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Dipole-Dipole Interaction in Quantum Systems

dipole-dipole interaction potential

Vint(x) =
Cdd

4π |x|3
(
1− 3 cos2 ϑ

)
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Magnetic and Electric Interactions

Magnetic systems:
Interaction strength: CB

dd = µ0m2, with m ∼ 1 to 10 µB

Realized samples
Boson: 52Cr Griesmaier et al., PRL 94, 160401 (2005)
Boson: 87Rb Vengalattore et al., PRL 100, 170403 (2008)
Fermion: 53Cr Chicireanu et al., PRA 73, 053406 (2006)
Boson: 164Dy Lu et al., PRL 107, 190401 (2011)

Electric systems:
Interaction strength: CE

dd = 4πd2, with d ∼ 1 Debye
Realized samples
Fermion: 40K87Rb Ospelkaus et al., Science 32, 231 (2008)
Boson: 41K87Rb Aikawa et al., NJP 11, 055035 (2009)

Ratio: CBdd/CEdd ≈ 10−4
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Previous Theoretical State of Knowledge

Description of limiting cases

Contact interaction:
Guéry-Odelin, PRA 66, 033613 (2002)

Dipolar interaction

Collisionless regime via Boltzmann-Vlasov Equation and
minimization of Hartree-Fock energy:
Sogo et al., NJP 11, 055017 (2009)
Hydrodynamic regime via action principle and common phase
approximation:
Lima and Pelster, PRA 81, 021606(R) and 063629 (2010)

Kinetic description of all regimes with contact interaction:
Stringari et al., PRA 68, 043608 (2003)
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Fermi Gas
Hierarchical Structure & Perturbation Theory
Relaxation Time Approximation

Fermi Gas

Hamiltonian:

Ĥ = Ĥ0 + Ĥint

Ĥ0 =

∫
d3r ψ̂†(r)

[
−~2∇2

2m
+ U(r)

]
ψ̂(r)

Ĥint =
1

2

∫
d3rd3r ′Vint(r − r′)ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r)

Anticommutator relations:

{ψ̂(r), ψ̂†(r′)} = δ(r − r′)

{ψ̂(r), ψ̂(r′)} = 0

{ψ̂†(r), ψ̂†(r′)} = 0
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Wigner Representation

Wigner function:

f (r,p, t) =

∫
d3se

i
~ p·sTr

[
ρ̂(t)ψ̂†

(
r +

s

2

)
ψ̂
(
r − s

2

)]
Contains the whole quantum mechanical information:

n(x, t) =

∫
d3p

(2π~)3
f (x,p, t)

〈ψ|p|ψ〉 =

∫
d3x

∫
d3p

(2π~)3
p f (x,p, t)
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Equation of Motion for the Distribution function

Time evolution of the density matrix: von Neumann equation

i~
∂ρ̂

∂t
(t) =

[
Ĥ, ρ̂(t)

]
With weakly varying trapping potential:

∂f

∂t
(r,p, t) +

p

m
· ∂f (r,p, t)

∂r
− ∂U(r)

∂r
· ∂f (r,p, t)

∂p

=
1

i~

∫
d3s

∫
d3xe

i
~ p·s

[
Vint

(
x− r +

s

2

)
− Vint

(
x− r − s

2

)]
×Tr

[
ρ̂(t)ψ̂†

(
r +

s

2

)
ψ̂† (x) ψ̂ (x) ψ̂

(
r − s

2

)]
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Hierarchical Strucutre & Perturbation Theory

Perturbation theory up to second order in interaction

Calculate n-field operator averages with Wick contraction for
weak spatial variation of Wigner function:
Boltzmann-Vlasov Equation{

∂

∂t
+

p

m
· ∂
∂r
− ∂ [U(r) + Umf(r,p)]

∂r
· ∂
∂p

+
∂Umf(r,p)

∂p
· ∂
∂r

}
f (r,p, t) = Icoll[f ](r,p, t)

Umf(r,p) =

∫
d3xVint(r − x)n(x, t)−

∫
d3p′

(2π~)3
f (r,p′, t)Ṽint(p− p′)

terms of first order in the interaction: mean-field terms

terms of second order in the interaction: collision integral
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Properties of Collision Integral

Icoll[f ] =
π

~(2π~)6

∫
d3q2

∫
d3q3

∫
d3q4 [(1− f )(1− f2)f3f4

−ff2(1− f3)(1− f4)] δ(Ep + Eq2 − Eq3 − Eq4)

× δ(p + q2 − q3 − q4)
[
Ṽint(p− q3)− Ṽint(p− q4)

]2
f ≡ f (r,p, t), fi ≡ f (r,qi , t)

5 fundamental conserved quantities: kinetic energy (p2),
3 momentum coordinates (p1), particle number (p0)

Collisions are assumed to be local
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Relaxation Time Approximation

Limiting function of relaxation: local equilibrium

Icoll

[
f le
]

= 0

Linearization of collision integral:

f (r,p, t) ≈ f le(r,p, t) + δf (r,p, t)

Icoll ≈ −Ĉ [δf ]

Ad hoc approximation:

Icoll = −δf

τ
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Scaling Ansatz

Boltzmann-Vlasov equation (BVE) in equilibrium:{
~q

m
+

1

~
∂ [U + Umf(x,q)]

∂q

}
∂f 0

∂x
− 1

~
∂ [U + Umf(x,q)]

∂x

∂f 0

∂q
= 0

Stringari et al., PRA 68, 043608 (2003): scaling ansatz

f (x,q, t)→ Γf 0 (r(t), k(t))

ri =
xi

bi (t)

ki =
1

Θ
1
2
i (t)

