
Noise-Dependent Stability of the Synchronized 
State in a Coupled System of Active Rotators

Sebastian F. Brandt¹, Axel Pelster², and Ralf Wessel¹

¹Department of Physics, Washington University in St. Louis
²Fachbereich Physik, Universität Duisburg-Essen, Campus Duisburg

arXiv:  0802.1105



Phase Dynamics of Excitable Systems
• Kuramoto Model for active rotators

• Langevin Equation

• Fokker-Planck Equation



Single Rotator
• Fokker-Planck Equation

• Potential

• Probability Current

• Continuity Equation



General Stationary Solution

• Constant Probability Current → Solution

• Determine Constants through Normalization and 
Boundary Conditions



Mean Frequency of Active Rotator

• Integral Representation

• Small-Noise Limit

• Large-Noise Limit



Analytical and Numerical Results



Deterministic Two-Rotator System

• Dynamical System:

• Fixed Point

• Eigenvalues of Stability Matrix

• Subcritical Pitchfork Bifurcation



Bifurcation Diagram

• Coexistence of Stable Fixed Point and Oscillations



Stochastic Two-Rotator System

• Stationary Solution to Fokker-Planck Equation



• Marginal Probability Density:



Analytical and Numerical Results



Fourier Expansion
• Ansatz

• Infinite System of Algebraic Equations



First-Order Expansion Result

• Probability Density

• Phase Transition

• Marginal Probability Density
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