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FIG. 4. Measured Chern number ⌫
exp

as a function of gradi-
ent strength Fa and staggered detuning �. a For each value
of the gradient, we measured the full time evolution of the
di↵erential shift and filling factor �(t) (similar to the evo-
lution shown in Fig. 3) to extract the value of the Chern
number. The solid line is a guide to the eye. b The dif-
ferential shift versus detuning was measured after four dif-
ferent times t = (20, 50, 100, 150)ms for Fa/h = 38.4(8)Hz
to fit the Chern number based on the measured filling fac-
tor �(t). The topological phase transition occurs at � = 2J
for the Harper-Hofstadter model (green solid curve). The
shaded area illustrates the range of transition points given
by the second-order correction, for our experimental param-
eters /~! = 0.58(2) (see Supplementary Information), with
a mean value of � = 1.8J (blue solid line). All theory curves
are calculated assuming a normal distribution for � with a
standard deviation of 0.4J based on the experimentally de-
termined typical drifts and fluctuations of the resonance fre-
quency. All data points include an average of five datasets
for each time-step for the di↵erential shift and two measure-
ments for �(t). The dark gray data point depicts the ex-
perimentally determined Chern number given in equation (6)
for ±Fa/h = 38.4(8)Hz and � = 0, for which an extended
number of measurements were taken. All vertical error bars
depict the error of the fit and the horizontal bars in (b) show
the standard deviation of �.

are several possible reasons for the dynamically increas-
ing higher-band populations observed in the experiment.
Landau-Zener transitions are expected to be important
for large gradients, as used in the experiment. This ef-
fect is neglected in equation (4) but it is well captured by
the numerical simulations (green shaded area in Fig.3a
and Supplementary Information). However, even with-
out the external force being present, we observe that
higher bands are populated on a similar timescale com-
pared to the dynamics shown in Fig.3b, most likely due
to interaction-induced heating of the atoms caused by
the periodic driving. In order to capture the band re-
population e↵ects, we benefit from the measured filling
factor �(t) = ⌘

1

(t)�⌘
2

(t)+⌘
3

(t) and model the dynamics
according to the modified equations of motion

x(t) = �4a ⌫
1

Z t

0

�(t0)dt0/⌧B . (5)

By fitting this equation to the experimental data x(t),
with the Chern number being the only fit parameter, we
obtain an experimental value for the Chern number of

the lowest band of

⌫
exp

= 0.99(5) . (6)

Here we averaged over four independent Chern-number
measurements as shown in Fig. 3a, two for each direction
of the gradient to avoid systematic errors. This shows,
that including our time-resolved band-mapping data into
our modeling of the transverse Hall drift, leads to a very
good understanding of the full time dynamics and allows
us to extract the value of the Chern number with high
accuracy.
We used the same method as described above to eval-

uate how the Chern-number measurement depends on
the amplitude of the applied force, keeping the gradient
aligned along +êy, see Fig. 4a. We observe that for gra-
dient strengths smaller than the band gap, Fa < E

gap

⇡
1.5J , the experimental value for the Chern number satu-
rates to ⌫

exp

⇡ 1, indicating that it can be determined re-
liably for small forces. For very strong forces Fa > E

gap

our model breaks down and the experimental value ⌫
exp

decreases to zero.
Finally we characterized the topological phase transi-

tion, which is expected for a staggered detuning of � = 2J
(see Fig. 2). For this analysis, we set the gradient am-
plitude to the value F = 38.4(8)Hz(h/a) = 0.51(1)J/a,
which is well below the band gap for � = 0. In agree-
ment with theory, we observe that the experimental value
for the Chern number decreases to zero across the phase
transition (Fig. 4b). We note that Landau-Zener transi-
tions to higher bands become more important when ap-
proaching the transition (gap-closing point). However,
since the Chern-number measurement takes into account
the band repopulation, this should not play any role. The
smoothened transition is most likely due to the experi-
mental uncertainties in the resonance condition (green
solid line in Fig. 4b). Besides, second-order corrections
to the e↵ective Hamiltonian also shift the transition point
to a mean value of � ⇡ 1.8J for our experimental param-
eters /~! = 0.58(2) (solid blue line and shaded region
in Fig. 4b, see Supplementary Information).

In conclusion, we have demonstrated a new all-optical
technique to generate artificial magnetic fields with
ultracold atoms, which is applicable to a large variety of
di↵erent atomic species. For the first time, we were able
to extract the topological invariant of two-dimensional
Bloch bands - the Chern number - by looking at the
in-situ displacement of the atomic cloud in the presence
of an external force, a method which can be generalized
to a wide range of other physical systems including ion
traps [8], photonic crystals and polaritons [9]. For the
long-time dynamics, we find that transitions to higher
bands occur, leading to a continuously reduced Hall
velocity, in good agreement with the band population
measurements. Understanding this time evolution in
more detail poses several future challenges for theory.
Models predicting heating rates for interacting particles
in time-modulated potentials are needed and transport
theory in geometric Bloch bands will have to accom-
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Control over individual anyons?

