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1.1 Ildentical Particles

e Permutation:  P|U(z1,z2)) = exp(i0)| U(z2, 1))
e Dimensionality:

D>3 —60=0 bosons, 6=x fermions
D=2 —bosons 0<60<m fermions
D=1 — intermediate statistics ?
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1.2 Particle Exchange
e Implementation: [&z, AH o 8i il = ay j —exp [+ifsgn(i — 7)] aTaZ

e Consequences:

First possibility:

exchange

|U) =alall0) | U) = ajasalal|0) = exp (i0) afalaal| 0) =

exp (i) afal] 0) "8 exp (i6) alal| 0) = exp (i6) | @)

Second possibility:

exchange
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2. Anyon-Hubbard Model in 1D

e Hamiltonian:
L

AN

j=1 j=1

Deformed commutators:
(A, B]q = AB — ¢BA

Properties:
gi,j = exp [£ifsgn(i — j)]
qi,j = q]'_,il =q;;» Q=1 VYV i€ll,L]
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2.2 Jordan-Wigner Transformation

e Define Jordan-Wigner anyons via:

e Disorder operators:

[A(_ﬂ; = exp (i@ Z ff?,k)

k<1

IA{JF,Z- = exp (i@ Z ff?,l)
Properties: [>i

A

Kl =K} ¥V j=-+ [Kj,i,f(n,m] =0

V jyn=—+ and V i,m e [l, L]



2.3 Exclusion Principle

/\T._

_dz', i, = 0i, ;1
divd;| =0=[d},dl]
ar A
i = did; = al, a4
Boson Fermion
k 1 -1
, , N\ f -\
Exclusion behavior (dz) #0, feN (dz) =0, f>2
. . N\ 4\
Anyonic exclusion (ai Z) #0, feN (ai,i) =0, f>2
—  Exclusion principle dictated by underlying local CCR,CAR
—  Exchange statistics is transmuted




2.4 Algebraic Relations

Phase shift property: .. . . . .
K}’iquj,i = d, exp(20)
Vi=—,4+ Vqe kI

Anti-symmetry:

Algebraic structure:

AT AT o F oAt AT

a; ;0 kqi,jal,jal’i =0,

A A /\T A _ -
al,iazj — kqﬁ-al’jal,i —5231

This talk: A
k=1 and K_;



2.5 Bosonic Representation

Conditional hopping BH model:

L L—-1

A U A A 7]
H?BC = E E ﬁz (ﬁz — 1) —J E {b:bz+1exp(7,t9’ﬁz) + h.c.
=1 1=1 i

HEBC — gOBC _ 5 [exp(iH(N — 1))[3TLlslexp(i9'ﬁL) +hel

—  Density dependent Peierls phase
— Even-odd effect as a signum of fermionic behavior 6 ==«

—— Bose-Hubbard model for 0 =0



2.6 Symmetries

Particle number conservation: _H, N| =0 — SU(L)
. - N . 2
Translational (PBC): [HPBC, U] #0 — it 07#0,— T 7

Parity: [ﬁ,ﬁ} L0 — if 60,7
Time inversion: [HT} L0 — if 0407

Local gauge: [H,S} £0, S'%;5=(-1)b;, if OBC or PBC L=even

—> JW-anyons break discrete symmetries as well as translational invariance

except for some parameter values



2.7 Combined Discrete Symmetries

— If the discrete symmetries become chiral w.r.t.  Hy,,
T

ie. A'Hy,, A= —H,,, for On; = <
o [apr] =[] - [mps] —o

—> statistically induced phase transitions

This talk:

: : 1
PBC are considered + neglection of boundary term O (Z)
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3. Experimental Proposals

e D =1 : Possible realizations of anyons:

— Photon-assisted tunneling
T. Keilmann, S. Lanzmich, I. McCulloch, and M. Roncaglia, NC 2 361, 2011

