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Motivation

e We study geometric resonances in a BEC as for instance,

wB = QWQ

e We use a Poincaré-Lindstedt analysis of a Gaussian variational
approach.
l. Vidanovié¢, A. Balaz, H. Al-Jibbouri, and A. Pelster, PRA 84, 013618
(2011)
e By changing the anisotropy of the confining potential A, we obtain
* Geometric resonances and shifts in the frequencies of collective modes
* Mode coupling of collective modes
o We discuss the stability of a BEC for:

* Repulsive and attractive two-body interaction.
* Attractive two-body and repulsive three-body interactions.
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Gross-Piaevskii (GP) Equation with Two- and Three-Body Interactions Variational Approach

>

The dynamics of a BEc in a trap at zero temperature is described:

h2
(1) = [ T A V) g ilr, ) + goN (e, 0 e, 1)

*

where (r, t) is a condensate wave function
* N is the total number of atoms in the condensate
* V(r) = $Mw? (p* + X?2%), trap anisotropy A = w. /w,

g2 = 4mh%a/M.

*

>

Experimental value, for instance, g3 /A of the order 10727 to 10~ 26cmSs~1
Phys. Rev. Lett. 89, 050402 (2002)
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Gross-Piaevskii (GP) Equation with Two- and Three-Body Interactions Variational Approach
* Lagrangian

L(t) = / L(r,t)dr,
* Lagrange density

h2 g2 N

o .
ﬁ(rvt)_;@aw —w*w)—mvw—wmwﬁ—Q g5
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* Gaussian variational ansatz
Phys. Rev. Lett. 77, 5320 (1996)
Phys. Rev. A 56, 1424 (1997)

V8 (p, z,t) = N(t)exp [—; (upp(t)2 + uzZ(t)Q) +1 (02¢p(t) + 22¢z(t))

= where N'(t) =1/ w%u/%uz
* Euler-Lagrange equations

d oL 0L
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Gross-Piaevskii (GP) Equation with Two- and Three-Body Interactions Variational Approach

* Phases ¢, and ¢,

M, Ma,
Op = 2huy,’ 0= = 2hu,
* Dimensionless parameters
~ - h -
O =wifw,, U=u/l, L= m, t=t/w,
* Equations of motion in the dimensionless form
1 P k
Up+up— — — —4— — =0
PO Wl wdu, ubu?
.. 1 P k
e+ AU = 5 = g = =0
up o usuz o uLug

* p=goN/(2m)32hw, 3 = \/2/7 Na/t

16gsh
* k= 2g3N? /933w, hb = 9%9?272

Hamid AL-Jibbouri et al.: (FU Berlin) July 16, 2012

6/23



Gross-Piaevskii (GP) Equation with Two- and Three-Body Interactions Frequencies of Collective Modes

* Time-independent solutions

1 P k
U0 = ——
4 3 3 5 2
Upo UpoUz0 UpoUzo

)\2 _ 1 p k
Uz0 = 3~ + o TS
20 p0 ™20 p0 %20

* In order to estimate the frequencies of collective modes, we insert

up(t) = upo + du,(t) uz(t) = uzo + du.(t)

5 _m1—|—m3i\/(m1—m3)2—|—8m§

w =
B,Q 9
* where
2k P 2k 9 P
my =4+ —F5—5-, my=-—5— 53 M3 =4\ — ——
upOuzo “po“zo upOUZO upOuzO
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Gross-Piaevskii (GP) Equation with Two- and Three-Body Interactions Frequencies of Collective Modes
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* p =1,k =0.001 (solid lines)
* p =10, k = 0.1 (dashed lines)
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Stability Diagram

* First we consider isotropic case A =1 !
2 _ 2
ug+ug—p=0 a
* Axially-symmetric case o Cow -

Frequencies(in unitsof w,)
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A Ipl
* k=0 (solid lines) k = 0 (sold lines)
* k =0.005 (dashed lines) k = 0.005 (dotted lines)

k = —0.005 (dashed lines)
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Comparison with numerical results Nonlinear Dynamics BEC

u(0) =Ueq +cugp, u0)=0
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*xp=1,k=0,e=0.1
* analytic (2"4 order perturbation theory): solid lines
* numeric: dotted lines
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Comparison with numerical results

Excil

tation Spectra

[2wq - wg

102
10

1011
102
1073},
1074L-

o 1 2 3 4 s
Frequency (in units of w,)

* (@ A=19and (b) A=0.5
* p=1,k=0.001,and e = 0.1.
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Poincaré-Lindstedt method Quadrupole Mode

*

We use perturbation theory
up(t) = upo + eupi (t) + 52upg(t) + 53up3(t) +...,

uy(t) = uzo +euy(t) + 52uzg(t) + 53uZ3(t) + ...
We obtain system of linear differential equations

*

Upn (t) + matpn (t) + motsn(t) + xpn(t) =0,

Uz, (t) + 2m2upn(t) +mguzy (t) + in(t) =0
wheren =1,2,3, ...

Xon(t) and x.,(t) depend only on the solutions u,;(t) and u.,(t) of the
lower order ¢, such that i < n.

