1/N-Expansion for Interacting Bose Gas

Flavio S. Nogueira Axel Pelster Institut für Theoretische Physik Fachbereich Physik Freie Universität Berlin Universität Duisburg-Essen

Talk DPG, March 2005

Flavio S. Nogueira 1/N-Expansion

Model

Action in imaginary time

S = Z β 0 dτ Z ddr 2 6 4 NX α=1 b∗α ∂τ − μ − ∇2 2m ! bα + g 2 0 @ NX α=1 |bα|2 1 A 23 7 5

Partition function:

Z = Z "Y α Db∗αDbα # e−S

Large N limit is taken by letting N → ∞ with Ng fixed

Flavio S. Nogueira 1/N-Expansion

Hubbard-Stratonovich transformation

S′ = Z β 0 dτ Z ddr 2 4 NX α=1 b∗α ∂τ − μ − ∇2 2m + iλ ! bα + 1 2g λ2 3 5

Integrating out N − 1 fields:

Seff = (N − 1)Tr ln

∂τ − μ − ∇2 2m + iλ !

+ Z β 0 dτ Z ddr " b∗ ∂τ − μ − ∇2 2m + iλ ! b + 1 2g λ2 #

=⇒ The leading order corresponds to the Hartree approximation (saddle-point level)

Flavio S. Nogueira 1/N-Expansion

Gaussian fluctuations around the saddle-point approximation: Bogoliubov theory and beyond

b = b0 + b̃, iλ = λ0 + iλ̃

Seff = SSPAeff + 1 2 Tr ln h δ(τ − τ ′)δd(r − r′) − Ng G0(τ − τ ′, r − r′)G0(τ ′ − τ, r′ − r) i

+ 1 2 Z β 0 dτ Z ddr Z β 0 dτ ′ Z ddr′ Ψ†(τ, r)M(τ − τ ′, r − r′)Ψ(τ, r′)

Ĝ0(iωn, p) = 1 iωn + μ − λ0 − p 2 2m

Flavio S. Nogueira 1/N-Expansion

Ψ†(τ, r) = ^~ b∗(τ, r) b̃(τ, r) ~ , Ψ(τ, r) = " b̃(τ, r) b̃∗(τ, r) # ,

M̂(iωn, p) = 2 4 −iωn − μ + λ0 + p 2 2m + |b0|2Γ̂(iωn, p) b20 Γ̂(iωn, p) (b∗0)2Γ̂(iωn, p) iωn − μ + λ0 + p 2 2m + |b0|2Γ̂(iωn, p)

3 5 ,

Γ̂(iωn, p) = g 1 − NgΠ̂(iωn, p)

Flavio S. Nogueira 1/N-Expansion

Polarization Bubble:

Π̂(iωn, p) = 1 β ∞X m=−∞ Z ddq (2π)d

Ĝ0(iωn + iωm, p + q)Ĝ0(iωm, q)

Graphical representation of the vertex function:

Flavio S. Nogueira 1/N-Expansion

Propagators

Ĝ(iωn, p) = "^ Gb̃∗b̃(iωn, p) F̂b̃∗b̃∗(iωn, p) F̂~ bb̃(iωn, p) Ĝb̃∗b̃(−iωn, p) #

Ĝ~ b∗b̃(iωn, p) =

iωn + λ0 − μ + p 2 2m + |b0|2Γ̂(iωn, p)

ω2n + » p2 2m + λ0 − μ + |b0|2Γ̂(iωn, p) –2 − |b0|4Γ̂2(iωn, p)

F̂~ b∗b̃∗(iωn, p) = −

(b∗0)2Γ̂(iωn, p)

ω2n + » p2 2m + λ0 − μ + |b0|2Γ̂(iωn, p) –2 − |b0|4Γ̂2(iωn, p)

Flavio S. Nogueira 1/N-Expansion

Generalized Bogoliubov spectrum:

E(p) = s p4 4m2 + nN m p2 Γ̂[E(p), p]

Polarization bubble in the high-temperature approximation:

Π̂(iωn, p) = −Adm2T ad−2[(pa)2−d+d−3] »“ p2 − 2miωn

”d−3 + e−iπ(d−2) “ p2 + 2miωn

”d−3–

Ad = 22−dπ−d/2eiπ(d−2)/2Γ(d/2 − 1)Γ(3 − d)

Flavio S. Nogueira 1/N-Expansion

d = 3 =⇒ Π̂(iωn, p) = −iT m 2 2πp ln „ 2miωn+p2 2miωn−p2 «

d = 2 =⇒ Π̂(iωn, p) = −Tπ p

2 ln(pa)

(iωn)2− p 4 4m2 Some care is needed at d = 2, since the condensate is zero for any finite temperature

Bare coupling constant:

g = 2π/m ln “ 2e−γ Nna2

” (d = 2), g =

4πd/2ad−2 Γ(d/2 − 1)m

(d > 2)

Flavio S. Nogueira 1/N-Expansion

Roton-like behavior at d = 2

Excitation spectrum at d = 2:

E(p) = s p4 4m2 + Ngnp2 m » 1 − T m πn ln(pa) –

The coefficient of the p2-term changes sign at

p0 = a−1eπn/T m

Flavio S. Nogueira 1/N-Expansion

Low momentum behavior at finite temperature

2 < d < 4:

E(p) ≈ q n αdm3T p

(6−d)/2 where α

d = Γ(2−d/2)Γ

2(d/2−1) 2d−2πd/2

d = 2:

E(p) ≈ r Ngn m a−T m/2πnp1−T m/2πn

The continuously varying exponent in the d = 2 case is reminiscent of the Kosterlitz-Thouless (KT) physics. However, true KT behavior would emerge only for N = 1.

Flavio S. Nogueira 1/N-Expansion

Conclusions

• The 1/N-expansion through functional integrals provides a simple, physically appealing, and controlled way for studying non-relativistic Bose systems.

• The analysis was made for any dimensions 2 ≤ d < 4.

• While the d = 3 result is known, being essentially equivalent to RPA, the d = 2 results are new. • At d = 2 rotons are thermally induced.