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1. Ginzburg-Landau Theory [1,2]

Bose-Hubbard Hamiltonian [3–5] coupled to local sources ji(τ ), j∗i (τ ):
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Matsubara space with ωm = 2πm/β:
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Cumulant decomposition and hopping expansion [6], e.g.:
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Order parameter field:
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Legendre transformation yields effective action:
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Static solution for equations of motion:
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i (ωm)

= 0 ,
∂Γ

∂ψi(ωm)
= 0 ⇒ ψi(ωm) = δm,0ψeq(J, µ, U)

Mott insulator phase: ψeq(J, µ, U) = 0; superfluid phase: ψeq(J, µ, U) 6= 0
Average particle number per site and compressibility:
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Linearization around static solution:
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Excitation spectrum ω(k) is obtained after analytical continuation: iωm → ω+ iǫ.
Equation of motion in small U limit:
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→ Gross-Pitaevskii

2. Application: Collapse and Revival

Site-dependent chemical potential due to trap:

µi = µ− mω2

2
r2
i

Wick rotation τ = it leads to equations of motion
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General zeroth-order solution in Mott phase:
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A+
i and A−

i follow from initial conditions ψi(0) and ψ̇i(0): lattice Gross-
Pitaevskii equation deep in superfluid phase
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Exact solution in zeroth hopping order:
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Thomas-Fermi is used as initial static solution: ψi(0) =
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Momentum space distribution:
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Integration in kz defines planar distribution:
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Long-time limit t→ ∞:
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Experiments are restricted to small region in k⊥ space:
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δk relates to time-of-flight through: δk = mδx
~tf

Wannier function in harmonic approximation:
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Observed condensate loss in terms of experimental parameters [7,8]:

Ncoh ≈ G(0; 0; t)(t/T )−2 , T =
2δk√

πamω2(V0/Er)1/4

3. Picture Gallery

Phase diagram for zero temperature:

- Recent Monte-Carlo simulation is be-
lieved to be very precise [9].

- Landau theory gives a difference less than
3% from the Monte-Carlo data at the lobe
tip [1].

- Extension to higher hopping orders [10–
12] and T > 0 [13].

mean-field [3]

Monte-Carlo simulation[9]
Landau theory [1]
3rd strong-coupling order[14]
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Zero temperature spectra:
- Goldstone sound
mode [15–18].

- Gapped mode [19–
21].

- Both modes map onto
MI particle/hole spec-
tra.

- Special behavior at
lobe tip [3]: dynamic
critical exponent is
z = 1 and ∆ ∼√
J − Jc.

- Off the tip: z = 2 and
∆ ∼ (J − Jc)1.

Time-of-flight pictures [22]:

- Trapping potential is suddenly changed from VA = 8 Er to VB = 22 Er. Af-
ter a subsequent hold time (0 µs - 550 µs) the interfence pattern is observed.

- Condensed fraction is extracted from squares around interference peaks.

Comparison with experiments:

GP initital conditions

ad hoc initial conditions
experimental data [22]· · ·

0.5 1.0 1.5 2.0 2.5 3.0
t HmsL

0.1

0.2

0.3

0.4

0.5

0.6

Ncoh�Ntot

- Calculated revival time h/U = 0.55 ms
coincides with experimental value.

- Interpolation between large- and small-
time asymptotic limits was obtained from
first Padé approximant.



Dynamics of Matter Waves in Optical Lattices

F.E.A. dos Santos1, T.D. Graß1, and A. Pelster2,3

1Institut für Theoretische Physik, Freie Universität Berlin, Arnimallee 14, 14195 Berlin, Germany
2Fachbereich Physik, Universität Duisburg-Essen, Lotharstraße 1, 47048 Duisburg, Germany

3Institut für Physik und Astronomie, Universität Potsdam, Karl-Liebknecht-Straße 24/25, 14476 Potsdam-Golm, Germany

References

[1] F.E.A. dos Santos and A. Pelster. Quantum phase diagram of bosons in optical lattices. Phys. Rev. A, 79:013614, 2009.

[2] F.E.A. dos Santos B. Bradlyn and A. Pelster. Effective action approach for quantum phase transitions in bosonic lattices. Phys. Rev. A, 79:013615, 2009.

[3] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S. Fisher. Boson localization and the superfluid-insulator transition. Phys. Rev. B, 40:546, 1989.

[4] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and P. Zoller. Cold bosonic atoms in optical lattices. Phys. Rev. Lett., 81:3108, 1998.
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