electrons ultracold atoms photons

being fermions they are prevented from condensing into
the lowest energy state. Instead, they fill up successively
the sequence of lowest-lying energy states, until a maxi-
mum is reached and all CFs have been accommodated.
The process is equivalent to the filling of states by elec-
trons at B!0. Hence, from the point of view of CFs, the
!!1/2 state appears equivalent to the case for electrons
at B!0. In spite of the huge external magnetic field at
half filling of the Landau level, CFs are moving in a
similar fashion to electrons moving in zero field. This
has been directly observed in experiment. Flux quantum
attachment has transformed these earlier electrons and
they are propagating along straight trajectories in a high
magnetic field, where normal electrons would orbit on
very tight circles. The mass of a CF, usually considered
to be a property of the particle, is unrelated to the mass
of the underlying electron. Instead, the mass depends on
the magnetic field and only on the magnetic field. In
fact, it is a mass of purely many-particle origin, arising
solely from interactions, rather than being a property of
any individual particle. It is another one of these baffling
implications of e-e interactions in high magnetic fields.
The absence of condensation and the lack of an energy
gap prevents the !!1/2 state from showing a quantized
Hall resistance. Instead the Hall line is featureless, just
as it is for electrons around B!0 (see Fig. 18).

The difference between !!1/3 and !!1/2 is striking.
One is a Bose-condensed many-particle state showing a
quantized Hall effect and giving rise to fractionally
charged particles. The other is a Fermi sea, in spite of
the existence of a huge external field, and its particles
have a mass that arises from interactions. One flux quan-
tum per electron makes all the difference.

There are many fascinating open questions associated
with the !!1/2 state, such as: how does the mass vary
with energy for CFs? and what is the microscopic struc-
ture of the particles? Also, how does the electron spin
(which we were neglecting throughout this lecture) af-
fect CF formation? A beautiful picture of composite fer-
mions being tiny dipoles is emerging. While one of the
vortices is placed directly on the electron (Pauli prin-
ciple), the position of the second vortex is a bit displaced
from exact center, rendering the object an electric dipole
in the 2D plane. There is great promise for future dis-
covery and future theoretical insight.

All those other FQHE states

Bose condensation of CBs consisting of electrons and
an odd number of flux quanta rationalizes the appear-
ance of the FQHE at the primary fractions around
Landau-level filling factor !!i"1/q with quantized Hall
resistances RH!h/(ve2) and deep minima in the con-
comitant magnetoresistance R. However, a multitude of
other FQHE states have been discovered over the years.
Figure 18 shows one of the best of today’s experimental
traces on a specimen with a multimillion cm2/V sec mo-
bility. What is the origin of these other states? The com-
posite fermion model offers an extraordinarily lucid pic-
ture. We shall discuss it for the sequence of prominent
fractions 2/5, 3/7, 4/9, 5/11, . . . and 2/3, 3/5, 4/7, 5/9, . . .
(i.e., !!p/(2p"1), p!2,3,4 . . . ) around !!1/2.

At half filling the electron system has been trans-
formed into CFs consisting of electrons which carry two
magnetic flux quanta. All of the external magnetic field
has been incorporated into the particles and they reside
in an apparently field-free 2D plane. Since they are fer-
mions, the system of CFs at !!1/2 resembles a system of
electrons of the same density at B!0. What happens as
the magnetic field deviates from B!0? For electrons
their motion becomes quantized into electron-Landau
orbits. They fill up their electron-Landau levels, encoun-
ter the energy gaps, and exhibit the well-known
IQHE. CFs around !!1/2 follow the same route. As
the magnetic field deviates from exactly !!1/2, the mo-
tion of CFs becomes quantized into CF-Landau orbits.
They fill up their CF-Landau levels, encounter CF-
energy gaps, and exhibit an IQHE. However, this is not
an IQHE of electrons, but an IQHE of CFs. This IQHE
of CFs arises exactly at !!p/(2p"1), which are the
positions of the FQHE features. In fact, the oscillating
features in the magnetoresistance R of the FQHE
around !!1/2 closely resemble the oscillating features
in R around B!0 and, once they have been shifted from
B!0 to !!1/2, they coincide with their position. This is
very remarkable in several ways.

CFs ‘‘survive’’ the additional (effective) magnetic field
(away from !!1/2), and the orbits of these composite
particles mimic the orbits of electrons in the equivalent
magnetic field in the vicinity of B!0. The CFs remain
‘‘good’’ particles. In this way, a complex electron many-
particle problem at some rational fractional filling factor
has been reduced to a single-particle problem at integer

FIG. 18. The FQHE as it appears today in ultrahigh-mobility
modulation-doped GaAs/AlGaAs 2DESs. Many fractions are
visible. The most prominent sequence, !!p/(2p"1), con-
verges toward !!1/2 and is discussed in the text.

