�

�

�

Retinotopic Projections:

Self-Organization of Neural Maps in the Visual System

M. Güßmann^1, A. Pelster^2, and G. Wunner^1

1Institut für Theoretische Physik 1, Universität Stuttgart 2Fachbereich Physik, Universität Duisburg-Essen

March 4, 2005

DPG Spring Meeting Berlin 2005, M. Güßmann, A. Pelster, and G. Wunner

�

�

�

Neural Maps

Conservation of neighbourhood relations:

Somatotopy Tonotopy Retinotopy

Visual system: retina → tectum retina → thalamus → visual cortex

�

�

�

Model

Representation of retina and tectum by manifolds M_R M_T

Connection weights w(t, r): M_T × M_R → R^+ Equations of Evolution: Generalization of Häussler–equations: Häussler/v. d. Malsburg, J. Theoret. Neurobiol. 2, 47 (1983) ẇ(t, r) = f(t, r, w)− w(t, r) 2M_T Z t′ dt^′ f(t^′, r, w)

− w(t, r) 2M_R Z r′ dr^′ f(t, r^′, w)

f(t, r, w) = α+w(t, r) Z t′ dt^′ Z r′ dr^′ c_T (t, t^′)c_R(r, r^′)w(t^′, r^′)

�

�

�

Synergetic Analysis

Δ_T ψ^{mT}_{λT} (t) = χ_{λT} ψ^{mT}_{λT} (t) , Δ_Rψ^{mR}_{λR} (r) = χ_{λR}ψ^{mR}_{λR} (r)

=⇒ c_T (t, t^′) = X λT X mT f^{mT}_{λT} ψ^{mT}_{λT} (t)ψ^{mT ∗}_{λT} (t^′)

Stationary homogeneous solution: w_0(t, r) = 1

Deviation: v(t, r) = w(t, r) − 1

Linearization: L̂v(t, r) = Λv(t, r)

→ v^{mT mR}

λT λR (t, r) = ψ mT λT (t)ψ^{mR}_{λR} (r) , Λ^{mT mR}_{λT λR} (α)

Decomposition: w(t, r) = 1 + U(t, r) + S(t, r)

Unstable modes: U(t, r) = U^{mu} ′ T m u′ R λu ′ T λ u′ R ψ^{mu} ′ T λu ′ T (t)ψ^{mu} ′ R λu ′ R (r) Slaving principle: S(t, r) = h(U(t, r)) ; h: center manifold

Order parameter equations:

U̇^{mu}T^{mu}R

λuT λuR = Λ muT muR λuT λuR U muT muR λuT λuR + A ··· ···U^{mu} ′ T m u′ R λu ′ T λ u′ R U^{mu} ′′ T m u′′ R λu ′′ T λ u′′ R +B^{···}_{···}U^{mu} ′ T m u′ R λu ′ T λ u′ R U^{mu} ′′ T m u′′ R λu ′′ T λ u′′ R U^{mu} ′′′ T m u′′′ R λu ′′′ T λ u′′′ R H. Haken: Synergetics, 3rd ed., Springer 2004

�

�

�

1d-Manifolds: String

Eigenfunctions: ψ_{λT} (t) = 1 √ L_T exp „ i 2π L_T λ_T t «

ψ_{λR}(r) = 1 √ L_R exp „ i 2π L_R λ_R r «

λ_T , λ_R = . . . , −1, 0, +1, . . .

c_T (t − t^′) , c_R(r − r^′) monotonically decreasing:

Λ_{max} = −α + f^T_1 f^R_1 → (λ^u_T , λ^u_R) = (±1, ±1)

Order parameter equations:

U̇_{λuT λuR} = Λ_{λuT λuR}U_{λuT λuR} + A(U_{λuT λuR})^2U_{−λuT −λuR}

+BU_λu_{T λ}u_RU_{−λ}u_{T λ}u_RU_λu_{T −λ}u_R

Transformation to real variables:

u_1 = U_{11} + U_{−1−1} , u_2 = i(U_{11} − U_{−1−1}) u_3 = U_{1−1} + U_{−11} , u_4 = i(U_{1−1} − U_{−11})

Constant phase shift angles: u_1 u_2

= const , u_3 u_4

= const

�

�

�

U(t, r) = ξ cos „ 2π L_T t + 2π L_R r − ψ «

+η cos „ 2π L_T t − 2π L_R r − φ «

Retinotopic diagonal modes:

Potential dynamics: ξ̇ = −

∂V (ξ, η) ∂ξ , η̇ = −

∂V (ξ, η) ∂η

�

�

�

Sharpening of the projection by higher modes:

Stationary solutions:

w_0(t ± r) = X λ ε^{|λ|} exp » i2πλ „ t L_T ± r L_R «–

ε = γ − α γ , γ = f^T_1 f^R_1

α = γ → w_0(t, r) = 1

α = 0 → w_0(t, r) = δ „ t L_T ± r L_R «

�

�

�

2-d Manifolds: Plane

Plane + periodic boundary conditions =⇒

Eigenfunctions:

ψ_{λT} (t) = 1 √ L_{T 1}L_{T 2} exp „ i 2π L_{T 1} λ_{T 1}t_1 + i 2π L_{T 2} λ_{T 2}t_2 «

ψ_{λR}(r) = 1 √ L_{R1}L_{R2} exp „ i 2π L_{R1} λ_{R1}r_1 + i 2π L_{R2} λ_{R2}r_2 «

λ_{T 1}, λ_{T 2}, λ_{R1}, λ_{R2} = . . . , −1, 0, 1, . . .

c_T (t − t^′) = c_{T 1}(t_1 − t^′_1)c_{T 2}(t_2 − t^′_2)

isotropic anisotropic

�

�

�

−→ Unstable modes: λ^u_T , λ^u_R = (±1, 0), (0, ±1)

Transformation to real variables:

u_λu_{T λ}u_R = U_λu_{T λ}u_R + U_{−λ}u_{T −λ}u_R v_λu_{T λ}u_R = i(U_λu_{T λ}u_R − U_{−λ}u_{T −λ}u_R)

=⇒ U(t, r) = u_{1,0,−1,0} cos » 2π L (t_1 − r_1) –

+ v_{1,0,−1,0} sin » 2π L (t_1 − r_1) –

+ . . .

u_{1,0,−1,0}(0) > u_λu_{T λ}u_R(0) , (λ^u_T , λ^u_R) ≠ (1, 0, −1, 0)

�

�

�

Retinotopic States

−→ Unstable modes: (λ^u_T , λ^u_R) = (±1, ±1, ±1, ±1)

=⇒ U(t, r) = u_1 cos » 2π L (t_1 − r_1) – cos » 2π L (t_2 − r_2) –

+ u_2 sin » 2π L (t_1 − r_1) – sin » 2π L (t_2 − r_2) –

+ . . .

Sharpening: