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Jaynes-Cummings-Hubbard (JCH) Model [ 1]

•Physical assumptions

⋆ periodical structure built of
microcavities

⋆ each cavity contains two-level system
and monochromatic photon field

⋆ coupled photonic and atomic
excitations (polaritons) are conserved

⋆Hubbard-like photon hopping between
neighboring cavities

⋆working in the strong-coupling
regime g2

γ λ
≫ 1

• JCH Hamiltonian in grand-canonical ensemble

ĤJCH =
∑

i

(

ĤJC
i − µN̂i

)

− κ
∑

〈i,j〉
â†i âj +
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i

[

ji(τ )â
†
i + j∗i (τ )âi

]

includingsource currentsji(τ ), j∗i (τ ) to break any global symmetry

• Jaynes-Cummings Hamiltonian [ 2]
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i = ω N̂i +∆ σ̂+i σ̂

−
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+
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)

polariton number:̂Ni = â†i âi + σ̂+i σ̂
−
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detuning parameter: ∆ = ε− ω
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•Partition function in Dirac picture (~ = 1)

Z [j, j∗] = tr
{

ÛD(β, 0) e
−β Ĥ0

}

, ÛD(β, 0) = T̂e−
∫ β

0 dτ Ĥ1D(τ )

unperturbed system:̂H0 =
∑

i

[

(ω − µ) N̂i + ∆ σ̂+i σ̂
−
i + g

(

â†i σ̂
−
i + âi σ̂

+
i

)]

perturbation:Ĥ1D(τ ) = −κ
∑

〈i,j〉
â†iD(τ )âjD(τ ) +

∑

i

[

j∗i (τ )âiD(τ ) + ji(τ )â
†
iD(τ )

]

•Free energy functional

F [j, j∗] = −1
β
lnZ [j, j∗] , F0 = −1

β
lnZ0, Z0 = tr

{

e−β Ĥ0

}

perform transformation to Matsubara space

g (ωm) =
1√
β

∫ β

0 dτg (τ ) e
i ωmτ , ωm = 2 πm

β

Ginzburg-Landau Theory [ 3, 4]

•Ginzburg-Landau order parameter

ψi (ωm) = 〈âi(ωm)〉0 = β δF
δj∗i (ωm)

, ψ∗
i (ωm) = 〈â†i(ωm)〉0 = β δF

δji(ωm)

• Legendre transformation to effective action

Γ [ψi (ωm) , ψ
∗
i (ωm)] = F − 1

β

∑

i

∑

ωm
[ψi (ωm) j

∗
i (ωm) + ψ∗

i (ωm) ji(ωm)]

•Physical equations of motion

ji(ωm) = −β δΓ
δψ∗

i (ωm)

!
= 0, j∗i (ωm) = −β δΓ

δψi(ωm)

!
= 0

•SinceĤ0 is local use cummulant expansion [ 5]

F [j, j∗] ≈ F0 − 1
β

∫ β

0 dτ1dτ2
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]
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ψi (ωm)ψ
∗
j (ωm)

•Explicit form of Ginzburg-Landau coefficient a(0)2

a
(0)
2 (ωm) =

∑

α,α′=±1

∞
∑

n=0

e−β En,α

β Z0

{[

e
β(En,α−En+1,α′+i ω)−1

(En,α−En+1,α′+i ω)
2 − β

En,α−En+1,α′+i ω

]

(

t(n+1)α′α

)2

+ (1− δn,0)

[

e
β(En,α−En−1,α′−i ω)−1

(En,α−En−1,α′−i ω)
2 − β

En,α−En−1,α′−i ω

]

(tnαα′)2
}

•Energies of unperturbed system

En,α = (ω − µ)n + 1
2

(

∆ + α
√

∆2 + 4 g2 n
)

transition factorstnαα′

tn±− =
√
n an± bn−1+ +

√
n− 1 bn± bn−1−

tn±+ =
√
n an± an−1+ +

√
n− 1 bn± an−1−

(

an+ bn+
an− bn−

)

=

(

sin θn cos θn
cos θn − sin θn

)

mixing angle:θn = 1
2 arctan

(

2 g
√
n

∆

)
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Results

•Phase boundary for quantum phase transition [ 6, 7]

obtained from 2nd order coefficient

∑

ωm

[

∑

i,j

δi,j

a
(0)
2 (ωm)

− κ
∑

〈i,j〉

]

ψi (ωm)
!
= 0

equilibrium:ψi(ωm) = 1√
β
ψ δm,0

yields:
[

1

a
(0)
2 (0)

− κz
]

ψ
!
= 0
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•Polariton number (∆ = 0)
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•Excitation spectra in Mott phase:∆ = 0, T = 0, n = 2 (tip of the lobe)
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•Effective mass and energy gap [ 8]:∆ = 0, T = 0 (tip of the lobe)
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Possible Experimental Realizations

Quantum dots coupled to photonic
band gap defect microcavities [ 9, 10]

Array of pillar microcavities
coupled to quantum dots [ 11, 12]

Microsphere cavities doped
with nanocrystals [ 13, 14]

Microdisc cavities coupled
to quantum dots [ 15, 16]

Stripline resonators coupled to Cooper-pair boxes [ 17, 18] On-chip Fabry-Perot microcavities
coupled with trapped ions [ 19, 20]
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