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Low-dimensional quantum gases

(2D) (1D)

Quantum gases have been studied consistently only in “flat”
low-dimensional configurations

What about curved geometries?
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Shell-shaped quantum gases (rf-induced adiabatic potentials)

Theoretical proposal of [Zobay, Garraway, PRL 86, 1195 (2001)]:

confine the atoms with B0(~r), and Brf (~r , t), yielding

U(~r) = MF

√[∑
i

m

2
ωi

2x2
i − ~∆

]2

+ (~Ω)2

ωi : frequencies of the bare harmonic trap

∆: detuning from the resonant frequency

Ω: Rabi frequency between coupled levels

Minimum of U(~r) for

ωx
2x2 + ωy

2y2 + ωz
2z2 = 2~∆

m .
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Shell-shaped quantum gases

, in microgravity

On Earth...

[Colombe et al., EPL 67, 593 (2004)]

...in microgravity:

[Carollo et al., arXiv:2108.05880]

[Wolf et al., arXiv:2110.15247]
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Equation of state of a spherical Bose gas

Implementing the Bogoliubov theory, we calculated TBEC, n0/n, Ω.
[AT, Salasnich, PRL 123, 160403 (2019)]

Recently, through the analysis of scattering theory∗...

equation of state:

n =
mµ

4π~2
ln

{
4~2[1− α(µ)]

mµ a2
s e

2γ+1+α(µ)

}
,

with α(µ) = 1 − µ

µ+EB
1 +ε1

,

EB
l =

√
εl(εl + 2µ),

εl = ~2l(l + 1)/(2mR2)

(n∞ means R =∞ ↔ α = 0)

∗: [AT, PRA 105, 023324 (2022)],
[AT, Pelster, Salasnich, PRR 4, 013122 (2022)] 7
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Equation of state of a spherical Bose gas

n =
mµ

4π~2
ln

{
4~2[1− α(µ)]

mµ a2
s e

2γ+1+α(µ)

}
,

with α(µ) = 1− µ
µ+EB

1 +ε1
.

Comments:

I ”Less atoms on sphere than on plane”: at fixed µ, as :
n→ n∞ when R →∞, but
N < N∞ when R →∞,

I “the container changes the thermodynamics”

→ the geometry influences the thermodynamics by inducing
finite-size geometry-dependent corrections

I extandable (in principle) to other geometries

∗: [AT, PRA 105, 023324 (2022)], [AT, Pelster, Salasnich, PRR 4, 013122

(2022)]
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Let us see how the equation of state is derived

10



Bogoliubov theory of a spherical gas

Uniform bosons on the surface of the sphere

Z =

∫
D[ψ̄, ψ] e−

S[ψ̄,ψ]
~ , Ω = − 1

β
ln(Z)

where

S [ψ̄, ψ] =

∫ β~

0
dτ

∫ 2π

0
dϕ

∫ π

0
dθ R2 sin θL(ψ̄, ψ)

is the Euclidean action, and

L = ψ̄(θ, ϕ, τ)

(
~∂τ +

L̂2

2mR2
− µ

)
ψ(θ, ϕ, τ) +

g0

2
|ψ(θ, ϕ, τ)|4

is the Euclidean Lagrangian.
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Bogoliubov theory of a spherical gas

Bogoliubov theory:
ψ(θ, ϕ, τ) = ψ0 + η(θ, ϕ, τ)

Performing the Gaussian integral on ∼ η2 terms, we get

Ω =− (4πR2)
µ2

2g0
+

1

2

∞∑
l=1

l∑
ml=−l

(EB
l − εl − µ),

with EB
l =

√
εl(εl + 2µ), and εl = ~2l(l + 1)/(2mR2).

[AT, Salasnich, PRL 123, 160403 (2019)]
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Bogoliubov theory of a spherical gas

Ω =− (4πR2)
µ2

2g0
+

1

2

∞∑
l=1

l∑
ml=−l

(EB
l − εl − µ)

Problem: the zero-point energy diverges logarithmically at large l :

1

2

∫ lc

1
dl (2l + 1) (EB

l − εl − µ) ∼ ln(lc)

Solution: g0 scales with lc !

To see this, we need to discuss scattering theory

13



Scattering theory on the sphere
For a particle with reduced mass on the sphere, the interacting
scattering problem reads [Zhang, Ho, J. Phys. B 51, 115301 (2018)]

Ĥ0Ψµ
ν (θ, ϕ) = EνΨµ

ν (θ, ϕ), when θ > r0/R

with Ĥ0 = L̂2

mR2 . For s-wave scattering, we can write

Ψ0
ν(θ, ϕ) ∝ P0

ν (cos θ) +
f0(Eν)

4i

[
P0
ν (cos θ) +

2i

π
Q0
ν (cos θ)

]
,

and imposing Ψ0
ν(as/R, ϕ) = 0:

f0(Eν) = − 4

cot δ0(Eν)− i
, cot δ0(Eν) =

2

π
ln

(
ν as e

γE

2R

)
We identify (it is a shortcut, see [AT, PRA 105, 023324 (2022)] for all steps)

g0 ≈ f0(Elc ) ≈ −2π~2

m

1

ln
[
lc aseγE/(2R)

]
14



Regularized equation of state

Putting g0 = −2π~2

m
1

ln
[
lc aseγE/(2R)

] into

Ω =− (4πR2)
µ2

2g0
+

1

2

∫ lc

1
dl (2l + 1) (EB

l − εl − µ),

the ln(lc) divergence disappears, and we obtain the equation of
state:

n = − 1

4πR2

∂Ω

∂µ
=

mµ

4π~2
ln

{
4~2[1− α(µ)]

mµ a2
s e

2γ+1+α(µ)

}
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Application: hydrodynamic modes

Knowing the equation of state and the superfluid density, we
extend the Landau two-fluid model to the spherical case.

Frequencies of the hydrodynamic modes:

ω2
1,2 =

[
l(l + 1)

R2

][
v 2
A + v 2

L

2
±

√(
v 2
A + v 2

L

2

)2

− v 2
Lv

2
T

]

ω1, ω2 are the main quantitative
probe of superfluid BKT

transition

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

1

2

3

4

v{A,T} =

√√√√( ∂P
∂ρ

)
{s̃,T}

, vL =

√
ρsTs̃2

ρn c̃V

[AT, Pelster, Salasnich, PRR 4, 013122 (2022)]
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Superfluid BKT transition in a spherical superfluid

dK−1(θ)

d`(θ)
= −4π3y2(θ)

dy(θ)

d`(θ)
= [2− πK (θ)] y(θ)

RG scale: `(θ) = ln[2R sin(θ/2)/ξ]

Renormalization group
equations describing how

the superfluid density (∝ K )
is renormalized by the

thermally excited vortices
with chemical potential

∼ − ln(y)

Finite system size ⇒
smooth vanishing of ns
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Conclusions

– Curvature in quantum gases (and in cond.

mat.): a new research direction.

The scientific community has just started
exploring shell-shaped BECs 2018 2019 2020 2021
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curved quantum gases

– in spherical condensates: curvature ≈ finite-size for BEC,
but consequences on superfluidity

– interesting perspectives with ellipsoidal shells
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Thank you for your attention!
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