886 Horst L. Stormer: The fractional quantum Hall effect

Rev. Mod. Phys., Vol. 71, No. 4, July 1999

Stormer, RMP 71,4 (1999) Aidelsburger et al.,  
arXiv:1407.4205

Hafezi et al.,  
Nature Photonics 7 (2013)

mensions cannot be deformed to a point without cutting
through the other particle. Consequently, the notion of a
winding of one particle around another in two dimen-
sions is well defined. Thus, when two particles are inter-
changed twice in a clockwise manner, their trajectory
involves a nontrivial winding, and the system does not
necessarily come back to the same state. This topologi-
cal difference between two and three dimensions, first
realized by Leinaas and Myrheim !1977" and Wilczek
!1982a", leads to a difference in the possible quantum
mechanical properties for quantum systems when par-
ticles are confined to !2+1"D !see also Goldin et al.,
1981 and Wu, 1984". #As an aside, we mention that in
!1+1"D quantum statistics is not well defined since par-
ticle interchange is impossible without one particle going
through another, and bosons with hard-core repulsion
are equivalent to fermions.$

Suppose that we have two identical particles in two
dimensions. Then, when one particle is exchanged in a
counterclockwise manner with the other, the wave func-
tion can change by an arbitrary phase,

!!r1,r2" → ei"!!r1,r2" . !1"

The phase need not be merely a # sign because a second
counterclockwise exchange need not lead back to the
initial state but can result in a nontrivial phase:

!!r1,r2" → e2i"!!r1,r2" . !2"

The special cases "=0,$ correspond to bosons and fer-
mions, respectively. Particles with other values of the
statistical angle " are called anyons !Wilczek, 1990". We
refer to such particles as anyons with statistics ".

We now consider the general case of N particles,
where a more complex structure arises. The topological
classes of trajectories which take these particles from
initial positions R1, R2 , . . ., RN at time ti to final positions
R1, R2 , . . ., RN at time tf are in one-to-one correspon-
dence with the elements of the braid group BN. An ele-
ment of the braid group can be visualized by thinking of
trajectories of particles as world lines !or strands" in !2
+1"-dimensional space-time originating at initial posi-
tions and terminating at final positions, as shown in Fig.
1. The time direction will be represented vertically on
the page, with the initial time at the bottom and the final
time at the top. An element of the N-particle braid
group is an equivalence class of such trajectories up to
smooth deformations. To represent an element of a
class, we draw the trajectories on paper with the initial
and final points ordered along lines at the initial and
final times. When drawing the trajectories, we must be
careful to distinguish when one strand passes over or
under another, corresponding to a clockwise or counter-
clockwise exchange. We also require that any intermedi-
ate time slice must intersect N strands. Strands cannot
“double back,” which would amount to particle creation
or annihilation at intermediate stages. We do not allow
this because we assume that the particle number is
known. !We consider particle creation and annihilation
later when discussing field theories of anyons and, from

a mathematical perspective, when discussing the idea of
a “category” in Sec. IV." Then, the multiplication of two
elements of the braid group is the successive execution
of the corresponding trajectories, i.e., the vertical stack-
ing of the two drawings. !As may be seen from the fig-
ure, the order in which they are multiplied is important
because the group is non-Abelian, meaning that multi-
plication is not commutative."

The braid group can be represented algebraically in
terms of generators %i, with 1& i&N−1. We choose an
arbitrary ordering of the particles 1 ,2 , . . . ,N.2 %i is a
counterclockwise exchange of the ith and !i+1"th par-
ticles. %i

−1 is therefore a clockwise exchange of the ith
and !i+1"th particles. The %i’s satisfy the defining rela-
tions !see Fig. 1",

%i%j = %j%i for %i − j% ' 2,

%i%i+1%i = %i+1%i%i+1 for 1 & i & n − 1. !3"

The only difference from the permutation group SN is
that %i

2!1, but this makes an enormous difference.
While the permutation group is finite, the number of
elements in the group %SN%=N!, the braid group is infi-
nite, even for just two particles. Furthermore, there are
nontrivial topological classes of trajectories even when
the particles are distinguishable, e.g., in the two-particle
case those trajectories in which one particle winds
around the other an integer number of times. These to-
pological classes correspond to the elements of the
“pure” braid group, which is the subgroup of the braid
group containing only elements that bring each particle

2Choosing a different ordering would amount to relabeling
elements of the braid group, as given by conjugation by the
braid that transforms one ordering into the other.

time

σ1 σ2

̸=

=

FIG. 1. Graphical representation of elements of the braid
group. Top: The two elementary braid operations %1 and %2 on
three particles. Middle: Shown here %2%1!%1%2; hence the
braid group is non-Abelian. Bottom: The braid relation #Eq.
!3"$ %i%i+1%i=%i+1%i%i+1.

1086 Nayak et al.: Non-Abelian anyons and topological quantum …
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Interferometric approach for measuring 
topological invariants

   key idea: measure geometric phases!  

F. GRUSDT, D. ABANIN, AND E. DEMLER PHYSICAL REVIEW A 89, 043621 (2014)

FIG. 1. (Color online) A combination of Ramsey interferometry
with Bloch oscillations allows interferometric measurements of
topological invariants in bulk topological insulators: (a) 1D systems
(whose first BZ is depicted here) are classified by the geometric Zak
phase [see discussion around Eq. (1)]. (b) The Chern number classifies
2D systems (again the first BZ is shown) and its relation to the Zak
phase can be used for its measurement. (c) TR-invariant 2D systems
are classified by the winding of time-reversal polarization P̃θ [precise
definition is given in Eq. (10) in the text] which can be measured as a
Zak phase along twisted paths in the BZ. These twists correspond to
Rabi π pulses applied between the two bands. The upper half of the
2D BZ is depicted here.

approach can be extended to measure the Chern number
of two-dimensional Bloch bands [the idea is illustrated in
Fig. 1(b)] [38]. The key is to measure Zak phases for fixed
values of momenta ky , and their winding in the BZ ky = 0...2π
yields the Chern number (in the entire paper we set the lattice
constant a = 1). Alternatively the geometric Zak phases can
be read out from semiclassical dynamics, which also allows
one to measure the Chern number [39].

