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■♥tr♦❞✉❝t✐♦♥

❚✉♥✐♥❣ ❯❧tr❛❝♦❧❞ ●❛s❡s

❋❧♦q✉❡t ❊♥❣✐♥❡❡r✐♥❣

❍✳ ▲✐❣♥✐❡r ❡t ❛❧✳ P❘▲ ✾✾✱ ✷✷✵✹✵✸ ✭✷✵✵✼✮

◆✳ ❋❧äs❝❤♥❡r ❡t ❛❧✳ ◆❛t ✶✹✱ ✷✻✺ ✭✷✵✶✽✮
❘❡✈✐❡✇✿ ❆✳ ❊❝❦❛r❞t ❘▼P ✽✾✱ ✵✶✶✵✵✹
✭✷✵✶✼✮

❯❧tr❛❝♦❧❞ ◗✉❛♥t✉♠ ●❛s❡s

i~ ∂
∂tφ =

(

− ~
2

2m∆+ Vext(r, t) +
4π~2a

m |φ|2
)

φ

❚✉♥❛❜❧❡ ♣❛r❛♠❡t❡rs

❑✐♥❡t✐❝ ❡♥❡r❣②

❚r❛♣✱ ♦♣t✐❝❛❧ ❧❛tt✐❝❡

■♥t❡r❛❝t✐♦♥ ✈✐❛ ❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡

▼❛❣♥❡t✐❝ ❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡
❖♣t✐❝❛❧ ❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡
❉r✐✈✐♥❣ ✐♥❞✉❝❡❞ s❝❛tt❡r✐♥❣ r❡s♦♥❛♥❝❡ ❬✶✱✷❪
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❚❤❡♦r② ❋❧♦q✉❡t ❙❝❛tt❡r✐♥❣

❋❧♦q✉❡t ❙❝❛tt❡r✐♥❣

❚✐♠❡✲♣❡r✐♦❞✐❝ s❝❛tt❡r✐♥❣ ♣♦t❡♥t✐❛❧✿ v(r, t) =
∑∞

n=−∞ e−inωtvn(r)

❋❧♦q✉❡t ❛♣♣r♦❛❝❤✿ ψ(r, t) = e−iǫt/~
∑∞

n=−∞ e−inωtφn(r)

❋❧♦q✉❡t✲♣❛rt✐❛❧ ✇❛✈❡ ❡①♣❛♥s✐♦♥✿ φn(r) =
∑∞

l=0Rn,l(r)Pl(cos θ)

❘❛❞✐❛❧✲❋❧♦q✉❡t ❡q✉❛t✐♦♥✿
[

∆r + k2n − l(l+1)
r2 − v0(r)

]

Rl,n(r) =
∑

m 6=0 vm(r)Rl,n−m(r)

❉✐s♣❡rs✐♦♥ ~
2

2mk
2
n = ǫ+ n~ω

❆s②♠♣t♦t✐❝ ✇❛✈❡ ❢✉♥❝t✐♦♥✿

φn(r) = δn,0e
ikr + fn

eiknr

r

❈r✐t✐❝❛❧ ✐♥❞❡①✿ nc = ⌈− ǫ
~ω ⌉

❋r❡❡ st❛t❡s✱ ✐❢ n ≥ nc : kn ∈ ❘

❇♦✉♥❞ st❛t❡s✱ ✐❢ n < nc : kn ∈ ❈

❚✐♠❡ ❛✈❡r❛❣❡❞ s❝❛tt❡r✐♥❣ ❧❡♥❣t❤ ❬✶❪
ascatt = −lim

ǫ→0
f0
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❚❤❡♦r② ❉r✐✈❡♥ ❈♦♥t❛❝t ■♥t❡r❛❝t✐♦♥

❋❧♦q✉❡t ❙❝❛tt❡r✐♥❣ ❜② ❈♦♥t❛❝t P♦t❡♥t✐❛❧

❈♦♥t❛❝t ♣♦t❡♥t✐❛❧✱ s✲✇❛✈❡ s❝❛tt❡r✐♥❣ ❧❡♥❣t❤ a(t) = ā+ a1 cos(ωt)

v(r, t) = 2a(t)
r2 δ(r) ∂

∂r r ⇒ v0(r) =
2ā
r2 δ(r)

