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Interacting anyons in 2D harmonic potential in the presence of external 
magnetic field: general setup (B. Abdullaev, et al., Phys. Rev. B 68, 165105  (2003)) 
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𝐴 ν 𝑟 𝑘 = ℏν 
𝑒 𝑧 × 𝑟 𝑘𝑗

|𝑟 𝑘𝑗|
2

;

𝑁

𝑗≠𝑘

 𝐴 𝑒𝑥𝑡 𝑟 𝑘 =
𝐻 × 𝑟 𝑘

2
 Anyon vector 

potential  

Hamiltonian   

Minimization of energy   𝐸 =
 ψ∗ 𝑅 𝐻 ψ 𝑅 𝑑𝑅

 ψ∗(𝑅)ψ 𝑅 𝑑𝑅
 

with trail wave function    ψ 𝑅 =
𝛼

𝜋

𝑁/2

 𝑒𝑥𝑝 −𝛼
𝑥𝑘

2 + 𝑦𝑘
2

2

𝑁

𝑘=1

 

Magnetic field   

Typically, 𝐸 = 𝑅𝑒𝐸 + 𝑖𝐼𝑚𝐸, however, for Gaussian ψ 𝑅 , one has 𝐼𝑚𝐸 = 0. 



Anyons: many-body Aharonov - Bohm effect 

 
 

Inside tube 𝐻 ≠ 0, outside 𝐻 = 0 and 

𝐴 = ф/2𝜋 𝛻𝜑, where ф is magnetic flux. If 
ф0 = 𝜋ℏ𝑐/|𝑒| is elementary magnetic flux, 
then 

 .  


 

.  

. 
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ψ 𝑟 → ψ 𝑟 𝑒𝑖ν𝜑 ;    ν = ф/ф0 ; 

ψ 𝑟 1, 𝑟 2, ⋯  → ψ 𝑟 1, 𝑟 2, ⋯ 𝑒𝑖ν  𝜑 ;  

 

𝑒𝑖ν  𝜑=  
𝑧𝑖−𝑧𝑗

ν

|𝑧𝑖−𝑧𝑗|
ν

𝑁
𝑖≠𝑗 ;  𝐴 ν 𝑟 𝑘 = ℏν 

𝑒 𝑧×𝑟 𝑘𝑗

|𝑟 𝑘𝑗|
2 ;

𝑁
𝑗≠𝑘  

for 𝑧 = 𝑥 + 𝑖𝑦. Thus Schrödinger equation is: 
1

2𝑀
 𝑝 𝑖 + 𝐴 ν 𝑟 𝑖

2𝑁
𝑖=1 Ф 𝑟 1, 𝑟 2, ⋯ = 

                                         =EФ 𝑟 1, 𝑟 2, ⋯  
for bosonic representation of Ф 𝑟 1, 𝑟 2, ⋯ . 



Non-interacting anyons in 2D harmonic well 
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Hamiltonian   𝐻 =
1

2𝑀
 𝑝 𝑘 − 𝐴 ν 𝑟 𝑘

2
+𝑀2 𝜔0

2|𝑟 𝑘|
2 .

𝑁

𝑘=1

 

Energy before minimization is 
𝐸

ℏ𝜔0
=

𝑁

2
𝒩𝛼 +

1

𝛼
, where 

𝒩 = 1 + ν2 𝑁 − 1 𝑙𝑛
1

2𝛿
− 31/2𝑙𝑛

4

3
𝑁 − 2 . When the 

nearest distance between anyons 𝛿 → 0 then 𝒩→ ∞. Origin 

of this divergence is three particle interaction term 

 ψ 𝑅
𝑟 𝑘𝑗∙𝑟 𝑘𝑙

|𝑟 𝑘𝑗|
2||𝑟 𝑘𝑙|

2ψ 𝑅 𝑑𝑅 for 𝑘 ≠ 𝑗, 𝑘 ≠ 𝑙, 𝑗 ≠ 𝑙. Minimization 

𝑑𝐸

𝑑𝛼
= 0 gives 𝛼0 = 𝒩−1/2, thus ground state energy is 

𝐸0 = 𝑁𝒩1/2. Known from literature at ν → 0 limit energy is 
𝐸0𝑙 ≈ 𝑁 + 𝑁 𝑁 − 1 ν/2. Thus fitting at ν → 0 𝐸0 to 𝐸0𝑙 
(regularization !) one obtains expression 𝒩 = 1 + ν 𝑁 − 1   
and expression for 𝛿. 

 
Hence, ground state energy of non-interacting anyons in 2D 

harmonic well  is 
𝐸

ℏ𝜔0
= 𝑁 1 + ν 𝑁 − 1

1/2
. 



Coulomb-interacting anyons in 2D harmonic well 
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Hamiltonian of system  𝐻 =
1

2𝑀
 𝑝 𝑘 − 𝐴 ν 𝑟 𝑘

2
+𝑀2 𝜔0

2|𝑟 𝑘|
2 +

1

2
 

𝑒2

|𝑟 𝑘𝑗|
.