In this paper, we generalize the ideas of Refs. [16,38] for in-
terferometric measurement of Z2 invariants in TR-symmetric
optical lattices. The key challenge in this case is to keep track
of two Kramers degenerate bands, required by TR invariance.
Defining the topological properties of such bands requires
understanding how Bloch eigenstates in the two bands relate to
each other. We argue that the Bloch-Ramsey sequence should
be supplemented by band switching as shown schematically in
Fig. 1(c). The obtained interferometric signal not only depends
on the phase accumulated when adiabatically moving within
a single band but also on the phase picked up during the
transition from one band to the other. Experimentally band
switching can be achieved by applying oscillating force at
the frequency matching the band energy difference. We show
that when applying this particular band switching protocol, a
geometric phase for the Bloch cycle is obtained, the winding
of which (over half the BZ) yields the Z2 invariant.

We also present an alternative approach based on measure-
ments of the so-called Wilson loops, which are essentially non-
Abelian generalizations of the Zak phase. Their eigenvalues
are directly related to the Z2 invariant, as was shown by Yu
et al. [40]. The measurement of Wilson loops requires moving
atoms nonadiabatically in the BZ in two directions and relies on
keeping track of two-band dynamics of atoms. We show how
this can be achieved using currently available experimental
techniques.

Other methods suggested to detect topological properties of
cold atom systems mostly focused on detecting characteristic
gapless edge states [41–45]. Even for typical smooth con-
finement potentials present in cold atom systems, theoretical
analysis showed [41] that these edge states should still be
observable. To detect Z2 topological phases of cold atoms,
a spin-resolved version of optical Bragg spectroscopy was
suggested [31]. A different approach to measure Chern
numbers makes use of the Streda formula, relating them to
the change in atomic density when a finite magnetic field is
switched on [46,47]. Extensions of this method for detection
of Z2 topological phases were suggested [30,31], however,
they only work when the Chern numbers for individual spins
are well defined (which is generally not the case [48]).
Recently also an interferometric method has been suggested to
measure the Z2 invariant of inversion-symmetric TR-invariant
topological insulators [49]. Our method in contrast does not
make any assumptions about the system’s symmetry (except
TR of course).

The paper is organized as follows. In Sec. II we explain
the basic idea of our measurement schemes. To this end we
review different formulations of the Z2 invariant in terms of
simple Zak phases, which are at the heart of our interferometric
schemes. In Sec. III the first of our two measurement schemes
(twist scheme) is presented. The experimental realization of
this scheme is discussed and we show that it can easily be
implemented in the experimental setup proposed in Ref. [31].
In Sec. IV we present the Wilson loop scheme and discuss its
experimental feasibility. Finally in Sec. V we conclude and
give an outlook on how our scheme can easily be applied also
to 3D topological insulators.

II. INTERFEROMETRIC MEASUREMENT
OF THE Z2 INVARIANT

In the following we will review how topological invariants
can be formulated in terms of geometrical Zak phases. After a
short discussion of the Chern number case, we move on to Z2
invariants. This allows us to introduce the basic ideas of our
measurement protocols.

A. Zak phases

We start by discussing Zak phases in 1D Bloch bands.
Let us consider some eigenstate uk(x) = ψk(x)e−ikx of a
Bloch Hamiltonian Ĥ(k) which continuously depends on
quasimomentum k, and where k is varied from k = −π to
k = π over some time T . Thereby the wave function generally
picks up a dynamical phase that depends on T as well as a
geometric phase which only depends on the path in momentum
space [35,36]. This so-called Berry or Zak phase is given by

ϕZak =
! π

−π

dkA(k), (1)

where the Berry connection is defined as

A(k) = ⟨u(k)|i∂k|u(k)⟩. (2)

As mentioned in the Introduction, Zak phases of optical
lattices have been measured using a combination of Bloch
oscillations and Ramsey interferometry [16].

043621-2
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FIG. 1. (Color online) A combination of Ramsey interferometry
with Bloch oscillations allows interferometric measurements of
topological invariants in bulk topological insulators: (a) 1D systems
(whose first BZ is depicted here) are classified by the geometric Zak
phase [see discussion around Eq. (1)]. (b) The Chern number classifies
2D systems (again the first BZ is shown) and its relation to the Zak
phase can be used for its measurement. (c) TR-invariant 2D systems
are classified by the winding of time-reversal polarization P̃θ [precise
definition is given in Eq. (10) in the text] which can be measured as a
Zak phase along twisted paths in the BZ. These twists correspond to
Rabi π pulses applied between the two bands. The upper half of the
2D BZ is depicted here.

approach can be extended to measure the Chern number
of two-dimensional Bloch bands [the idea is illustrated in
Fig. 1(b)] [38]. The key is to measure Zak phases for fixed
values of momenta ky , and their winding in the BZ ky = 0...2π
yields the Chern number (in the entire paper we set the lattice
constant a = 1). Alternatively the geometric Zak phases can
be read out from semiclassical dynamics, which also allows
one to measure the Chern number [39].

