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EXACT S MATRIX OF GROSS—NEVEU “ELEMENTARY” FERMIONS
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The absence of multiple production and the factorization of the muitiparticle S matrix of the Gross—Neveu model
is demonstrated in the 1/ expansion up to 1/N2. The exact S matrix for the “elementary” fermions of this model
and some of their bound states are presented explicitly.

In ref. [1] Gross and Neveu studied the model of the two-dimensional N'-component Fermi field defined by the
Lagrangian density

'
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in the limit N' — oo, In this limit they found the spontaneous breakdown of discrete 75 invariance (the Lagrange
field o acquires a nonzero vacuum expectation value Ko)| = m = A exp (—Tr/N'g(z))) and hence the dynamical mass
transmutation.

Using a quasiclassical method Dashen, Hasslacher and Neveu [2] computed the particle spectrum of the model
in the same N’ - o limit. The spectrum contains an O(/V) vector multiplet ! of the “elementary particles” of the
model (from here on we shall refer to themas 4;,i=1, 2, ..., N) and a set of O(V) multiplets of particles which
could be thought of as bound states of a number of “elementary” fermions.

The authors of ref. [2] managed to find explicitly a series of time-dependent solutions of the classical equations
corresponding to model (1). Hardly this fact is a fortuity; most likely it indicates the presence of an infinite set of
conservation laws such as in the sine-Gordon model [3].

In the present paper we argue in favour of the special features of scattering in the model (1), namely of the ab-
sence of multiple production and the factorization of the multiparticle § matrix. These features are characteristic
for the models having an infinite number of conservation laws [3]. Our arguments are based on special cancella-
tions taking place in the 1/ expansion of the model (1), which are quite analogous to those found in ref. [4] in
the 1/N expansion of the two-dimensional O(V) symmetric nonlinear o-model. The following considerations are
mainly parallel to those of ref. [4].

The 1/N-expansion technique developed in ref. [1] will be used here without explanations. Consider the ampli-
tude of the process 2 = 4. In fig. 1 diagrams are drawn contributing to this amplitude in the order of 1/N2 (for the
sake of simplicity the case i #j # k #1 is presented).

An arbitrary two-dimensional fermion loop can be calculated explicitly (see ref. [5]). In particular the triangle
in fig. 1g is equal to the sum of three terms corresponding to three possible divisions of the loop through two lines
(see fig. 2), each containing two tree diagrams on the right hand and on the left hand of the dashed line in fig. 2
multiplied by the factor

#1 The Lagrangian (1) is invariant under orthogonal transformations on the N = 2NV'-component vector \pg) (@=1,2,..,N;i=1,2;

Vo= v +1p®).

481



Volume 72B, number 4 PHYSICS LETTERS 16 January 1978

i : N
P2 Ps P P P2 P« P-@2 < Ps
a) b) d) d) Pe
> B R P: R ps
6‘9 Ps @ Pe ©Q Ps Ki 1
[ Pe [: Ps >@< Ps LQl(s
9 @ P4 P2 @ P,‘ P2 @ . IJ
- * P i J k !
e £) 9) v
Fig. 1. Diagrams contributing to the 2 - 4 amplitude. Fig. 2. Calculation of the triangle.
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Ineq.(2) S; =(k; - k )2 m is the mass of the fermion in the loop and momenta k; and k; are fixed by the condi-
tion k? = k2 =m?, At the same time the o-field propagator is equal to —Q~1(k). Therefore different divisions of
the trlangle in fig. 1g cancel all the other diagrams in fig. 1 completely.

One can verify in the same manner that all diagrams contributing to the 3 - 3 amplitude in the order 1/N?2 are
cancelled in their principal parts leaving a factorized amplitude only (for details see ref. [4]).

Of course the considerations presented do not prove rigorously the factorization of the S matrix of the modet
(1). We shall suppose, however, the factorization of the total § matrix to be the exact property of this model, and
construct the total § matrix of “elementary” particles 4;. This .S matrix will be used to derive the spectrum of
bound states and to compute the S-matrix elements of their scattering.