— Raman scheme
S. Greschner and L. Santos, PRL 115 053002, 2015

— Lattice-shaking-induced resonant tunneling
C. Strater, S. C. L. Srivastava, and A. Eckardt, PRL 117 ,205303, 2016
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3.1 Photon-assisted tunneling
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T. Keilmann, S. Lanzmich, I. McCulloch, and M. Roncaglia, NC 2 361, 2011

e Parity violation induced by off-set A between adjacent sites
e Raman-coupling of excited states induces Peierls phase

e Restriction to two particles per site via Feshbach resonance
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3.2 Raman scheme

% (iii) v

S. Greschner and L. Santos, PRL 115 053002, 2015

e Again assisted Raman-coupling to induce Peierls phase
e Effective, controllable on-site interaction via detuning

e Possible attractive interaction leads to restriction of particle number
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3.3 Lattice-shaking-induced resonant tunneling

(a)

(b)

C. Strater, S.C.L. Srivastava, and A. Eckardt, PRL 117(2016)

e Conditional hopping via lattice tilting and periodic driving
e Effective Floquet Hamiltonian in high frequency approximation
e Adjusting statistical parameter by appropriate form of driving force
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4. Gutzwiller Mean-Field Approximation

Product ansatz:

Nmax

Normalization:
n=0

NMmax

o

Energy: E ({ é;”}) = (G|H®|G)

Classical GW approach:

Modified GW approach 1:

?gj )

(J)

Z‘f(J)‘Q —1

= fu

= [Anlexp(iv})

G. Tang, S. Eggert, and A. Pelster, NJP 17, 123016 (2015).

Modified GW approach 2:

(J)

= |Aplexp(ijfn + ivn)
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4.1 Inconsistency of Modified GW Approach 1

o Definitions: 8] =~i—vl,,, BI—Bi* =AB,, BI+BATI =28,
—> Formally incorrect
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e Ground-state energy turns out
to be independent of 4: <
—> Contradicts Kevin’'s DMRG data
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e Certain features of quasi-momentum distributions contradict to
DMRG results:
—> Monotonically decreasing peak with increasing 6
— Condensation at k&~ 0 for small densities

G. Tang, S. Eggert, and A. Pelster, NJP 17, 123016 (2015)
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4.2 Quasi-Momentum Distributions
e Bosonic version:

~ (b 1 ik(zi—x:) /5T3
) = 7> M bh),
i
(b1b;) = 0i(Ra) + (1= 8i5)(b]) (b))
e Anyonic version:
~ 2 1 ik(x;—x;) /AT A
W) = 7 dMilalay),
i
Ao 1<J, ypt i0n, 107\ \ /7
(@lag) =5 @l (T ™) Gs),
1<l<g
(ala;) =5 (blb),
AT A 1>1 —i0h.3 _i07 ~
(alag) =L (e by (T e7) @)
<<

e Goal: Dependence on anyon statistical parameter 6

e This talk: Soft-core particles nmax = 2
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4.2 Bosonic Quasi-Momentum Distributions

e Finite system:

0
<ﬁ2) = ng — |A1|2 [|Ao|2 + 2\/§’A0||A2|COS (§> + 2\A2,2]

0

1 1 — k+ ABy)L
+Z|A1|2 |AO|2+2\f2|A0||A2|cos <§)+2\A2|2] cos [(k + ABy) L]

1 — cos [k + ApSo]

e Thermodynamic limit:

. 0
(ni)L_)OO = ng — \A1‘2 [\A0|2 + 2\@\AOHA2|COS (5) + 2|A2‘2]

0
—|—|A1|2 [|A0|2 + 2\/§|A0||A2|COS (§> —+ 2’A2|2] (5(]43 —+ AB())
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4.2 Bosonic Quasi-Momentum Distributions

Gutzwiller MF DMRG
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no = 0.25, L =100, % = 10, DMRG data from Kevin
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4.2 Bosonic Quasi-Momentum Distributions

