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BEC-BCS Crossover

6Li, N oc 10°, T < 100nK: confinement in combined potential of optical
dipole and magnetic trap with aspect ratio o< 7

0.0 0.5 1.0 1.4
0D ——— ")

AUULUL

680G || 760G || 840G |[ 9206 |[1000G
104 i

0_
104_

| a/ao

o o0

‘s BEC BCS *°

Nagler et al., Rev. Sci. Instr. 89, 093105 (2018)

A. Becker (TUK) BCS 26.02.2020

2/31



BEC-BCS Crossover

Phase diagram for fermionic superfluids:
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Mean-Field Theory

Mean-Field Hamiltonian

H= /d3 > Dh(x) <__AL_/J’>12}O'(X)

o=l
+g [ b8 (8,008 (x)

anti-commutator algebra
[Do(x). 0 (x)] = 0= [0 d0,(x)
(Do), 0L (x)] | = G0rdlx = x)

+
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Mean-Field Theory

Mean-Field Hamiltonian

A= /d3 > Pl x)(——AL )%(X)

o=l
+g [ ExBl(B] (08,008 (x)

Mean-Field approach
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Mean-Field Theory

Mean-Field Hamiltonian

H = /d3 > Dl ( x)(— 7AL M)@a(x)

o=T{
+g [ @xbl()8] () x)(x)

Mean-Field approach

Hartree channel

0D~ s th bt h b thidby bl bt
Ur Y%t R AP TV Rara

Fock channel
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Bogoliubov channel
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Mean-Field Hamiltonian

- HQHMF:/& { ; x)[—%AL— ) (x)
+[A"BL 0000 + A3 () () - A;A}}
Order parameter for pairing:
A = gy () (x)), A° = gl ()] () ‘
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Mean-Field and Beyond

o Partition function:

7 — Tre*m:’ _ Tre*ﬂ[’:’MFJr(’:’*’:’MF)]

@ Moment expansion:

2
Z= ZMF{l — B(H — Hvr)mr + 7(("‘/ — HwE)?)mE + }
. e—BH .

@ Cumulant expansion:

1
F:—fanMF
8

A N

+ (A — Fve)wmr — b [((H - HMF)2>MF — ((H - HMF>MF)2} + ...
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Order parameter as variational parameter

o Extremalization of free energy

Pt B) — 06 = gldy (0 ()

A. Becker (TUK) BCS 26.02.2020

11 /31



Order parameter as variational parameter

o Extremalization of free energy

OFMEe(A*, A » ~
OF(B52) _ o o5 & = gy ()9 () wir

0A
o Selfconsistency-Equations — Introducing dispersion € = %

» equation for order parameter

Oa Fup(A*,A) =0

= A

>3/2/ de\[tanh ( a (e ;)1_;?2/23)

1,3
T\ 2mh?

> particle-number equation

1
n = —VG#FMF
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Order parameter as variational parameter

Order parameter
3
UV-divergency — Renormalization é = —47%35 T %(2%‘12) ’ Jo© de %
M 3/2 tanh (1/( +A25)
— deve| = —
27rh235 (27rh2> / l (e — M)2 + A2 ]
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Order parameter as variational parameter

Order parameter

3
UV-divergency — Renormalization é = —47%35 T %(2%2) ’ Jo© de %
M 3/2 tanh (1/( +A25)
— deve|- —
27rh235 (27rh2> / l (e — M)2 + A2 ]

Particle-number equation

n:i<£>% [t e )

7\ 2mh? (e — )2 + A2
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Evaluation of self-consistency equation for T =0

Particle Number
Approximation A =0

k2 h2k2
n=—5—5, EF = 5
1272 2M

Order Parameter
Approximation

8 __m
A = S Ere T
e2

Orso

et al., PRL 99, 250402 (2007)

vy

—— Numerical Evaluation
181 ---- Approximation
16
Nl:
;¥
— 14
Experiment
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Introducing harmonic trapping potential

Harmonic trapping potential

V(x) = Z w?

’ X7y7

LDA: u — p(x) = p — V(x)
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Introducing harmonic trapping potential

Harmonic trapping potential

V(x) = Z w?

’ X7y7

LDA: u — p(x) = p — V(x)

Consequences

Limitation of density cloud by Thomas-Fermi radii
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How can we calculate Thomas-Fermi radii?

Fermi momentum (BCS limit)

k() = || 2 1= V()]

vanishes at Thomas-Fermi radii kg(Rrg) =0
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How can we calculate Thomas-Fermi radii?

Fermi momentum (BCS limit)

k() = || 2 1= V()]

vanishes at Thomas-Fermi radii kg(Rrg) =0

Thomas-Fermi approximation (BEC limit)
Time-independent Gross-Pitaevskii equation

2 7h2(0.6a
(6) = [~y Bu+VEO ) + T )Py
— —

=0 =g
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Calculation of Thomas-Fermi radii

BCS-limit: kg(Rrp) = 0= Ep = Yw?RZ,

2Eg
= i = 2
i
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Calculation of Thomas-Fermi radii

BCS-limit: kg(Rrp) =0 = Ep = Yw?R2,

2Eg
Mw?

1

= Rrri =

BEC-limit: |¢rp(x)|? = np(x) = £= V( ) np(x) = 2= V(x) >0

L /062,45
éRTF,'155< i ) L

h

with oscillator length L = QO
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Which particle cloud
is the smaller one?
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Which particle cloud
is the smaller one?