[
qi −

mḃi (t)xi

~bi (t)

]

Γ =
1∏

i biΘ
1
2
i
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Equations for Scaling Parameters

Ordinary differential equations by taking moments

riki → equation for scaling parameter bi

k2
i → equation for scaling parameter Θi

Θ̇i

Θi
+ 2

ḃi

bi
=

1

Γ
〈
k2
i

〉0 ∫ d3rd3k

(2π)3
k2
i Icoll[f ]

b̈i + ω2
i bi −

~2
〈
k2
i

〉0
Θi

m2bi

〈
r2
i

〉0 +
1

2mbi

〈
r2
i

〉0 [∫ d3k

(2π)3
W̃i (b, k)ñ0(k)

×ñ0(−k)− 1∏
j bj

∫
d3rd3kd3k ′

(2π)6
f 0(r, k)f 0(r, k′)W̃i (Θ, k− k′)

]
= 0
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Static Solution

Ansatz:

f 0(r, k) = Θ

1−
∑

j

r2
j

R2
j

−
∑

j

k2
j

K 2
j


Thomas-Fermi radius Ri , Thomas-Fermi momentum Ki

Total energy in equilibrium

Etot =
N

8

∑
j

~2K 2
j

2m
+

N

8

m

2

∑
j

ω2
j R2

j

− 6N2c0

R
3

f

(
Rx

Rz
,

Ry

Rz

)
+

6N2c0

R
3

f

(
Kz

Kx
,

Kz

Ky

)
R = (RxRy Rz)

1
3 , c0 =

210Cdd

(34 · 5 · 7 · π3)
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Anisotropy-Function
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Static Equations

Symmetry in momentum space depends on Fock term

Trap does not influence the Fock term
→ cylinder symmetric momentum distribution

N =
1

48
R

3
K

3

Kx = Ky

~2K 2
z

2m
− ~2K 2

x

2m
= −72N2c0∏

j Rj

−1 +

(
2K 2

x + K 2
z

)
fs
(

Kz
Kx

)
2 (K 2

x − K 2
z )


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ω2
xR2

x −
1

3

∑
j

~2K 2
j

m2
+

48Nc0

mR
3

[
f

(
Rx

Rz
,

Ry

Rz

)

−f

(
Kz

Kx
,

Kz

Ky

)
− Rx

Rz
f1

(
Rx

Rz
,

Ry

Rz

)]
= 0

ω2
y R2

y −
1

3

∑
j

~2K 2
j

m2
+

48Nc0

mR
3

[
f

(
Rx

Rz
,

Ry

Rz

)

−f

(
Kz

Kx
,

Kz

Ky

)
− Ry

Rz
f2

(
Rx

Rz
,

Ry

Rz

)]
= 0

ω2
z R2

z −
1

3

∑
j

~2K 2
j

m2
+

48Nc0

mR
3

[
f

(
Rx

Rz
,

Ry

Rz

)

−f

(
Kz

Kx
,

Kz

Ky

)
+

Rx

Rz
f1

(
Rx

Rz
,

Ry

Rz

)
+

Ry

Rz
f2

(
Rx

Rz
,

Ry

Rz

)]
= 0
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Properties of Static Solution

Lima and Pelster, PRA 81, 021606(R) and 063629 (2010)
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Treatment of Collision Integral

Relaxation time approximation:

Icoll[f ] = − f − f le

τ

Scaling ansatz:

Θ̇i + 2
ḃi

bi
Θi = −1

τ
(Θi −Θle

i )

b̈i + ω2
i bi −

~2K 2
i Θi

m2biR2
i

+
48Nc0

mbiR2
i

∏
j bjRj

g1 (bxRx , by Ry , bzRz)

− 48Nc0

mbiR2
i

∏
j bjRj

g2

(
Θ

1
2
x Kx ,Θ

1
2
y Ky ,Θ

1
2
z Kz

)
= 0
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Local Equilibrium

Relaxation does not influence the spatial dependence of
distribution function

Energy minimization with respect to momentum coordinates

Θle
x = Θle

y

~2Θle
z K 2

z

2m
− ~2Θle

x K 2
x

2m
= − 72Nc0∏

j bjRj
g
[
(Θle

x )
1
2 Kx , (Θle

z )
1
2 Kz

]
Coupling through particle conservation

1 = b
3
(

Θ
le
) 3

2
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Limiting Cases

Θ̇i + 2
ḃi

bi
Θi = −1

τ
(Θi −Θle

i )

Collisionless limit: τ −→∞
Θcl

i =
(
bcl

i

)−2

Sogo et al., NJP 11, 055017 (2009)
Hydrodynamic limit: τ −→ 0

equivalent to local equilibrium
Lima and Pelster, PRA 81, 021606(R) and
063629 (2010)
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Summary

Derivation of BVE via perturbation theory

Determination of limiting function of relaxation

Scaling ansatz and taking moments of BVE to find ordinary
differential equations for respective scaling parameters

Determining static solution via energy minimization

Using relaxation time approximation for collision integral

Determining symmetry of local equilibrium via energy
minimization
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Outlook

Calculation of low-lying excitation modes and time-of-flight
dynamics from collisionless to hydrodynamic regime

Clear derivation of relaxation time approximation and
corresponding relaxation time

Include temperature dependence with Sommerfeld expansion

Apply derivation and scaling solution to dipolar Bose gas:
extension of ZNG theory
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