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Abstract: We present a non-perturbative approach towards the dirty boson problem
relying on the Hartree-Fock theory which is worked out on the basis of the replica
method. Self-consistency equations are obtained and solved. For weak disorder the
results of Huang and Meng [1,2] are qualitatively reproduced.

BEC Model

•Action of a Bose Gas
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•Partition Function Z =
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•Disorder

–Disorder Ensemble Average • =

∫
DU •P [U ] ,

∫
DUP [U ] = 1

–Assumption U(r) = 0, U(r1)U(r2) = R(2)(r1 − r2)

–Characteristic Functional
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Method

•Replica Trick [3,4] F = −1
β limN→0

ZN−1
N

•Disorder Averaged Replicated Partition Function
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•Replicated Action
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In the replica limitN → 0 higher-order disorder cumulants are negligible: onlyR(2)(r)
contributes yielding attractive disorder induced interaction.

•Bogoliubov Background Method ψα (r, τ ) = Ψα (r, τ ) + δψα (r, τ )

•Hartree-Fock Theory [5] and Semiclassical Approximations

•Replica Symmetry Ψα(r, τ ) =
√
n0(r)

〈δψα (r, τ ) δψα′ (r′, τ ′)〉 = Q
(
r− r′, r+r

′
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)
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∗
α(r, τ ) + 〈δψα (r, τ ) δψα (r, τ )〉

Self-Consistency Equations

Decomposition of particle density n(r) = n0(r) + q(r) + nth (r){
−gn0(r) +

[√
−µ + d2 + 2gn(r) + V (r) + d

]2
− ℏ2

2M∆

}√
n0(r) = 0

q(r) = dn0(r)√
−µ+d2+2gn(r)+V (r)

nth (r) =
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M
2πβℏ2

)3/2

ς 3/2

(
eβ [µ−d2−2gn(r)−V (r)]

)

where R(2)(r1 − r2) = Dδ(r1 − r2), d =
√
πD

(
M
2πℏ2

)3/2
, g = 4π~2a

M

Anisotropic Trap V (r) = M
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2 + ω2
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2 + ω2
zz

2
)
at T = 0

•Definitions −Energy scale µ̄ = 152/5

2

(
aN

(lxlylz)1/3

)2/5

~ (ωxωyωz)1/3

−Length scales li =
√

ℏ
Mωi

, i = x, y, z

−Trap aspect ratios k = ωy/ωx and λ = ωz/ωx

•Self-Consistency Equations in Thomas-Fermi Approximation

–Superfluid Region: n0(x, y, z) 6= 0 and q(x, y, z) 6= 0

∗Condensate Density
n0(x, y, z) =

1
g

[√
−µ + d2 + 2gn(x, y, z) + 1

2Mω2
x (x

2 + k2y2 + λ2z2) + d
]2

∗Depletion

q(x, y, z) =
d
[√

−µ + d2 + 2gn(x, y, z) + 1
2Mω2

x (x
2 + k2y2 + λ2z2) + d

]2
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√
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2Mω2

x (x
2 + k2y2 + λ2z2)

∗Particle Density

n(x, y, z) =

[√
−µ + d2 + 2gn(x, y, z) + 1

2Mω2
x (x

2 + k2y2 + λ2z2) + d
]3

g
√

−µ + d2 + 2gn(x, y, z) + 1
2Mω2

x (x
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–Bose-glass Region: n0(x, y, z) = 0 and q(x, y, z) = n(x, y, z) 6= 0

−µ + d2 + 2n(x, y, z) + x2 + k2y2 + λ2z2 = 0

•Densities
Fig. 1: Dimensionless total density
ñ(x̃, ỹ, z̃) = n(x, y, z)/µ̄ (a), di-
mensionless condensate ñ0(x̃, ỹ, z̃) =
n0(x, y, z)/µ̄ (b), dimensionless conden-
sate depletion q̃(x̃, ỹ, z̃) = q(x, y, z)/µ̄
in disconnected local minicondensates (c),

along x̃ =
√

Mω2x
2µ̄
x, ỹ =

√
Mω2x
2µ̄
y and

z̃ =
√

Mω2x
2µ̄
z axis for 87Rb, N = 106,

d̃ = d√
µ̄ = 0.107, µ̃ = µ−d2

µ̄ = 1.165,

ωx = 320π Hz, k =
√
2, λ = 2, and

a = 5.29 nm.
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•Thomas-Fermi Radii [6]

Both condensate and cloud Thomas-Fermi radii along y and z axis are pro-
portional to the ones along x axis with the proportionality constants 1/k and
1/λ respectively.

