.  The bound state formula (34) applied to (20) and (21) with the p-function
(44) yields the two particle O(6) form factors of )

FU%(0) = (0]99(0) | pr.p2)™ o, = Caya, 0(01)u(0:) Fo(612) (45)

which means for the energy momentum operator® THV

wy v in = 1 v v
Foa,(8) = (O] T*(0) [ p1,p2)8 0y = Canas0(01)7"u(62) 5 (PY = p3) Fo(b12)

with Fo(0) given by (30) and (31) which agrees with the results of [11].

Proof. The more general proof in appendix implies for v = 1/2

T(3-1le\r 1w
Res  Res Flsg3(44)‘o(01’ .-, b4) = const. (43 Zlﬂw) ( +12w7r) FO© (w).
Bio=4im Oay=sim F(3-22)T(3+38)
with w = 612y — 6(34). Together with (30) and (31) the claim (45) follows. =

4.3. The O(6) Gross—Neveu field v(x)

4.3.1. The SU(4) form factor. We follow [6] and define the SU(4) operator O*% = [y, 4]
where 1 (x) is the fundamental field of the chiral SU(4)-Gross—Neveu model. It has the

8 This follows from 9, T#" = 0 and TH = mirp-
12
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weight vector w® = (1,1,0,0). We write the highest weight component [1/1',1/}2] as O and
propose the p-function (see section 4.2 of [6])

2 m 3 n
P70 = (7 (0.0) =BT ) (46)

belonging to the & spinor components. The form factors are again given by (20) and (21). The
numbers of ‘weight flip’ operators in the various levels of the nested Bethe ansatz are given by
29 asn=2+4+4L,ny =1+3L, n, =2L, n3 = L.

4.3.2. The O(6) form factor. The fundamental O(6) field 1 is fermionic and transforms as
the vector representation with weight vector w¥ = (1,0,0) [11]. It is given in terms of (48
by (12) and (13)

U = Mo Tl [0 07).
The bound state formula (34) applied to (20) and (21) with the p-function (46) yields the O(6)
form factor for n/2 particles. In particular we consider the case L = 0,ie.n =2, m=1

SU(4),(’)(i) . / ~ ~ i(z_§(91+92)) ~
R K )= R d 0, — 0, — 4 (0,
912:5782/3 4 (*) 912:ie7rSZ/3 Co Z(b( ! Z)¢( : z)e A*<* Z)

= ¢ (912) ei(az—%(91+92)) Res SilA (912)
Orp=im2/3 172
where pinching at z = 6, was used. Therefore the O(6) one particle form factor of the field is
with 0 = 1 (6; + 62) (up to const.)

FOOV gy = e710 = 4 5) (g)

as expected.

5. O(6) ~ SU(4) as a start of level iteration for O(N)

5.1. The modified n-particle K-function for O(6)

The O(N) Gross—Neveu form factors are given by the ‘off-shell’ nested Bethe ansatz [11].
Therefore we need the higher level O(N — 2k) Bethe ansatz for k = 1,...,N/2 — 3. The last
one is of O(6) type. For this discussion it is convenient to introduce the variables u, v with
6 = imyu, z = imyo with v = 2/(N — 2k — 2). For the O(N — 2k) S-matrix S® (1) we
write
5O () = S® /SW = p(u)1 + &(u)P + di()K
~ -1 - 1 47
b(u) = — - 7

T c(u) = 1 di(u) =

u—lu—1/y’

and define the higher level K-functions
Kg) () = N'("]i) /cm) dor - /cw doy, h(w2) P (u, 2) ‘igx,k) (u,0)

IO (u,v) = Kg“)(y) (@9 () (48)

13
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with u =uy,...,u,, 0="10,...,0,, and m; = 4. The basic Bethe ansatz co-vectors
(i)(k))g(% v) are defined analogously to (28). The function A(u,v) is given by (22) and (23)

where ¢ (0) is replaced by

27 27

¢3V(9):P<1—;u+1.9>r(—1.9), v=1=2/(N-2)