In this paper, we generalize the ideas of Refs. [16,38] for in-
terferometric measurement of Z2 invariants in TR-symmetric
optical lattices. The key challenge in this case is to keep track
of two Kramers degenerate bands, required by TR invariance.
Defining the topological properties of such bands requires
understanding how Bloch eigenstates in the two bands relate to
each other. We argue that the Bloch-Ramsey sequence should
be supplemented by band switching as shown schematically in
Fig. 1(c). The obtained interferometric signal not only depends
on the phase accumulated when adiabatically moving within
a single band but also on the phase picked up during the
transition from one band to the other. Experimentally band
switching can be achieved by applying oscillating force at
the frequency matching the band energy difference. We show
that when applying this particular band switching protocol, a
geometric phase for the Bloch cycle is obtained, the winding
of which (over half the BZ) yields the Z2 invariant.

We also present an alternative approach based on measure-
ments of the so-called Wilson loops, which are essentially non-
Abelian generalizations of the Zak phase. Their eigenvalues
are directly related to the Z2 invariant, as was shown by Yu
et al. [40]. The measurement of Wilson loops requires moving
atoms nonadiabatically in the BZ in two directions and relies on
keeping track of two-band dynamics of atoms. We show how
this can be achieved using currently available experimental
techniques.

Other methods suggested to detect topological properties of
cold atom systems mostly focused on detecting characteristic
gapless edge states [41–45]. Even for typical smooth con-
finement potentials present in cold atom systems, theoretical
analysis showed [41] that these edge states should still be
observable. To detect Z2 topological phases of cold atoms,
a spin-resolved version of optical Bragg spectroscopy was
suggested [31]. A different approach to measure Chern
numbers makes use of the Streda formula, relating them to
the change in atomic density when a finite magnetic field is
switched on [46,47]. Extensions of this method for detection
of Z2 topological phases were suggested [30,31], however,
they only work when the Chern numbers for individual spins
are well defined (which is generally not the case [48]).
Recently also an interferometric method has been suggested to
measure the Z2 invariant of inversion-symmetric TR-invariant
topological insulators [49]. Our method in contrast does not
make any assumptions about the system’s symmetry (except
TR of course).

The paper is organized as follows. In Sec. II we explain
the basic idea of our measurement schemes. To this end we
review different formulations of the Z2 invariant in terms of
simple Zak phases, which are at the heart of our interferometric
schemes. In Sec. III the first of our two measurement schemes
(twist scheme) is presented. The experimental realization of
this scheme is discussed and we show that it can easily be
implemented in the experimental setup proposed in Ref. [31].
In Sec. IV we present the Wilson loop scheme and discuss its
experimental feasibility. Finally in Sec. V we conclude and
give an outlook on how our scheme can easily be applied also
to 3D topological insulators.

II. INTERFEROMETRIC MEASUREMENT
OF THE Z2 INVARIANT

In the following we will review how topological invariants
can be formulated in terms of geometrical Zak phases. After a
short discussion of the Chern number case, we move on to Z2
invariants. This allows us to introduce the basic ideas of our
measurement protocols.

A. Zak phases

We start by discussing Zak phases in 1D Bloch bands.
Let us consider some eigenstate uk(x) = ψk(x)e−ikx of a
Bloch Hamiltonian Ĥ(k) which continuously depends on
quasimomentum k, and where k is varied from k = −π to
k = π over some time T . Thereby the wave function generally
picks up a dynamical phase that depends on T as well as a
geometric phase which only depends on the path in momentum
space [35,36]. This so-called Berry or Zak phase is given by

ϕZak =
! π

−π

dkA(k), (1)

where the Berry connection is defined as

A(k) = ⟨u(k)|i∂k|u(k)⟩. (2)

As mentioned in the Introduction, Zak phases of optical
lattices have been measured using a combination of Bloch
oscillations and Ramsey interferometry [16].
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Zak phase of Bloch bands:

'Zak =

I
dk hu(k)|i@k|u(k)i quantized by inversion symmetry

Zak, Phys. Rev. Lett. 62 (1989)

Su-Schrieffer-Heeger model: Su et al., PRL 42 (1979)

Bloch wavefunction
'Zak = 0,⇡

D1

D2

'Zak = 0

'Zak = ⇡

Ĥ = �t
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X

n odd

â†nân+1

+ h.c.

�t2
X

n even

â†nân+1 + h.c.



1D — Zak phase

6

BEC in Su-Schrieffer-Heeger model:

'Zak = 0.97(2)⇡

Measurement of Zak phase: Atala et al., Nature Phys. 9, 2013
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Multi-band Chern number:
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Wilson loops — multiband generalization of Berry phase

D: number of bands

pedagogical overview:  
Makeenko, Phys.At.Nuc. 73 (2010) 
numerical implementation: 
Yu et al., PRB 84 (2011)
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FIG. 1. (Color online) A combination of Ramsey interferometry
with Bloch oscillations allows interferometric measurements of
topological invariants in bulk topological insulators: (a) 1D systems
(whose first BZ is depicted here) are classified by the geometric Zak
phase [see discussion around Eq. (1)]. (b) The Chern number classifies
2D systems (again the first BZ is shown) and its relation to the Zak
phase can be used for its measurement. (c) TR-invariant 2D systems
are classified by the winding of time-reversal polarization P̃θ [precise
definition is given in Eq. (10) in the text] which can be measured as a
Zak phase along twisted paths in the BZ. These twists correspond to
Rabi π pulses applied between the two bands. The upper half of the
2D BZ is depicted here.

approach can be extended to measure the Chern number
of two-dimensional Bloch bands [the idea is illustrated in
Fig. 1(b)] [38]. The key is to measure Zak phases for fixed
values of momenta ky , and their winding in the BZ ky = 0...2π
yields the Chern number (in the entire paper we set the lattice
constant a = 1). Alternatively the geometric Zak phases can
be read out from semiclassical dynamics, which also allows
one to measure the Chern number [39].