𝑁

𝑘,𝑗≠𝑘

𝑁

𝑘=1

 

Expression for energy is 
𝐸

ℏ𝜔0
=

𝑁

2
𝒩𝛼 +

1

𝛼
+ 2ℳ𝛼1/2  

with ℳ =
𝜋

2

1/2 𝑟0 𝑁−1

2𝑎𝐵
 and 𝒩 = 1 + ν 𝑁 − 1 . 

Minimization 
𝑑𝐸

𝑑𝛼
= 0 gives equation 𝑋4 −ℳ𝑋 −𝒩 = 0 

for 𝑋 = 1/𝛼1/2 with solution: 

 𝑋0 = 𝐴 + 𝐵 1/2 + − 𝐴 + 𝐵 + 2 𝐴2 − 𝐴𝐵 + 𝐵2 1/2 1/2
, 

where 

𝐴 =
ℳ2

128
+

𝒩

12

3
+

ℳ2

128

2 1/2 1/3

 

𝐵 =
ℳ2

128
−

𝒩

12

3
+

ℳ2

128

2 1/2 1/3

 

 

and 
𝐸0

ℏ𝜔0
=

𝑁

2

𝒩

𝑋0
2 + 𝑋0

2 +
2ℳ

𝑋0
. 
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Non-interacting anyons in 2D harmonic well and magnetic field 
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Single electron Fock−Darwin spectrum  
𝐸𝑛𝑙 = 𝑃 2𝑛 + 𝑙 + 1 + 𝑙R,  

where 𝑛 and 𝑙 are radial and angular quantum numbers, 

𝑃 = ℏ 𝜔0
2 + 𝜔𝑐/2

2 1/2
, 𝑅 = ℏ𝜔𝑐/2, 𝜔𝑐 = 𝑒 𝐻/𝑚𝑐 

with magnetic field 𝐻 = |𝐻|.  
   Filling these states by 𝑁 electrons one obtains ground 

state energy for lowest Landau levels at 

𝜔𝑐 ≥ 𝜔0 𝑁 − 2 / 𝑁 − 1 1/2:  

𝐸 =
𝑃

2
𝑁 𝑁 + 1 −

𝑅

2
𝑁 𝑁 − 1 . 

   Calculation for ground state energy for anyons gives: 

𝐸0 = 𝑃𝑁𝒩1/2 −
ν𝑅

2
𝑁 𝑁 − 1 . 

For 𝜔𝑐 → ∞ it should be 𝐸0 → 𝑁𝑅 for fermions ν = 1 and 
bosons ν = 0. For arbitrary large 𝜔𝑐 𝐸0 → 𝑁𝑃 for bosons. 

Thus  

𝒩1/2 = 1 +
ν 𝑁−1

2
.  Fock-Darwin spectrum 𝐸𝑛𝑙 𝐻 . 

Hamiltonian  𝐻 =
1

2𝑀
 𝑝 𝑘 − 𝐴 ν 𝑟 𝑘 + 𝑒𝐴 𝑒𝑥𝑡 𝑟 𝑘 /𝑐

2
+𝑀2 𝜔0

2|𝑟 𝑘|
2 .

𝑁

𝑘=1

 



Coulomb-interacting anyons in 2D harmonic well and magnetic field 
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𝐻 =
1

2𝑀
 𝑝 𝑘 − 𝐴 ν 𝑟 𝑘 + 𝑒𝐴 𝑒𝑥𝑡 𝑟 𝑘 /𝑐

2
+𝑀2 𝜔0

2|𝑟 𝑘|
2 +

1

2
 

𝑒2

|𝑟 𝑘𝑗|
.

𝑁

𝑘,𝑗≠𝑘

𝑁

𝑘=1

 

Hamiltonian  

Calculated energy is    
𝐸0

ℏ𝜔0
=
𝑁

2

𝒩

𝑋0
2 + 1 +

𝜔𝑐

2𝜔0

2
𝑋0

2 −
ν𝜔𝑐

2𝜔0
𝑁 − 1 +

2ℳ

𝑋0
.  

Expression for 𝑋0 is the same but replacing 𝒩 →𝒩 1 +
𝜔𝑐

2𝜔0

2 −1

 and ℳ →ℳ 1+
𝜔𝑐

2𝜔0

2 −1

. 



Infinite Coulomb anyons gas  
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Hamiltonian 𝐻 =
1

2𝑀
 𝑝 𝑘 + 𝐴 ν

2
+𝑀2 𝜔0

2|𝑟 𝑘|
2 +

1

2
 

𝑒2

|𝑟 𝑘𝑗|
+ 𝑉

𝑁

𝑘,𝑗≠𝑘

𝑟 𝑘

𝑁

𝑘=1

 

 

with 𝑉 𝑟 𝑘 = −𝜌 
𝑒2𝑑2𝑟

|𝑟 𝑘−𝑟 |
 .   