The higher level K-functions Kg) (u) for k > 0 satisfy the equations

K(kgj( C U U L) = K(kj)l( C U Uy ) S’l(jk)(u,]) (49)
(i)™

KO +2/vun, . uy)oPC = KE (.t ur)CY (50)
(i) ©

ng
Res KN ) = T doun + 1) (un) CKY, (s, uy,).
up=1/vg

i=3

(S

The normal form factor equations (i)—(iii) for O(N — 2k) are similar to these higher level
equations. There are, however, two differences:

1. The shift in (ii)*’ is the one of O(N) but not that of O(N — 2k).
2. There is only one term on the right hand side in (iii)(k).

In particular for k = N/2 —3 = 1/v — 2 we have v = 1 and Kg‘) (u) = g(ﬁ),V(H) is of
O(N — 2k) = O(6) type, which means in particular that the S-matrix and the Bethe state are
the ones of O(6). We call Ko ©- 4 modified O(6) K-function.

5.2. The modified n-particle K-function for SU(4)
Replacing in (21) and (26)

~ ~ 1 1 1

o) = ¢, (0)=T (1 2u+ 2#19) r ( 27719>
we obtain the modified n-particle K-function for SU(4) which satisfies the form factor equa-
tion (ii) (see (16)) not for the shift §; — 6y + 2i but for 8; — 6; + i /v and in (iii) (see (17))
the second term on the right hand side is missing. Again we use for convenience the variables
u and v with 8 = imvu, z = imvo, then the K-function (the integration contour is shown in
figure 4)

KO (u,v) = /C do [T v —o) [ 7 (0i) p(w,0)Ta(w.0) (52
wv =1 j=1 i<j

satisfies for v < % not the form factor equations (ii) and (iii) of (15)—(19) but the modified
ones

14
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ou +2/v—1
ou,+2/v—1 o uy+2/v—1

@ U, @ Ug ?Yxl— 1

> f 0U1—2/V

n—2/v o uy —2/v
o u —4/v

u, —4/v o uy —4/v

Figure 4. The integration contour C, ,, in (52). The bullets refer to poles of the integrand
resulting from ¢(u, — v;) and the small open circles refer to poles originating from
b(ui — vy) and &(u; — v;).

u,v

(i),

Kf,[.].(:),u(m +2/v,u,...,u )J?Ch = Kg.L./.(nA‘l)’y(”Z’ <o Un, ul)Cﬁ (53)
(iii),,

Mliesl uliesl ulief KSU(4 ,11111 bu(uij) € 1234K5 e, (i) (54)
with it = us, ..., u,.

The proofs of these equations are quite analogous to the ones in [6] for the normal SU(N)
K-functions for N = 4.

5.3. '= n/2 bound states of SU(4) particles:

We apply the bound state formula (iv) to an n-particle modified K-function of SU(4) and
define correspondingly to (35) for v = 2/(N — 2) an n’ = n/2-particle O(6) K-function

1
KOO (o)1 = _ Res ... Res KSU(4)V(,) (55)
P | O vy R P

with 0; = % (tgi—1 + up;) and the intertwiner Ff =T ! Correspondingly to

lemma 2 we prove was s Lara
Lemma 6. The K-function defined by (55) satisfies the modified form factor equations
(i)
KOO (o, 0j...)= KOOV (. 03,01 )5°0) (o)
(éd)

K102(6)n1/j(01 + 2/U, 0o, .. Onl)Cll K20(6n)/1 (02, e ,On/,Ol)Cll

15
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(iii)

Res,, 2K (0) = [ 6v(0n + 1) (02)C1K L) (0)
i=3

with 0 = 03,...0,-

Proof. We follow here the proof of proposition 7 in [25]. For (i), and (if), the proofs are
again obvious. To prove (iif), one follows appendix E of [25] taking into account that also in
(54) there is only one term on the right hand side. [

Corollary 7. The K-function defined by (55) satisfies the higher level equations (i)(k)—
(iv)®) or (4.13)—(4.16) of [11] for k = N/2 — 3, i.e. vy = 1/2. Therefore it serves as a start-
ing of the nesting for the construction of an O(N)-Gross—Neveu form factor for arbitrary even
N > 6.