In this paper, we generalize the ideas of Refs. [16,38] for in-
terferometric measurement of Z2 invariants in TR-symmetric
optical lattices. The key challenge in this case is to keep track
of two Kramers degenerate bands, required by TR invariance.
Defining the topological properties of such bands requires
understanding how Bloch eigenstates in the two bands relate to
each other. We argue that the Bloch-Ramsey sequence should
be supplemented by band switching as shown schematically in
Fig. 1(c). The obtained interferometric signal not only depends
on the phase accumulated when adiabatically moving within
a single band but also on the phase picked up during the
transition from one band to the other. Experimentally band
switching can be achieved by applying oscillating force at
the frequency matching the band energy difference. We show
that when applying this particular band switching protocol, a
geometric phase for the Bloch cycle is obtained, the winding
of which (over half the BZ) yields the Z2 invariant.

We also present an alternative approach based on measure-
ments of the so-called Wilson loops, which are essentially non-
Abelian generalizations of the Zak phase. Their eigenvalues
are directly related to the Z2 invariant, as was shown by Yu
et al. [40]. The measurement of Wilson loops requires moving
atoms nonadiabatically in the BZ in two directions and relies on
keeping track of two-band dynamics of atoms. We show how
this can be achieved using currently available experimental
techniques.

Other methods suggested to detect topological properties of
cold atom systems mostly focused on detecting characteristic
gapless edge states [41–45]. Even for typical smooth con-
finement potentials present in cold atom systems, theoretical
analysis showed [41] that these edge states should still be
observable. To detect Z2 topological phases of cold atoms,
a spin-resolved version of optical Bragg spectroscopy was
suggested [31]. A different approach to measure Chern
numbers makes use of the Streda formula, relating them to
the change in atomic density when a finite magnetic field is
switched on [46,47]. Extensions of this method for detection
of Z2 topological phases were suggested [30,31], however,
they only work when the Chern numbers for individual spins
are well defined (which is generally not the case [48]).
Recently also an interferometric method has been suggested to
measure the Z2 invariant of inversion-symmetric TR-invariant
topological insulators [49]. Our method in contrast does not
make any assumptions about the system’s symmetry (except
TR of course).

The paper is organized as follows. In Sec. II we explain
the basic idea of our measurement schemes. To this end we
review different formulations of the Z2 invariant in terms of
simple Zak phases, which are at the heart of our interferometric
schemes. In Sec. III the first of our two measurement schemes
(twist scheme) is presented. The experimental realization of
this scheme is discussed and we show that it can easily be
implemented in the experimental setup proposed in Ref. [31].
In Sec. IV we present the Wilson loop scheme and discuss its
experimental feasibility. Finally in Sec. V we conclude and
give an outlook on how our scheme can easily be applied also
to 3D topological insulators.

II. INTERFEROMETRIC MEASUREMENT
OF THE Z2 INVARIANT

In the following we will review how topological invariants
can be formulated in terms of geometrical Zak phases. After a
short discussion of the Chern number case, we move on to Z2
invariants. This allows us to introduce the basic ideas of our
measurement protocols.

A. Zak phases

We start by discussing Zak phases in 1D Bloch bands.
Let us consider some eigenstate uk(x) = ψk(x)e−ikx of a
Bloch Hamiltonian Ĥ(k) which continuously depends on
quasimomentum k, and where k is varied from k = −π to
k = π over some time T . Thereby the wave function generally
picks up a dynamical phase that depends on T as well as a
geometric phase which only depends on the path in momentum
space [35,36]. This so-called Berry or Zak phase is given by

ϕZak =
! π

−π

dkA(k), (1)

where the Berry connection is defined as

A(k) = ⟨u(k)|i∂k|u(k)⟩. (2)

As mentioned in the Introduction, Zak phases of optical
lattices have been measured using a combination of Bloch
oscillations and Ramsey interferometry [16].
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FIG. 7. (Color online) The U(2) Wilson-loop phase ϕW(θx) =
Im ln detŴ (θx) is shown for the ρ = 1/8 CDW, the winding of which
gives the total Chern number. We used exact diagonalization for a
system of size Lx = 2, Ly = 12 with periodic boundary conditions
and N = 3 particles for Nφ = 6 flux quanta.

Choosing odd orbitals instead, |CDW′⟩ =
!

n b̂
†
2n+1(θx)|0⟩,

yields an equivalent but orthogonal CDW state. We saw already
in the discussion above that |CDW⟩ can be adiabatically
transformed into |CDW′⟩ without closing the bulk gap by
applying one full Thouless pumping cycle.