Gutzwiller MF DMRG
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ng = 0.75, L =100, % = 10, DMRG data from Kevin
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4.2 Bosonic Quasi-Momentum Distributions

Gutzwiller MF DMRG
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4.3 Anyonic Quasi-Momentum Distributions

e Thermodynamic limit:

(WY oo = g — 2|C { |z|cos [Arg(C) — Arg(z)] — cos [k + ABy — Arg(C)] }

2|2 — 2|z|cos [k + ABy — Arg(C)] + 1
C=|A* (\Ao\2 + V2| Ao|| Ao| {exp [iA7] + exp [=i(Ay — )]} + 2| A2|exp W])
z = |Ao|? + | A1|%exp [i6] + |As|?exp [2i6)]

—> Deformation to smoothened Fermi edge is observable for elim (ng)
—T

22



4.3 Anyonic Quasi-Momentum Distributions
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5. Mean-Field Decoupling

Decomposition of ladder operators: a; — (a;) + 04,

Neglection of fluctuations: da2 ~ 0

A L A
Locality: Huyr = Z Hj
j=1

Self-consistency relations:  (d;) = a; — min [Eyr(oy)]

Classical Decoupling:

Modified Decoupling:

o

a; — o 1.e. homogeneity is assumed

a; — Abs(a)explijArg(a)]
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5. Mean-Field Decoupling

—  Use bi-partite structure of underlying lattice

'Mwh

UL
5223 —J

A;r- = b}exp(i@ﬁj)

1

J

E

t
2j—1

L
ba; + égijijl + h.c.} — ,LLZ
j=1

—  Decompose ladder operators  (b;) + 6b;,  (¢;) + 6¢;

—  Consistency w.r.t. product state  (¢1) # (b1) (exp(i6;))

J

A

nj
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5. Mean-Field Decoupling

L
2
— Hyp =Hy—J) {Bi (Mos Ves Ni2j) baj + AL (e, Vo, N2j41) baji1 + h-C-}
j=1

—  Self-consistency equations, b;,¢; ~ variational parameters

blexp (27 + 1)v,],

)
Jexp [4(2 + 1)10]

—> Linearize self-consistency map around trivial solution b;,¢; ~ 0
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5. Mean-Field Decoupling

L
Perturbation theory [W) ~ [[In)i+|¥1)
=1

Assume equality of variational parameter amplitudes on both partitions

Consistency relations for variational parameter phases

Lol

Two types of superfluid dependingon nq,no € Z

W. Zhang, E. Fan, T. C. Scott, and Y. Zhang, arxiv:1511.01712

<B2j> = Abs(b), (C2;) = Abs(c)
(baj1) = Abs(b)(—1)"27™,  (&11) = Abs(c)(—1)"2t™

— Jerit  from instabillity of self-consistency equations o = A«

with o = (Abs(b),Abs(c))’,  i.e. max[Re(\y) =1
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5.1 Phase Diagramm
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Conclusion

Independence of exclusion principle and exchange statistics

Smooth transmutation between bosonic and fermionic exchange statistics

Consistent modified Gutzwiller approach

Superfluid condensation at finite momentum

Non-trivial deformation of Mott lobes

Emergence of new superfluid phases
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Outlook
Strong coupling expansion to check phase boundary

J.K. Freericks and H. Monien, PRB 53, 2691 (1996)

Friedel oscillation (for open boundary conditions)

0.30f
0.28¢
& 0.26}
0.24r

0.221

0.20¢t.,

C. Strater, S.C.L. Srivastava, and A. Eckardt, PRL 117, 205303 (2016)

Nearest neighbour interactions inducing topological phases (Shijie, Kevin)
F. Lange, S. Ejima, and H. Fehske, arxiv:1612.00605

Investigation of fermionic anyons

Finite temperature + dynamics beyond hard-core limit
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