To construct the form factors of the O(N) Gross—Neveu model for the operators 1)), Jﬁﬂ
and 1® with weight vectors w = (0,0, ...,0), (1,0,...,0) and (1, 1,0,...,0), respectively,
we need for the starting of the nested Bethe ansatz the modified O(6) one for the iso-scalar
with weight vectors w = (0,0, 0). Therefore we generalize the constructions of section 4.2
from v = 1/2 to general v and prove

Lemma 8. The bound state formula (55) applied to the modified SU(4) K-function (52)
with the p-function (44)

p (H’ v, W, )76) = eimj(% ?i] “i*Z}il UHFZ{Q x,‘) -1 (56)

for L=1,2,...(see (29)) yields the modified O(6) K-function for the iso-scalar for n' = 2L

particles. This means that for L = 1 the the bound state formula (55) yields the modified O(6)

two-particle K-function

I (1 — %1/ — %1/012) I (7%1/ + %1/012)
L(1+v—13vop)T (v+ tvon)

Kalaz(ols 02) = Calaz (57)

This is the higher level K-function needed as the starting for the nested O(N) Bethe ansatz
(see [11]).
The proof of this lemma can be found in appendix. It follows the main result of this article:

Corollary 9. For all O(N) Gross—Neveu form factors of operators O(x) with weights
wO = (Wi, w,0,...,0,0) the start of the nesting is obtained by (52) with the p-function (56)
and the bound state formula (55).

6. Conclusions

The form factors for the SU(N) chiral Gross—-Neveu model were constructed in [6-8, 15, 16].
In [10] we used the isomorphism O(4) ~ SU(2) x SU(2) as the starting point of the nesting
procedure to construct the O(N) o-model form factors. Up to now we were not able to do
the analog for the O(N) Gross—Neveu model. However, the fundamental particles of the O(6)
Gross—Neveu model may by identified with the bound states of the SU(4) chiral Gross-Neveu
model [14]. Using this identification we showed in the present article how to use the O(6)
functions as the starting point of the nesting procedure to construct the O(N) Gross-Neveu

16
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model form factors (for N even). In a forthcoming article we will consider the O(4) Gross—
Neveu model. Also the asymptotic behavior of the form factors and the short distance behavior
of the correlation functions will be investigated.
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Appendix.

For simplicity the equations in the following are mostly written up to inessential constants.

A.1. Proof of lemma 8

Proof. We have n =4, n; =3, n, =2 and n3 = 1. For convenience we use again the
variables u, v, w, x, 0 with 0 = irvu, 7z = imve, z® =irvw, z& =irvx, w = itvo. We
prove that (55) for n = 4 (with 01 = (41 + u2)/2, 02 = (uz + us)/2)

1 v
- Res Res KSU(4) (u)
G (—012) b (—012 + 1) m2=1usi=1

KOV (o)Ty =

with the p-function (56) implies (57)

T (1 — %I/ — %l/Olz) r (—%V + %l/Olz)

KO©).v Caia
(01702) 12 P(l +v— %VOH)F(V—F %VOlZ)

[e3Ne %)

We calculate the residues (first for p = 1) of the component with A = (1,2, 3,4) (using pinch-
ingatov; =up —u; — 1, vy =us = uz — 1)

X = Res Res K° (4) u dv; Res Res Res Res 7 (u,v) Wias4(u,v
1234 .

