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1. Effective Potential (Landau Theory)

Bose-Hubbard Hamiltonian [1–3]:

ĤBH = −t
∑

〈i,j〉
â†i âj +

∑

i

{

U

2
n̂i(n̂i − 1) − µn̂i

}

; n̂i = â†i âi

Coupling to global source [4–6]:

Ĥ(J∗, J) = ĤBH +
∑

i

(

J∗âi + Jâ†i
)

Grand-canonical free energy in hopping expansion:

F (J∗, J) = Ns



F0 +
∞
∑

p=1

c2p(t)|J |2p


 , c2p(t) =
∞
∑

n=0

(−t)nα(n)
2p

Order parameter:

ψ = 〈âi〉 =
1

Ns

∂F (J∗, J)

∂J∗ , ψ∗ = 〈â†i〉 =
1

Ns

∂F (J∗, J)

∂J

Legendre transformation yields effective potential:

Γ(ψ∗, ψ) = F/Ns − ψ∗J − ψJ∗

Legendre identities:

∂Γ

∂ψ∗ = −J ,
∂Γ

∂ψ
= −J∗

Physical limit of vanishing currents:

∂Γ

∂ψ∗ = 0 ,
∂Γ

∂ψ
= 0

Effective potential in hopping expansion:

Γ(ψ∗, ψ) = F0 −
1

c2(t)
|ψ|2 +

c4(t)

c2(t)4
|ψ|4 + · · ·

Location of second-order phase transition:
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= 0

First hopping order for T = 0 yields mean-field result [1]:

t(1)
c = −α

(0)
2

α
(1)
2

= U/
[

2d
(

n + 1

n− b
+

n

1 − n + b

)]

, b =
µ

U

Second hopping order for T = 0 [7]:

t(2)
c =

α1

2 (α2 − α2
1)

+
1

2 (α2 − α2
1)

√

α2
1 − 4 (α2

1 − α2)

with coefficients for n = 1:

α1 =
2(b + 1)d

(b− 1)b

α2 =
4d

[

−12b3 + b(9 − 8d) − 3d + b4(6 + d) − 3b2(1 + 2d)
]

(−1 + b)2b2 (−3 − 2b + b2)

2. Effective Action (Ginzburg-Landau Theory)

Coupling to local sources [5,6]:

Ĥ [J∗
i (τ ), Ji(τ )] = ĤBH +

∑

i

[

J∗
i (τ )âi + Ji(τ )â†i

]

Grand-canonical free energy functional (ℏ = 1):

F [J∗
i (τ ), Ji(τ )] = F0 −

1

β







∑

i1,i2

∫ β

0
dτ1

∫ β

0
dτ2G

(2)(i1, τ1|i2, τ2)Ji1(τ1)J
∗
i2
(τ2)

+
∑

i1,i2
i3,i4

∫ β

0
dτ1

∫ β

0
dτ2

∫ β

0
dτ3

∫ β

0
dτ4G

(4)(i1, τ1; i2, τ2|i3, τ3; i4, τ4)Ji1(τ1)Ji2(τ2)J
∗
i3
(τ3)J

∗
i4
(τ4) + · · ·







In Matsubara space with ωm = 2πm/β:

F [J∗
i (ωm), Ji(ωm)] = F0 −

1

β







∑

i1,i2

∑

m1,m2

G(2)(i1, ωm1
|i2, ωm2

)Ji1(ωm1
)J∗

i2
(ωm2

)

+
∑

i1,i2
i3,i4

∑

m1,m2
m3,m4

G(4)(i1, ωm1
; i2, ωm2

|i3, ωm3
; i4, ωm4

)Ji1(ωm1
)Ji2(ωm2

)J∗
i3
(ωm3

)J∗
i4
(ωm4

) + · · ·






Order parameter field:

ψi(ωm) = 〈âi(ωm)〉 = β
δF

δJ∗
i (ωm)

, ψ∗
i (ωm) =

〈

â†i(ωm)
〉

= β
δF

δJi(ωm)

Legendre transformation yields effective action:

Γ [ψ∗
i (ωm), ψi(ωm)] = F − 1

β

∑

i

∑

m

[ψ∗
i (ωm)Ji(ωm) + ψi(ωm)J∗

i (ωm)]

Equations of motion:
δΓ

δψ∗
i (ωm)

= 0 ,
δΓ

δψi(ωm)
= 0

Static solutions yield average number of particles per site and compressibility:

〈n〉 = − 1

Ns

∂Γ

∂µ

∣

∣

∣

∣

∣

ψ=ψeq

, κ = − 1

Ns

∂2Γ

∂µ2

∣

∣

∣

∣

∣

ψ=ψeq

Dynamical solutions yield dispersion relations for amplitude and phase excitations:

δΓ [ψeq + δAi(τ )]

δ(δAi(τ ))
= 0 → ωA(k) ,

δΓ
[

ψeqe
iθi(τ )

]

δθi(τ )
= 0 → ωθ(k)

Second sound dispersion relation [8,9]:

ωs(k) =
√

ωA(k)ωθ(k)

Peierls phase factor: âi → âie
i
xi
L ·φ

Calculate superfluid density from Γ(φ) [10,11]:

ρ = lim
|φ|→0

2m∗L2

Ns|φ|2
[

Γ(φ)|ψ=ψeq(φ) − Γ(0)|ψ=ψeq(0)

]

Result in first hopping order: ρ = ψ∗
eqψeq

3. Results

Phase diagram for zero temperature:

- Recent Monte-Carlo simulations are be-
lieved to be very precise [12]

- Effective-potential method gives a difference
less that 3% from the Monte-Carlo data at
the lobe tip [7]

- Strong-coupling approach [13] compares
particle and hole states

- Extension to higher hopping orders [14].

- Extension to T > 0 [15].

Mean-field [16]

Monte-Carlo [12]
Effective-potential [7]
3rd strong-coupling [13]

· · ·
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- Mean-field (dotted) theory violates this
general property [17]

- Field-theoric (solid) method has a larger
range of validity [17]

Average number of particles per lattice site and compressibility:
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Solid blue: T/U = 0. Dashed red: T/U = 0.1/kB [17].

Dispersion relations:
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Dotted: t = 0.3U . Dashed: t = 0.35U . Solid: t = tc ≈ 0.028U . µ/U =
√

2 − 1 [17].

Superfluid density and second sound velocity:
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Superfluid velocity. µ/U = 0.9U .

Solid blue: T/U = 0. Dashed red: T/U = 0.1kb.

Second sound velocity. µ/U =
√

2 − 1 [17].

Outlook: Time-of-flight absorption pictures [18–20]
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