Fermi pressure vs. Boson-Boson interaction
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Comparison of Thomas-Fermi radii

e particle number: N = 10°

e frequencies: wy = 2w x 195 Hz, w, = 27 x 22.6 Hz and
wy = 27 x 129 Hz

e scattering length: as = 4510 - a9 (fermionic),
0.6 - ag = 2706 - ap (bosonic)

BCS BEC
@ Rrpx = 37 pm ® Rrpx = 29 pm
("] RTF,y = 315 pm (] RTF,y = 68 pm
® Rrg, =55 pm @ Rrp, = 34 ym
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Comparison of Thomas-Fermi radii

e particle number: N = 10°

e frequencies: wy = 2w x 195 Hz, w, = 27 x 22.6 Hz and
wy = 27 x 129 Hz

e scattering length: as = 4510 - a9 (fermionic),
0.6 - ag = 2706 - ap (bosonic)

BCS BEC
@ Rrpx = 37 pm ® Rrgx =29 pm
("] RTF,y = 315 pm - RTF,y = 68 pm
@ Rrp, = 55 pm ® Rrp, = 34 pm
Result:

BCS-limit: particle cloud = larger volume compared to BEC-limit
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BEC-BCS Crossover

6Li, N oc 10°, T < 100nK: confinement in combined potential of optical
dipole and magnetic trap with aspect ratio o< 7
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Temperature dependence of particle-number equation

Starting from Fermi-Dirac statistics:

3
4 M \2
n(T) = \/7?<27rh2) /0 deve g u(T)] +1

3
_ (MksTN\2 Bu(T)
N < 2mh? ) g% (e )
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Temperature dependence of particle-number equation

Starting from Fermi-Dirac statistics:

3
4 M \2
n(T) = \/7?<27rh2) /0 deve g u(T)] +1

3
_ (MksTN\2 Bu(T)
N < 2mh? ) g% (e )

LDA:

2

3
Mks T\ 3
e, ) = ( ! ) 5 (P1T-ve)
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Approximation of temperature dependence for fermions

Sommerfeld expansion

& () = {WV

o 2) ...

(v — 2k +1)(B)" "¢ (2k) (1 - 22k11>
e —Buk
1/ 1 Z }

Considering T — 0:

&) o (k:T){l Ty — 1)<(2>("‘;T)2

7 ke T\*
=) =2 - 3@ () +
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Sommerfeld expansion for particle-number density

2nd order Sommerfeld expansion

Assumption: TLTF <1

(B -Vl L () = V(x) 2
N =g )

ré kg T
31 kg T 2
N R s 2(—) + ...
l 2 22 v
% V.
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Sommerfeld expansion for particle-number density

2nd order Sommerfeld expansion

Assumption: TLTF <1

£f (AT — r(ls) (“( T)k;TV(X)) :
2 2

{

Temperature dependent particle-number density

[y

ks T 2
’ i(?(um—vu)') -

1
2

N W

4 [ M \? Do (kgT)?
0. T) = 3= (592 {[u() V(x)] g—u(;;_v(x)}
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Temperature dependency of...

@ Chemical potential:

@ Thomas-Fermi radii:

2Er 72 [ T\?
Rrp,i(T) = 2 ll - 6<TF> ]

= Shrinking of Thomas-Fermi radii for increasing temperature
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Temperature dependent density cloud in x-y direction

Performing integration within Thomas-Fermi radius in z-direction:

2x(x,y,T)

n(XayaT):/\/W
/2D

with x(x,y, T) = u(T) = B (wix® + w)y?)

dzn(x,y,z, T)
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Temperature dependent density cloud in x-y direction

Performing integration within Thomas-Fermi radius in z-direction:

2x(x.y,T)
Mug

2x(x,y,T)
ng

n(x,y, T) =/ dzn(x,y,z,T)

with x(x,y, T) = u(T) = B (wix® + w)y?)

2nd order expression:

M M 2
ASh )= MHW) - S +uly?) + ﬂmf}
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Temperature dependent density cloud in x direction

Performing integration within Thomas-Fermi radius in y-direction:

2§(x T)
n(x,T) = [V wﬁdy n(x.y. T)
M2

with £(x, T) = u(T) — %wzx2

X
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Temperature dependent density cloud in x direction

Performing integration within Thomas-Fermi radius in y-direction:

2§(X T)
n(x,T) = [V e dy n(x,y. T)
2§wa
with £(x, T) = u(T) — %wﬁxz

2nd order expression:
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Calculation of temperature and particle number

@ Thomas-Fermi radius:
Rre,i(T) = u(T) = Hw?Repi(T)?
@ Particle-number density in x direction:

\fv ‘“{15[M(T)—“2”w§ 2r+”32(kBT)2}

mh3wy,w,
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Calculation of temperature and particle number

@ Thomas-Fermi radius:
Rre,i(T) = u(T) = Hw?Repi(T)?
@ Particle-number density in x direction:

)= |/ MYET - Feec ‘“2{15[M(T)—“2”w§ 2r+”32(kBT)2}

mh3wy,w,
Temperature:

2

n(0, T) = M@xRiex(T) {8 [’V’ 7;(/(]37_)2}

2
2 2
2 mhiwyw, |15 ZWXRTF’X(T)} +

Particle-number:

M 2 2 7T2 T 2 ~ 1
—Wj RTFX(T) :,LL(T):EF 1— —(— :>EF:h,CU(6N)3
2 ’ 3\ Tr
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Summary

© Mean-Field Theory

— Numerical Evaluation
--- Approximation

—— Numerical Evaluation
- orso

e E = h&(6N)5

Experiment

@ Local Density Approximation
Thomas-Fermi radii comparison

BCS-limit: particle cloud = larger volume compared to BEC-limit

© Temperature Dependence
Temperature and particle number:
n(O, T), RTF,X(T) = N7 T
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