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1. Bose-Hubbard Model

Second-quantized Hamiltonian for bosons [1]:
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Decomposition in Wannier states:

ψ̂(x) =
∑

i

âiw(x− xi)

Derivation of Bose-Hubbard Hamiltonian [1–5]:

ĤBH = −J
∑

<i,j>
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Bose-Hubbard coefficients [6–8]:

J = −
∫

d3xw∗(x − xi)
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Recoil energy ER = ~
2π2/2ma2

Data of Bloch group [9,10]:

Lattice spacing a = 425 nm

Bosons used in experiment: 87Rb

s-wave scattering length as = 100a0

numerically determined
gauge curve

0 5 10 15 20 25 30

0.001

0.01

0.1

1

10

J/U

V0

ER

2. Mean-Field Theory

Mean-field ansatz [3,11]:

â†i âj ≈ 〈â†i〉âj + 〈âj〉â†i − 〈â†i〉〈âj〉 with ψ = 〈â†i〉 = 〈âj〉

Mean-field Hamiltonian:

ĤMF =
∑

i

{

−Jz[ψ(âi + â†i) − ψ2] +
U

2
n̂i(n̂i − 1) − µn̂i

}

Landau expansion [2,3,11,12]:

F(ψ) = −kBT ln Tr
{

e−ĤMF/kBT
}

= NS(a0 + a2ψ
2 + a4ψ

4 + . . .)

T = 0: a0 = En =
U

2
n(n− 1) − µn

a2 = Jz − J2z2 U + µ

(µ− Un)[U(n− 1) − µ]

T > 0: a0 = −kBT lnZ , Z =
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n=0

e−En/kBT
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Z
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U + µ
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Second-order phase transition [3,6] due to a4 > 0 [12]:

∂F
∂ψ

= ψ(2a2 + 4a4ψ
2) = 0

∂2F
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= 2a2 + 12a4ψ
2 > 0
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3. Quantum Corrections

Hamiltonian motivated by variational perturtbation theory [13,14]

Ĥ = ĤMF + η(ĤBH − ĤMF)

=⇒ Order parameter ψ is variational parameter
Dirac interaction picture Ĥ = Ĥ0 + V̂ :

Ĥ0 =
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V̂ = − ηJ
∑

<i,j>

â†i âj − (1 − η)Jz
∑

i

(ψâi + ψâ†i − ψ2)

Result in zeroth order of η:
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Result in first order of η:
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=⇒ Same phase border for all temperatures.
Result in second order of η for T = 0, n = 1, and z = 6:

a
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2 = J4

36
(

3µ4 − 4µ3U − 7µ2U 2 − 5µU 3 − 3U 4
)

(U − µ)3 (3U − µ)µ3
− J3 6 (U + µ)2

(U − µ)2 µ2

- Monte-Carlo is believed to be very precise

- Analytical result for quantum correction
numerically verified by exact diagonaliza-
tion of mean-field Hamiltonian [15]

- Strong-coupling approach compares par-
ticle and hole states

mean-field

2nd order correction

Monte-Carlo simulation[16]

3rd strong-coupling order[17]

· · ·
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4.Time-of-Flight

Density in momentum space [18]:

n(k) = 〈ψ̂†(k)ψ̂(k)〉 = |w(k)|2S(k) , S(k) =
∑

i,j

eik(ri−rj)〈â†i âj〉

Time-of-flight: ñ(x, y, t) =
∫ ∞

−∞
dzn
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Second-order strong-coupling expansion:

S(k, T ) = S0(T )+2
J
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with the coefficients
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first-order calculation (T = 0)

second-order calculation (T = 0)

experimental absorption pictures [10]

(a) V0 = 8ER, (b) V0 = 14ER, (c) V0 = 18ER, and (d) V0 = 30ER.

5.Visibility

Definition of visibility [9,10]: V =
ñmax − ñmin

ñmax + ñmin
First order expanded:

V =
zJ

U

S1(T )

S0(T )

1 − cos(
√

2π)

3
︸ ︷︷ ︸

prefactor
T = 0 and n = 2:

second order

first order

second order expanded

first order expanded

experimental data [10]· · ·
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