∂
∂r r✱ v±1(r) =

a1

r2 δ(r)
∂
∂r r

❘❛❞✐❛❧✲❋❧♦q✉❡t ❡q✉❛t✐♦♥✱ l = 0 ✭❧♦✇✲❡♥❡r❣② ❧✐♠✐t✮
[

∆r + k2n − v0(r)
]

Rl=0,n(r) =
∑

m=±1 vm(r)Rl=0,n−m(r)

❋❧♦q✉❡t ♠♦❞❡s ❬✸❪✿

Rl=0,n(r) =
δn,0

2
ie−iknr

knr
−Dn

ieiknr

knr

❊✈❛❧✉❛t✐♦♥ ♦❢ δ✲❢✉♥❝t✐♦♥ ❛♥❞ ❝♦♥t✐♥✉✐t②
❝♦♥❞✐t✐♦♥✿
(

i
knā

− 1
)

Dn − a1

2ā (Dn+1 +Dn−1) = γn

❙♦❧✉t✐♦♥ ✈✐❛ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥

❈❛❧❝✉❧❛t❡ s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s
fn = −i

kn

(

Dn − δn,0
1
2

)
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❘❡s✉❧ts ❊♥❤❛♥❝❡♠❡♥t ♦❢ ❙❝❛tt❡r✐♥❣

❉r✐✈✐♥❣ ■♥❞✉❝❡❞ ❙❝❛tt❡r✐♥❣ ❘❡s♦♥❛♥❝❡s

▲✐♥❡s ♦❢ r❡s♦♥❛♥❝❡s ✐♥ ω✲a1 ♣❧❛♥❡ ❢♦r ♣♦s✐t✐✈❡ ā

■♥❝♦♠✐♥❣ ♣❛rt✐❝❧❡ ❤❛s ❡♥❡r❣② ǫ

▲❡♥❣t❤ s❝❛❧❡✿ ā

❊♥❡r❣② s❝❛❧❡✿ ED = ~
2

2m
1
ā2

❆♠♣❧✐t✉❞❡ ❞❡t❡r♠✐♥❡s ❡❧❛st✐❝ s❝❛tt❡r✐♥❣✿ ≪ σ ≫el= 4π|f0|
2

❚♦t❛❧ ❝r♦ss s❡❝t✐♦♥ ✈✐❛ ❋❧♦q✉❡t✲♦♣t✐❝❛❧ t❤❡♦r❡♠ ❬✷❪✿ ≪ σ ≫= 4π ■♠ f0
k0
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❘❡s✉❧ts ❊♥❤❛♥❝❡♠❡♥t ♦❢ ❙❝❛tt❡r✐♥❣

❘❡s♦♥❛♥❝❡s ✐♥ ❙❝❛tt❡r✐♥❣ ▲❡♥❣t❤

▲♦✇✲❡♥❡r❣② ♣❤②s✐❝s✿ ❙❝❛tt❡r✐♥❣ ❧❡♥❣t❤ ❛r♦✉♥❞ r❡s♦♥❛♥❝❡✿

ascatt(ω) ≈ aBG

(

1− δ
ω−ω0

)

❊♥❡r❣② s❝❛❧❡ ✐s ❞❡t❡r♠✐♥❡❞
❜② ❝❤♦♦s✐♥❣ ā

❘❡s♦♥❛♥❝❡ ✇✐❞t❤ δ(n) ✐s
s❡t ❜② a1

❊♥❤❛♥❝❡♠❡♥t ♦❢ s❝❛tt❡r✐♥❣
❧❡♥❣t❤ ❜② ❝❤♦♦s✐♥❣ ω

r❡❧❛t✐✈❡ t♦ ω
(n)
0
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a1 in units of ā
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❘❡s✉❧ts ❋❛♥♦ ❘❡s♦❛♥❝❡

❉r✐✈✐♥❣ ■♥❞✉❝❡❞ ❋❛♥♦✲❋❡s❤❜❛❝❤ ❘❡s♦♥❛♥❝❡

❊①♣❧❛♥❛t✐♦♥ ✐♥ ❝♦✉♣❧❡❞
❝❤❛♥♥❡❧ ♣✐❝t✉r❡✿
❋❛♥♦✲❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡
✐♥✈♦❧✈✐♥❣ ❞②♥❛♠✐❝❛❧❧② ❜♦✉♥❞
st❛t❡s ✐♥ s✐❞❡ s②st❡♠

