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Abstract

We consider two aspects of a single-band Bose-Hubbard Hamiltonian with an additional impurity
fixed at a lattice site.In a time-independent model we generalize the atomic limit [1] to the case that
the impurity dislocates an arbitary number of bosons depending on the boson-impurity interac-
tion strength.Afterwards, we study a time-dependent generalization where the periodic modulation
of the boson-impurity interaction strength and the boson-boson interaction leads effectively to a
conditional hopping.

Time-independent model
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∑
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1. Extremal distributed states
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FIG. 1: Schematic diagramm of possible distributions for dislocated bosons, according to different values of k [1].

In the atomic limit:

Ĥ|R, { rj}〉 =

[

E0 +
UBB

2
k (k + 1) + UIB (n− k)

]

|R, { rj}〉

Ĥ|R, r〉 =
[

E0 + UBBk
2 + UIB (n− k)

]

|R, r〉

with

E0 = N
UBB

2
n (n− 1)− µnN

Result:

In the atomic limit equipartition is always the minimum, which can be proved by linear optimiza-
tion. While the impurity-boson interaction is the same in both cases, the boson-boson interaction
is strictly smaller in the case of uniform distribution for all values of k bigger than one.

2. Tuning of occupation number and number of dislocated bosons
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FIG. 2: Variation of particle number per lattice site n and number of dislocated bosons k respectively, by tuning the
system parameters.

Result:

The particle number n per site becomes independent of the boson-impurity interaction strength
in the thermodynamic limit, as expected for a local effect. The number of dislocated bosons k

depends on the ratio of the interaction strengths, which is Feshbach tuneable.

Outlook

• quantitative spatial distribution of bosons dislocated due to presence of impurity

• calculation of ground-state energy beyond atomic limit

• impact of impurity on boundary of quantum phase transition

• size and effective mass of Bose-polaron [1]

Time-dependent model

Bose-Hubbard Hamiltonian with a single impurity and a time-periodic driving on a D-dimensional
lattice

Ĥ(t) =
∑

i

fi(n̂i,b) + f̃R(n̂R,b, n̂R,c) + cos (ωt)





∑
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gi(n̂i,b) + g̃R(n̂R,b, n̂R,c)



− t
∑

〈ij〉

b̂
†
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Using the condition UBB, UIB, t ≪ ~ω ≪ δ and time averaging over driving period [2 − 4], with the
Floquet states
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∏
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+
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+ g̃R(n̂R,b − k, 1)

and the modified scalar product

〈〈u1(t)|u2(t)〉〉 =
1

T

T
∫

0

〈u1(t)|u2(t)〉 dt

yields

〈〈{R, {r′j}},m
′|Ĥ(t)− i~

∂

∂t
|{R, {rj}},m〉〉 = δm,m′〈{n′b}|Ĥeff|{ nb}〉 + H.O.T

with an effective time-independent Bose-Hubbard Hamiltonian with conditional hopping

Ĥeff =
∑

i

fi(n̂i,b) + f̃R(n̂R,b, 1)− t
∑

〈ij〉

b̂
†
i J0

(

Gij(n̂i,b, n̂j,b)
)

b̂j

with

Gij(n̂i,b, n̂j,b) =
hj(n̂j,b + 1)− hj(n̂j,b) + hi(n̂i,b)− hi(n̂i,b + 1)

~ω

Example: periodic modulation of s-wave scattering length [2− 5]

• ge(n̂e,b) =
A
2

(

n̂2e,b − n̂e,b

)

with e = R, rj, i

• g̃R(n̂R,b, n̂R,c) = Bn̂R,bn̂R,c

Outlook

• impact of impurity on boundary of quantum phase transition

• higher order calculation of effective Hamiltonian

• multi-periodic driving of Bose-Einstein-condensates with impurities

• impurity quench: equilibrium or non-equilibrium in long-time limit [6]
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