The total factorized S matrix of particles 4; can be described by means of a simple algebraic construction [4]:
introduce N types of noncommutative symbols 4 {(6) and identify the asymptotic states of scattering theory with
ordered products of these symbols, each symbol 4,(8,) corresponding to a particle 4; in the state having momen-
tum p¥ p =mch@,, p; =msh6,, mis the mass of the “elementary” fermion. Identify in(out)-states with
products arranged in the order of increasing (decreasing) 6. One can rearrange any in-state into a superposition of
out-states (obtaining the S matrix elements) by means of the commutation rule:

N
AL6)A(0,)=5,0,(0,,) EAk(GZ)Ak(B )+ 0,(01)4,(6,)4,8,) + 05(01,)4,06,)4,0,). )

In eq. (3) 0, 0, and 03 are two-particle matrix elements and 6, =6; ~ 8.
Unitarity, analyticity and factorization equations (the latter are the self-consistency conditions for commuta-
tion rules (3)) turn out to have a unique solution for functions o(8) (there is certainly an arbitrariness of CDD type):

)\ _ 0 sh 6 +1isin o
0,(0)=— "2(0) 0,(0) = —i =5 0,(0).  0,(0)=037(6) nl shf —isina’ @

where A = 2n/(N — 2), oy, are real numbers and

A—i 1
o00)= 0@, 0O =P i kg ¢ A= (s)

In ref. [4] the solution 0, = 050) was suggested to describe the total § matrix of the O(NV) chiral model. For the
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model (1) we suggest the solution (4) with L = 1 and o = . This solution corresponds to attractive interaction
between two ““elementary” particles which form bound states of the same mass in the isoscalar and antisymmetric
tensor channels (in agreement with the result of ref. [2]).

The investigation of the multiparticle S-matrix elements of particles 4; (the analysis is quite the same as in

ref. [6]) shows that the pole 8 = iX leads to the whole spectrum obtained in ref. [2]:

mn=m§§%[[7;n/—g\jlv—_~§%]—; n=1,2,.<i(N-2). (6)
The strong isospin degeneracy of the spectrum obtained in ref. [2] quasiclassically turns out to be exact, the
masses coincide with those of ref. [2] where /V is replaced by N — 2 #2,

One can include these bound states into the S matrix calculating residues in their poles in the corresponding
multiparticle S-matrix elements. We have not been able to derive a general form of the matrix elements and present
the S matrix including two-particle bound states only (we shall denote them by B and B,-]-). Corresponding algebraic
symbols can be introduced formally by:

A6 —%iA)A].(G +3i)) =8i].B(9)+\/N—4Bi].(6). @)
Substituting eq. (7) into products 4,(61)A4(6)Ax(03) one obtains

}\2
A[0,)B(@,) = [1 O —LinGT—6 - ;—ix)]B(GZ)Ai(Gl)

— 2
-G _%i"xﬁm - ) Bﬂ(Bz)Al(Ol)}oz(G +1iX) 0,0 — 4N,

VN =4

Ai(el)BkI(GZ) = {_ (9 ——%‘i)\)(iﬂ —0 —%i)\) [%5,‘kB(62)Al(01) - '156,'13(02)14]((01)] +

iX
B0 400 g 1 (8381 (6 )4,,(01) — 8B, (0,)4,,,(6 )]

®

¥ 6—_‘%5\ [B(6,)4,6,) — By(6,)4, (6 1)]} 0,0 +1iN)0,(8 — 4iN).

The spectrum of the model (1) contains particles which cannot be thought of as bound states of any finite num-
ber of “elementary” ones. These are so-called Callan, Coleman, Gross and Zee kinks {2]. Therefore the S matrix
of the “elementary” particles and all their bound states is not a total one of the model. The total S matrix should
include elements of the kink—kink and kink—particle scattering. These elements cannot be obtained using the
method described above. They could probably be derived as a solution of unitarity, analyticity and factorization
equations for the kink—kink § matrix. This task is beyond the scope of this paper.

The authors are indebted to L.I. Lapidus, A.M. Polyakov, Yu.A. Simonov and K.A. Ter-Martirosyan for interest
in the results and for valuable comments.

*2 Some arguments in favour of this replacement are presented in ref. [2].
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