❘❡s♦♥❛♥❝❡s ✐❢ ǫ = ǫ
(m)
bound

❋♦r s♠❛❧❧ a1✿
ǫ
(m)
bound ≈
−ED + |m|~ω + C(m)a21

◆♦ ❧♦ss❡s t❤r♦✉❣❤ ✐♥❡❧❛st✐❝
s❝❛tt❡r✐♥❣ ❛t r❡s♦♥❛♥❝❡
♣♦s✐t✐♦♥
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Re a
scatt

bound

m=3

bound

m=2

bound

m=1
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❍✐❣❤❡r ❍❛r♠♦♥✐❝s ❚✇♦✲❈♦❧♦✉r ❉r✐✈❡

■♥✢✉❡♥❝❡ ♦❢ ❍✐❣❤❡r ❋♦✉r✐❡r ▼♦❞❡s

❉r✐✈❡ ✇✐t❤ 2♥❞ ❤❛r♠♦♥✐❝✿
a(t) = ā+ a1 cos(ωt) + a2 cos(2ωt)

❘❡❝✉rs✐♦♥ r❡❧❛t✐♦♥✿
(

i
knā

− 1
)

Dn −
∑

m=±1±2
am

2ā Dn−m = hn

❙❝❛tt❡r✐♥❣ ❧❡♥❣t❤ ♥❡❛r r❡s♦♥❛♥❝❡✿
1

ascatt(ω) ≈
1

aBG

ω−ω0

ω−ω0−δ/~ + iγ

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

ω in units of h̄/(2mā2)
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ascatt/ā for ã1 = 0.4 and ã2 = 0.16
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❋✐♥✐t❡ ♠❛①✐♠❛❧ ❡♥❤❛♥❝❡♠❡♥t ♦❢ s❝❛tt❡r✐♥❣
max❘❡ ãscatt = 1/(2γ)

❘❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥ s❤✐❢ts

❲✐❞t❤ ♦❢ r❡s♦♥❛♥❝❡ ❞❡❝r❡❛s❡s
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❍✐❣❤❡r ❍❛r♠♦♥✐❝s ▼✉❧t✐❝♦❧♦✉r ❉r✐✈❡

❉r✐✈❡♥ ▼❛❣♥❡t✐❝ ❋❡s❤❜❛❝❤ ❘❡s♦♥❛♥❝❡

❍❛r♠♦♥✐❝❛❧❧② ♠♦❞✉❧❛t❡❞ B✲✜❡❧❞✿ a(t) = abg

(

1− ∆
B2 cos(ωt)+B1−B0

)

❉r✐✈❡ ✇✐t❤ ♠✉❧t✐♣❧❡ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥ts an
133❈s✱ B0 = 547 ●✱ ∆ = 7.5 ● ❬✹❪

~/(2mā2) ≈ 3 ❦❍③
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B2 in units of |B1 − B0|
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❖✉t❧♦♦❦ ❚✇♦✲❈❤❛♥♥❡❧ ▼♦❞❡❧

❖✉t❧♦♦❦✿ ❚✇♦ ❈❤❛♥♥❡❧ ▼♦❞❡❧s

❆❞❞ ✐♥t❡r♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
[

∆r + k2n − l(l+1)
r2 − v

0
(r)

]

Rl,n(r) =
∑

m 6=0 vm(r)Rl,n−m(r)

▼♦❞❡❧ ♣♦t❡♥t✐❛❧✿ v(r, t) =
(

−V0θ(R0 − r) Ω(t)
Ω(t) ∆(t)− V1f1(r)

)

▼❛❣♥❡t✐❝ ❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡ ❬✺❪

f1(r) = Θ(R1 − r)
∆(t) = ∆µB(t)
Ω(t) = const. ❤②♣❡r✜♥❡✲✐♥t❡r❛❝t✐♦♥

❘②❞❜❡r❣ ♦♣t✐❝❛❧ ❋❡s❤❜❛❝❤ r❡s♦♥❛♥❝❡ ❬✻❪

f1(r) =
{

1,−δR1/2 < r +R1 < +δR1/2

0, ♦t❤❡r✇✐s❡

∆(t) ❞❡t✉♥✐♥❣
Ω(t) ❘❛❜✐✲❢r❡q✉❡♥❝②
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