The many-body Chern number is defined, in analogy
to the single-particle case, by employing twisted boundary
conditions. In the 1D thin-torus-limit model we thus have
a 2D parameter space spanned by the external parameter
θx = 0,...,2π and the the twist angle θy = 0,...,2π of the 1D
ladder model. However, because the ground state is twofold
degenerate (for some values θx,y this is true even in a finite
system), only the total Chern number of both states can
be defined. It can most conveniently be calculated as the
winding of the U(2) Wilson loop Ŵ , which is a non-Abelian
generalization of the Zak phase [59,60]. It is defined via

Ŵ (θx) = P̂ exp
"
−i

# 2π

0
dθyÂ(θ )

$
, (13)

where Â(θ) is the non-Abelian Berry connection [59] and
P̂ denotes path ordering. Then its winding yields the total
Chern number Ctot, which divided by the number of degenerate
states Ndeg—in our case Ndeg = 2—yields the fractional Chern
number,

C = 1
Ndeg

1
2π

# 2π

0
dθx∂θx

Im ln detŴ (θx)% &' (
=ϕW

. (14)

The Wilson loop phase can easily be evaluated numerically in a
gauge-independent way (see, e.g., [60]), and in Fig. 7 we show
ϕW (θx) for the thin-torus model. We observe a winding by 2π ,
which, as expected, results in a many-body Chern number
C = 2π/(2 × 2π ) = 1/2.

B. 1D model and SPT CDW

At special values of the twist angle θx = ±π/2 the
model (1) is inversion-symmetric around the center of links
on the legs of the ladder. In this case, the CDW phase can be
understood as a SPT phase [40]. To come up with an elegant

formal classification, the spontaneous breaking of inversion
symmetry by the CDW has to be carefully accounted for. We
postpone this issue to a forthcoming publication, where related
models will be discussed [61]. Here we restrict ourselves to the
definition and calculation of a topological invariant ν, which
is quantized to ν = 0,π and protected by inversion symmetry.

The topological invariant we employ is the many-body Zak
or Berry phase defined by twisted boundary conditions along
the ladder [57,62]. Like in the case of the Chern number in the
1 + 1D case, we introduce the twist angle θy ; however, now
the second parameter θx = ±π/2 is fixed. In practice, the most
convenient way to implement twisted boundary conditions is
to multiply the hopping elements from the last to the first sites
of the ladder (which realize periodic boundary conditions) by
the complex phase eiθy . Then the eigenstate |((θy)⟩ depends
on θy and the Berry phase can be calculated as usual,

ν =
# 2π

0
dθy⟨((θy)|i∂θy

|((θy)⟩. (15)

From inversion symmetry it follows that ν = 0,π is strictly
quantized [50,63].

To calculate the topological invariant ν, we restrict our-
selves to the simple representation (12) of the CDW state
|(⟩. Then we distinguish four different cases, characterized by
θx = ±π/2 and by which of the two states |CDW⟩ and |CDW′⟩
we use. To begin with, we note that only for, say, θx = π/2 the
link with the complex phase eiθy is part of an atomic orbital,
as defined in the discussion of Fig. 6. Then in the trivial case
θx = −π/2, |(⟩ is independent of θy and thus ν = 0 vanishes
for both CDW states. For θx = +π/2, on the other hand, we
have to distinguish between CDW and CDW ′. Only for one
of the two states—say for |CDW⟩—the link with the complex
phase eiθy is part of an occupied atomic orbital. Thus, for the
state described by CDW ′ the wave function |(⟩ is independent
of θy and ν = 0 again. Finally, we show that the state CDW
is topologically nontrivial with ν = π . To this end, note that
there is an occupied atomic orbital on the link connecting the
last and the first rung of the ladder. The energy of this orbital
cannot be changed by the complex phase eiθy , which is merely
a gauge transformation, but the eigenfunction of the orbital
ψm(θy) (with m = 1, . . . ,4 labeling the four sites) depends on
θy . In fact, a simple calculation shows that the corresponding
Berry phase is

) 2π

0 dθy

*
m ψ∗

mi∂θy
ψm = π . Because |CDW⟩

is a simple product state, it follows that ν = π in this case.

VI. SUMMARY AND OUTLOOK

In summary, we have proposed and analyzed a realistic
setup for the realization of a topologically nontrivial CDW
state (at filling ρ = 1/8) of strongly interacting bosons in a
1D ladder geometry. Our model was derived by taking the
thin-torus limit of the 2D Hofstadter-Hubbard model at flux
α = 1/4 per plaquette. The ν = 1/2 Laughlin-type fractional
Chern insulator in this 2D model is directly related to the
1D CDW at filling ρ = 1/8. As a consequence, the CDW
has interesting topological properties: When adiabatically
introducing magnetic flux θx/2π through the small perimeter
of the thin torus, which can be realized by changing the
hoppings in our model, a fractionally quantized Hall current
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Solution: Continuous TR polarization
Grusdt, Abanin & Demler, PRA 89 (2014)

continuous TR polarization
, Only universal coupling elements:

Ĥrf(k) =
A

0 F0 · Au,l(k)
F0 · Al ,u(k) �(k) ≠ Êrf

B

I continuous TR polarization:

�̃◊ = Ï1 + Ï2 ≠ Ï3 ≠ Ï4
≠2

!
arg Al ,u(fi)≠ arg Al ,u(0)

"