Fig. 2: Dimensionless condensate
radii and dimensionless cloud radii

along the x̃ =
√

Mω2x
2µ̄ x, ỹ =√

Mω2x
2µ̄ y and z̃ =

√
Mω2x
2µ̄ z as func-

tion of the dimensionless disorder
strength d̃ = d√

µ̄
for 87Rb, N =

106, ωx = 320π Hz, k =
√
2, λ =

2, and a = 5.29 nm.
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•Comparison with Huang-Meng Theory

For weak disorder and at zero temperature, depletion is proportional to the
disorder strength [1,2]

q(0) =
√
2M 2

8π3/2~4

√
n0(0)
a D

Isotropic Trap V (r) = 1
2MΩ2r2 at T > 0

•Definitions −Energy scale µ0 =
152/5

2

(
aN
l

)2/5

ℏΩ

−Length scale l =
√

~
MΩ

•Self-Consistency Equations in Thomas-Fermi Approximation

–Superfluid Region: n0(r) 6= 0, q (r) 6= 0 and nth (r) 6= 0

∗Condensate Density n0(r) =
1
g

[√
−µ + d2 + 2gn(r) + 1

2MΩ2r2 + d
]2

∗Depletion q(r) = dn0(r)√
−µ+d2+2gn(r)+1

2
MΩ2r2

∗Thermal Density nth (r) =
(

M
2πβℏ2

)3/2

ς 3/2

(
eβ[µ−d

2−2gn(r)−1
2MΩ2r2]

)

∗Particle Density n(r) = n0(r) + q(r) + nth (r)

–Bose-glass Region: n0(r) = 0, q (r) 6= 0 and nth (r) 6= 0

∗Depletion q (r) = 1
2g

(
µ− d2 − 1

2MΩ2r2
)
−
(

M
2πβℏ2

)3/2

ς(3/2)

∗Thermal Density nth (r) =
(

M
2πβℏ2

)3/2

ς(3/2)

∗Particle Density n (r) = 1
2g

(
µ− d2 − 1

2MΩ2r2
)

–Thermal Region: n0(r) = q (r) = 0 and nth (r) = nth (r) 6= 0

∗Thermal Density nth (r) =
(

M
2πβℏ2

)3/2

ς 3/2

(
eβ[µ−d

2−2gnth(r)−1
2MΩ2r2]

)

•Densities
Fig. 3: Dimensionless total density ñ(r̃) =
gn(r)
µ0

(dashed, black), dimensionless conden-

sate ñ0(r̃) =
gn0(r)
µ0

(blue), dimensionless de-

pletion q̃(r̃) = gq(r)
µ0

(green) in disconnected
local minicondensates, dimensionless thermal
density ñth (r̃) =

nth(r)
µ0

(red) as function of di-

mensionless radial coordinate r̃ =
√

MΩ2

2µ0
r,

for 87Rb, N = 106, d̃ = d√
µ0

= 0.088,

µ̃ = µ−d2
µ0

= 0.535, Ω = 100 Hz, T = 60 nK
and a = 5.29 nm.
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•Thomas-Fermi Radii [6]

Fig. 4: Dimensionless condensate
radius (blue) and dimensionless
Bose-glass radius (red) as function
of dimensionless disorder strength
d̃ = d√

µ0
for 87Rb, N = 106,

Ω = 100 Hz, T = 60 nK and
a = 5.29 nm.
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•Perspectives
–Beyond Thomas-Fermi approximation

–Finite temperature with anisotropic trap potential

–General interaction potential

–Time dependence of densities and Thomas-Fermi radii [7]

–Replica Symmetry Breaking?
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