up=1uz=1 up=1u3=191=up Vva=uy

up=1u3y=101=ur V3=u4

/ du; Res Res Res Res 7 (u,v) K ()( )<I>T234(u v)
c

- [me) /C dosh, (u,2) (K (0) — K (0)) b (1 = 03) & (us — 03)
* PR

(A.1)

with p, (u,v) = Res Res h(u,v)- It was used that for v; = u and v, = uy (see figure Al)

V1=Up Uy=uU4

Res RCS (1’1234(1/[ l/lz,u4) = 531 (532532 552553) l;(ul — M4) b (u1 — 03) (u3 — 03)

up=1u=

17



J. Phys. A: Math. Theor. 50 (2017) 334003 H M Babuijian et al

4 4
z 3 3 z 3 3
3 3
w1 w2 2 2 2 w1| w2 2 2 2
2 2
2 2
vl V2| U3 — u2| ug| v3
1 1 1 1 1 1
K\ 1 24 1
\ 1 4,3
. 1
1
uq| ua| usl ug 2 ulm ug| uyl
1 2 3 4 1 3 4

Figure A1. The Bethe state W,(u,p) in (21) for an iso-scalar operator where
A = (1,2, 3,4) and U1 — Up,Up 4)7144.

and therefore

1
Kl(i )(uz,u4,v3) RGSl RCS1 (1)1234(14 uz,u4,03)
- up=1u34

= (ng);(uz,um%) - Kég(uz,um?h)) b (1 — ua) b (uy —v3) ¢ (uz —v3),

further with 0 = 012 = uxq = V13

X(0) = Res Res K123514) (u)

up=1uz=

4 2 4
:/C dos [T TI v —v)r(on) H u;j — 03)7(013)7(023)

i=1 j=1
ij£2,1:4.2

X (Kg‘)‘(uz, Lt4,U3) — Kéi%(uz, u4,U3)) Z) (M] — M4) é (u1 — '()3) (bl3 — '()3)

with vy = uy, U3 = g, uy = up + 1, u3 — ug + 1. We get X as

L(1-3v(1+40)T (3v(0—1))

sin %ﬂ'VO

Y(O) = / dZJ3Z’ (7144 —+ 03) (Kgi(uz, Uy, 03) — Kz(}‘;(uz, Uy, 03))
c&

X(o) = Y (o)

where it was used that for vy = uy, Vo = ug, Uy = ur + 1, uz = us + 1

7 by (11 — vl)éy(ul - Uz)(iy(uz — Uz)qgu(us - Ul)éu(“S - 02)(51/(“4 —vy)
b (M1 — u4) = =
(V1 — 02) by (=01 + 1)
1

1 1
= (14— +u)) T (v (us+1—
v p— < 21/( U u4)> < 2l/(u4 uz))

18
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and

Oty = 03) by (1 = 03) (3 = 03) Gy (s = 03) b —03)E(ws —v3) _
b Z '

qu(vl *Us)ab(*vl +03)0, (V2 — 3) @, (—v2 + v3) ¢ (—uy +v3)
Therefore we have

0 2 (v(o—-1) Y(0) = Caye, Y(0).

K0(6)’V(0) —C, o (Nl — ly(~ )
& o ou(—0)p,(—0 + )sm TVO

Next we calculate

k() = / dwh (2,) K2 ()2 (0, )

with (see figure Al)
O 5505, (0 w) = 0 05 @1 + 80, @

(I)z = B(Ul —Wl)ZJ(Ul —Wz)i)(vz —Wl)Z‘(Uz —Wz)z‘(?)3 —Wl)
(1)1 = B(Ul —Wl)l;(?)l —Wz)&(vg —Wl)
X (l;(?)z —W2)B(U3 —W1)Z’(ZJ3 —Wz) —‘r—Z‘(Uz —W2)Z‘(U3 —Wl))

and

K / dxg, (wi — x) ¢y, (wr — x) (6 b(wy — x)¢(wy — x) + (5C ¢(wy —x))
1 1 1 1
= ((524 — 55) T <—2V + 2VW12> T (1 — 51/ — 2VW12)
which follows from