I
formulation as winding:
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Interferometric approach to measuring 
topological invariants

Many-body invariants can also be measured:

Ramsey Interferometry + Bloch oscillations

F. GRUSDT, D. ABANIN, AND E. DEMLER PHYSICAL REVIEW A 89, 043621 (2014)

FIG. 1. (Color online) A combination of Ramsey interferometry
with Bloch oscillations allows interferometric measurements of
topological invariants in bulk topological insulators: (a) 1D systems
(whose first BZ is depicted here) are classified by the geometric Zak
phase [see discussion around Eq. (1)]. (b) The Chern number classifies
2D systems (again the first BZ is shown) and its relation to the Zak
phase can be used for its measurement. (c) TR-invariant 2D systems
are classified by the winding of time-reversal polarization P̃θ [precise
definition is given in Eq. (10) in the text] which can be measured as a
Zak phase along twisted paths in the BZ. These twists correspond to
Rabi π pulses applied between the two bands. The upper half of the
2D BZ is depicted here.

approach can be extended to measure the Chern number
of two-dimensional Bloch bands [the idea is illustrated in
Fig. 1(b)] [38]. The key is to measure Zak phases for fixed
values of momenta ky , and their winding in the BZ ky = 0...2π
yields the Chern number (in the entire paper we set the lattice
constant a = 1). Alternatively the geometric Zak phases can
be read out from semiclassical dynamics, which also allows
one to measure the Chern number [39].

In this paper, we generalize the ideas of Refs. [16,38] for in-
terferometric measurement of Z2 invariants in TR-symmetric
optical lattices. The key challenge in this case is to keep track
of two Kramers degenerate bands, required by TR invariance.
Defining the topological properties of such bands requires
understanding how Bloch eigenstates in the two bands relate to
each other. We argue that the Bloch-Ramsey sequence should
be supplemented by band switching as shown schematically in
Fig. 1(c). The obtained interferometric signal not only depends
on the phase accumulated when adiabatically moving within
a single band but also on the phase picked up during the
transition from one band to the other. Experimentally band
switching can be achieved by applying oscillating force at
the frequency matching the band energy difference. We show
that when applying this particular band switching protocol, a
geometric phase for the Bloch cycle is obtained, the winding
of which (over half the BZ) yields the Z2 invariant.

We also present an alternative approach based on measure-
ments of the so-called Wilson loops, which are essentially non-
Abelian generalizations of the Zak phase. Their eigenvalues
are directly related to the Z2 invariant, as was shown by Yu
et al. [40]. The measurement of Wilson loops requires moving
atoms nonadiabatically in the BZ in two directions and relies on
keeping track of two-band dynamics of atoms. We show how
this can be achieved using currently available experimental
techniques.

Other methods suggested to detect topological properties of
cold atom systems mostly focused on detecting characteristic
gapless edge states [41–45]. Even for typical smooth con-
finement potentials present in cold atom systems, theoretical
analysis showed [41] that these edge states should still be
observable. To detect Z2 topological phases of cold atoms,
a spin-resolved version of optical Bragg spectroscopy was
suggested [31]. A different approach to measure Chern
numbers makes use of the Streda formula, relating them to
the change in atomic density when a finite magnetic field is
switched on [46,47]. Extensions of this method for detection
of Z2 topological phases were suggested [30,31], however,
they only work when the Chern numbers for individual spins
are well defined (which is generally not the case [48]).
Recently also an interferometric method has been suggested to
measure the Z2 invariant of inversion-symmetric TR-invariant
topological insulators [49]. Our method in contrast does not
make any assumptions about the system’s symmetry (except
TR of course).

The paper is organized as follows. In Sec. II we explain
the basic idea of our measurement schemes. To this end we
review different formulations of the Z2 invariant in terms of
simple Zak phases, which are at the heart of our interferometric
schemes. In Sec. III the first of our two measurement schemes
(twist scheme) is presented. The experimental realization of
this scheme is discussed and we show that it can easily be
implemented in the experimental setup proposed in Ref. [31].
In Sec. IV we present the Wilson loop scheme and discuss its
experimental feasibility. Finally in Sec. V we conclude and
give an outlook on how our scheme can easily be applied also
to 3D topological insulators.

II. INTERFEROMETRIC MEASUREMENT
OF THE Z2 INVARIANT

In the following we will review how topological invariants
can be formulated in terms of geometrical Zak phases. After a
short discussion of the Chern number case, we move on to Z2
invariants. This allows us to introduce the basic ideas of our
measurement protocols.

A. Zak phases

We start by discussing Zak phases in 1D Bloch bands.
Let us consider some eigenstate uk(x) = ψk(x)e−ikx of a
Bloch Hamiltonian Ĥ(k) which continuously depends on
quasimomentum k, and where k is varied from k = −π to
k = π over some time T . Thereby the wave function generally
picks up a dynamical phase that depends on T as well as a
geometric phase which only depends on the path in momentum
space [35,36]. This so-called Berry or Zak phase is given by

ϕZak =
! π

−π

dkA(k), (1)

where the Berry connection is defined as

A(k) = ⟨u(k)|i∂k|u(k)⟩. (2)

As mentioned in the Introduction, Zak phases of optical
lattices have been measured using a combination of Bloch
oscillations and Ramsey interferometry [16].
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