    Let us consider no interacting case and ν = 1 then at 𝑁 → ∞  𝐸0 = ℏ𝜔0𝑁
3/2 since 𝐸0 =

ℏ𝜔0𝑁𝒩
1/2and 𝒩 = 1 + ν 𝑁 − 1  .  Ground state energy of 2D electron gas with no interaction 

is 𝐸0𝑒𝑔 = 𝑁ℏ2/𝑚 𝑟0
2, where 𝑟0 is mean distance between electrons. From 𝐸0 = 𝐸0𝑒𝑔 one gets 

ℏ𝜔0 = ℏ2/ 𝑚 𝑟0
2𝑁1/2  (harmonic potential regularization with vanishing confinement at 

𝑁 → ∞ !). 

 

From 
𝐸0

ℏ𝜔0
=
𝑁

2

𝒩

𝑋0
2 + 𝑋0

2 +
2ℳ

𝑋0
 one obtains energy per particle (in Rydberg 𝑅𝑦 = 𝑒2/2𝑎𝐵 

units, where 𝑎𝐵 is Bohr radius): 

 
𝐸0
𝑁

=
2𝑓 ν, 𝑟𝑠

𝑟𝑠
2

ν

2 𝐾𝑋
2
+

𝐾𝑋
2

2
−

𝐾

𝐾𝑋
 

𝐾𝑋 = 𝐾𝐴 + 𝐾𝐵
1/2 + − 𝐾𝐴 + 𝐾𝐵 + 2 𝐾𝐴

2 − 𝐾𝐴𝐾𝐵 + 𝐾𝐵
2 1/2 1/2

 



Ground state energy of infinite Coulomb anyon gas 

29.09.2013 APUAG FU Berlin 10 

Ground state energy as 
function of  Coulomb 
density parameter. From 
B. Abdullaev, U. Roessler, 
M. Musakhanov, Phys. 
Rev. B 76, 075403 (2007). 
 

𝐾𝐴 =
𝐾2

128
+

ν

12

3
+

𝐾2

128

2 1/2 1/3

 

𝐾𝐵 =
𝐾2

128
−

ν

12

3
+

𝐾2

128

2 1/2 1/3

, 

where one used  
𝒩 = ν𝑁, 

ℳ = 𝑁3/4𝐾 and 

𝐾 = 𝑐𝑊𝐶𝑟𝑠/𝑓
1/2 ν, 𝑟𝑠  

with 𝑐𝑊𝐶
2/3 = 2.2122 taken from 

classical Wigner crystal energy. 
  



Explicit derivation of ground state energy formulas by taking into 
account short range correlations in wave function 
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Replacing trial wave function ψ 𝑅 →  |𝑟 𝑖𝑗|
νψ 𝑅𝑖≠𝑗 , one derives explicitly (with no 

logarithmic divergence regularization procedure !  ):  
 


𝐸

ℏ𝜔0
= 𝑁𝒩1/2 with 𝒩 = 1 + ν 𝑁 − 1   (Abdullaev, C.-H. Park, and M. M. Musakhanov,  

Physica C 471, 486 (2011)) ; 
 


𝐸0

ℏ𝜔0
=

𝑁

2

𝒩

𝑋0
2 + 𝑋0

2 +
2ℳ

𝑋0
 with 𝒩 = 1 + ν 𝑁 − 1  (unpublished); 

 

 𝐸0 = 𝑃𝑁𝒩1/2 −
ν𝑅

2
𝑁 𝑁 − 1  with 𝒩 = 1 + ν 𝑁 − 1  (unpublished); 

 


𝐸0

ℏ𝜔0
=
𝑁

2

𝒩

𝑋0
2 + 1 +

𝜔𝑐

2𝜔0

2
𝑋0

2 −
ν𝜔𝑐

2𝜔0
𝑁 − 1 +

2ℳ

𝑋0
 with 𝒩 = 1 + ν 𝑁 − 1  (unpublished). 



Do anyons and fermions exist in the ground state of 2D in concept 
of anyons?  

Introducing the Zeeman term   with anyon (statistical) 
magnetic field: 

one obtains for Schrödinger equation 

with 

term connected with statistics  

and  the Zeeman term . 

24.09.2013 APUAG FU Berlin 12 





N

k

kkk rrErrbs
m

Ap
m 1

2121

2 ,...),(,...),(]ˆ)[(
2

1 





N

k

kbs
m 1

ˆ


 
 and 




N

jkj

jkzk rreb
)(

)2( )(2





 2/zs

,...),(||,...),( 2121 rrrrr
ji

ij


 









N

jkj

jk rr
m )(

)2(
2

)(








N

jkj

jk rr
m )(

)2(
2

)(






Conclusion 
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1. Approximate expression for ground state energy of Coulomb 

interacting anyons in 2D harmonic potential in the presence of 

external magnetic field has derived; 

2. Approximate expression for ground state energy of Coulomb 

interacting infinite anyon gas has derived;  

3. Exact cancellation of statistics and Zeeman terms in the anyon 

Hamiltonian has found.  
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Thanks for attention.  