ﬁ </c i /c> dzl'(a = T'(b — )l (e +2) ' (d +2)

Fc+a)T(d+a)T(c+b)T(d+b)
I'(c+d+a+b) '

(A.2)

Therefore

1 1 1 1
23233 . *51/ + FVWi2 r{1- SV 5V

x (03,08, — 05,03,) (21 — )

because (93¢ — 8 ) (951051 @1 + 057051 @2) = (53,08, — 04,03,) (@1 — @) and
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by — P, = 1;(01 — W1)1;(v1 g(‘;‘z)é(jj)— wi) € (v2 —wy) € (v3 —EE:;)E(;);)_WZ)

Finally exchanging the integrations

Y(O) = / dU3E‘ (_M4 + 03) (Kgi(ug,m,m) — Kég(MZ,M4,7J3)>
C

u

1 1 1
= /C dwr, (wi2)T' (—21/ + 21/W> r (—ZVW)

2

z i ) ) ~ ~
X [HHQZ,V(U!. _Wj)b(vl —wi) b (01 —wy) ¢ (v —wy) ¢ (02 — wy)

1j=1 E(Wl—Wz)

i
V1 =U2,02=u4

X / dousc (—u4 + 7)3) qf;u(vS _ Wl)ﬁlj;,,(% _ WZ) ¢(v; — W1) ¢ (vs — w2)
C

' c (03 — I/l4)
the v3-integration can be done as above in (A.2)
N - N ) 11 11
/ dv3¢>y(v3 — W|)¢,,(‘U3 — Wz)c (U3 — Wl)C(U3 — Wz) = F(*El/ + EVW]z)F(*gV — EVW]Q)
Cu
- (A.3)

and therefore (for v; = uz, Uy = Uy, 0 = Uy — Uy)

In (C.10) of [11] was shown that

2
/C de (&V(Ul — W) bu (02 — wj)E (v2 — wj)) © (w12, k) = K(012,k) (A.4)

with
w = (1 _W)K(Wsk+1>
90( ,k) Q’SV(W)QSV(_W) (W+1/V_k— l)
Kiuty = L0 =3V = dvu) T (=5v+ )

= ) (3= oo+ b
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Note that fork = 1/v — 2

U(w) =

1
w,1/v—2).
%ﬂ'l/(w—l)sinlﬂ'u(erl)(p( / )

sSin 3

Similarly to (A.4) we have here’

2
Y(O) = /C dEH ((l;u(vl - Wj)i) (U] - Wj) (ng(vz - Wj)f‘ (02 — Wj)) \\ (le)
_ K(o.k=1/v -2) _,Klok=1/v-2)
sin 37w (0 — 1)sin g7v (0 + 1) COS TV — COS TVO

(A.5)

with 0 = 012 = ups = vy2. The arguments are as follows: The function Y (o) satisfies the

equations (24) with the S-matrix eigenvalue S'g © of (8). Therefore the minimal solution is
1

Y™in(0) = K(o,1/v — 2)sin 37w (0 — 1) sin v (0 +1).  Pinching at w; — v —2/v,
w, — v, and produces a double pole at o = 1, wich implies (A.S5).
Now we consider the p-function (56) in (A.1), then (up to a constant)

Y,(0) =K(0,k=1/v —2).

This result is obtained by applying to the equations which correspond to (A.2) and (A.3) the
formula

1
7 (/c+/cb> dzl'(a —2)T'(b — )T (c +2) T (d + z) f(2)
=T(l—c—d—a-b)T(c+a)T(d+a)T (c+b)T(d+b)

sinm (¢ + b) sinw (d + b) sinm (¢ + a)sinw (d + a)
% (f(a) wsinm (a — b) 1) wsinm (a — b)
where C, encloses the poles of I'(a — z) and f(z + 1) = f(z) holds. "
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