Forn =1 we have x,1(t) =0and x.1(t) =0
Linear transformation

>

*

*

*

u/m(t) = xn(t) +yn(t), un(t) = Cl*Tn(t) + coyn(t)
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Poincaré-Lindstedt method Quadrupole Mode

with coefficients

>

mg —my F /(m3 —my)? + 8m3
2m2

C12 =

)

>

Decouples the system at the n-th order and leads to
C2Xpn(t) — Xen(t)

(T ) n(t =0,
() + wyra(t) + R
. c n(t) — Xan(l
yn(t) erszn(t) + Xp ( ) X ( ) =0
C1 —Co
* This happens for the first time at level n = 3
s (t) + Mus(t) + Ig s coswgt + ... =0,
e where M = ( e )
2m2 ms
* The particular solution has the form
us)’1
ug p(t) = —EQMthsiant +...

2(.0Q
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Poincaré-Lindstedt method Quadrupole Mode

* The secular term can be now absorbed by a shift in the quadrupole mode
frequency,
)'1gs

L
u
2( Q —ugtsinwgt + ...

t) = t—
u3(t) = ug coswgt — e 20
~ ugcos(wg +Awg)t + ...,

* Quadrupole mode frequency shift

52 fQ73(wQawB7up07uZO7paka)‘)
QWQ (wB — ZWQ)((.L)B + QWQ)

wo(e) =wg + Awg = wg —
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Poincaré-Lindstedt method

Breathing Mode

* In a similar way, we study dynamics of a cylindrically-symmetric BEC
system when initially only the breathing mode is excited
u(0)=0.

u(O) =up +e€ug,

* Applying again the Poincaré-Lindstedt perturbation theory

wB(s) =wp + Awp = wg

Awp = —¢

o [B,3(Wq,wWB, Upo, Uz0, D, ks A)

— &

2 (ug)TIB,S

2wB

2(,03(2&]3 — wQ)(2wB + WQ)

(@

AO)B/ wp
o
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Poincaré-Lindstedt method

Limitp > ccand £ =0
w? —2+§A2i1 16 — 162 + 9\4
Be ™29 2

* The condition for a geometric resonance wp = 2wq Yyields trap aspect

ratios \; o = (v/125 4 /29)/v/72, or A\; ~ 0.683 and Ay ~ 1.952.
F. Dalfovo, C. Minniti, and L. Pitaevskii, Phys. Rev. A. 56, 4855 (1997).
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Poincaré-Lindstedt method Resonant Mode Coupling of Quadrupole Mode

x The second-order perturbative solution ug + cu; () + c2ux(t) can be
written in the form

ug + < jpg >Costt+ ( ﬁpi )cosw3t+...
z zZ

* Quadrupole mode amplitude

2 Y@
Apq = eupq + e Apg2 5% A = adp
Q

* Breathing mode amplitude

upo (Wi — 2w3)

Ap=¢?
o = Ao wh(w 123_4‘*’@)
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Poincaré-Lindstedt method Resonant Mode Coupling of Quadrupole Mode

* Radial and axial ratio

2 2 2 2
A, wp — 2wy A,p  wp— 2w
Rp:A O<2_427 RZ:A 0(2_42
pQ  Wp wo 2Q  Wp wWo
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* If geometry of the trap is tuned so that wp = wgV/2, then A,5 = A.p = 0.
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Poincaré-Lindstedt method Resonant Mode Coupling of Breathing Mode

* In a similar way, we can initially excite only the breathing mode

ug + ( ipi )costt—i— < ipg )costt+...

* breathing mode amplitude
ulp
ApB = E€UpB + 52ApBZWL23 A.p= CQApB
B

* Quadrupole mode amplitude

2 2 2

urp(2wy — wy)

Aoy =e2A o tB"B TQJ A, o=cA

Q Q2 wé(llchB—wé) =Q 150

* Radial and axial ratio

A0 2w]23 — w% Ao 2“’129 — wé

R = R. =
2 P 2 7 2
App 4wy wo A.p 4wy wH
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Conclusions

Conclusions

* We have studied the dynamics as well as collective excitations of a BEc
by changing the trap anisotropy.

* We have discussed in detail the stability of a Bose-Einstein condensate in
an axially-symmetric trap.

*= We have used a perturbative expansion and a Poincaré-Lindstedt
analysis.

* We numerically observe and analytically describe strong nonlinear
effects.

* We have compared our analytical results of the frequency shift for p —
and k = 0 with
F. Dalfovo, C. Minniti, and L. Pitaevskii, Phys. Rev. A. 56, 4855 (1997).

Hamid AL-Jibbouri et al.: (FU Berlin) July 16, 2012 20/23



Outlook

Vortex BEC

* Hamid Al-Jibbouri and Axel Pelster, Collective Excitations of a BEC with a
Single Vortex, In preparation

* Density profiles of an expanding condensate with a central vortex after
turning off the trapping potential for P = 1000 and A = 5.
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Outlook

Dipole Mode

We study the changes of dipole mode frequency of a "Li BEC due to the

Feshbach resonance
E. R. F. Ramos, F. E. A. dos Santos, M. A. Caracanhas, and V. S.

Bagnato, Phys. Rev. A 85, 033608 (2012)

M 2
Vit (r) = Vo + 2“’ (r2+X222), Vo = Bous

A
1‘2/1:;3 (r2 4+ A222)

as = apy [ 1+
BO _Bres +

2 o
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* What about the left-side of Feshbach resonance?
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Thank you for your attention |
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