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Introduction

Previous Work

Introduction

@ Superfluid Helium in Porous Media:
o Experiment: Reppy et al., PRL 61, 1950 (1988)
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FIG. I. The normalized superfluid-density data for helium
contained in the three porous media are shown as a function of
temperature. The solid curve gives the temperature depen-
dence for the superfluid density of bulk helium

e Theory: K. Huang and H. F. Meng, PRL 69, 644 (1992)
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Introduction

Previous Work

Introduction

@ Laser Speckles:
e Experiment: Inguscio et al., PRL 95, 070401 (2005)
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e Theory: J. W. Goodman. Speckle Phenomena in Optics:
Theory and Applications. Roberts & Co Publ (2010)

Mahmoud Ghabour Berlin, January 5, 2015 Page 4



Introduction

Previous Work

Introduction

@ Dipolar BEC:
o Experiment: Griesmaier et al., PRL 94, 160401 (2005)

o Theory: K. Géral et al., PRA 61, 051601(R) (2000)
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Theoretical Description
P Model
Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Grand-Canonical Hamiltonian

@ Grand-Canonical Hamiltonian of dipolar Bose gas in weak
random potential

IS :/d3x¢3*(x) [
N % / Px / XD () (¢ )V (x, ) () (x)

— 1+ U(x)| (x)

—h2V? ~
2m

@ Properties

Disorder potential U(x)

Chemical potential p

Two-Body Interaction V(x,x’) = Vs(x — x’) + Vaa(x — x’)
Bose quantized fields

|96, 81(x)| = 6(x—x), [$(x), Bx)] = [#100). 8 (x)] = 0
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Random Potential

@ Disorder Ensemble Average

(o)ais :/DU P[U](e), /DUP[U] _

P [U] denotes disorder probability distribution
@ Assumption

(U(x))ais =0, (U(X)U(x))dis = R(x — x)

R(x — x") denotes correlation function

@ Delta-Correlated Potential
R(x — x') =Rod(x — x)
Ro denotes disorder strength
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Two-Body Interaction

@ Contact Interaction
Vs(x — x') =gd(x — x')

g = 4mali’/m with s-wave scattering length a
@ Dipolar Interaction

_ Caq (x® +y? + z%) — 322
47 (X2 +y2+22)5/2
for dipoles aligned along z-axis direction

@ Dipolar Interaction Strength due to Magnetic or Electric
dipole moments

Vaa(x)

Caa = pod?, Caa = d?/eo

1o denotes vacuum magnetic permeability and €g denotes vacuum
dielectric constant
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Momentum Space Representation

@ Hamiltonian

° Creation/AnnihiIation Operators
[ak,él,} — e [ak,ak,} - [al,ai,} —0
@ Two-Body Interaction
Vg =g [1 + €aa(3 cos® ) — 1)]

€ada = Caa/3g denotes relative dipolar interaction strength
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Bogoliubov Prescription

@ Creation/annihilation operators
30| No)o = +/No|No — 1)o, 3)|No)o = v/No + 1|No + 1)
@ Np > 1, we replace operators by c-number
3)0 ao ~ No
@ Simplified Hamiltonian

K = Lo ) Mo + - voh2
={—p+ U ) No+ —Volg
v 2v

1 ’ h2k2 1 ’
+-3 ( —u)@lac+al a0+ ) S Uk (3 +3-4)
k

2 2m
’ ’

1 1
+ 5 Mo ST(Vo + Vi) (3 o+ 3T a0+ Mo ST vie(3fat, +aday)
k k

- This approximation is justified in weakly interacting systems
- for weak disorder, disorder fluctuations decouple in lowest order
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Bogoliubov Transformation

@ Diagonalizing the simplified Hamiltonian via inhomogeneous
Bogoliubov transformation

5 A AT
dx =UkQk — WQ_ o — Z,

At At A x
d =Uly — Wk — Z

@ New operators Gy, &l satisfy bosonic commutation relations
[l | = due, [a aw| = [al,al] =0

K. Huang and H. F. Meng, PRL 69, 644 (1992)
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Bogoliubov Amplitudes And Translation

@ Bogoliubov amplitudes ux and vk read (ng = Ng/v)

N |

2,2 2
1 h" —p+ng(Vo + Vi) , 1 h k —p+ (Vo + V)
+1], % == -1
Ek 2 Ek

@ Translation z reads

2V/No Uk ( lH-noVo)
E?

Zk =

@ Bogoliubov quasi-particle dispersion

h2k?2 2
E = [m—u+n0(V0+Vk):| —(no\/k)2
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Theoretical Description Model

Bogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Diagonalized Hamiltonian

@ Hamiltonian after disorder ensemble average

<I€’> dis =V <—un0 + ;Vonﬁ>

1< h2k?2
+2§k:{Ek— [zm—/ﬁ‘i‘”o(\/o-i' Vk)]}

L f rfa o A A
+ 5 zk: Ex(G4y bnc + &l a_y)

/!

noRe <h2k2 )
- - —k+nWo
; Ek2 2m
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Theoretical Description

ubov Theory
um, Thermal, Disorder Fluctuations

Grand-Canonical Potential

@ Grand-canonical potential Qo = —37! In Z¢, where
Zc="Tr e‘B<K/>‘“S, reduces to

1
Qg =v (—,ung + Von%)
h2 2
Ex — |— — Ve Vi
+ = Z{ k [ m ,u—i-no( 0+ k)}}
+z*m( _e0m)
noRk [ Hi*k>
—Z 9 k<—,u+n0V0>
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Theoretical Description

bov Theory
m, Thermal, Disorder Fluctuations

Grand-Canonical Free Energy

@ Extremizing with respect to ng for fixed chemical potential p,
we find that the grand-canonical potential Q. reduces up to
first order in all fluctuations to the grand-canonical free energy

__w?
2

1« Pk Vi
22 (G i)
/
1 _
+zk:/81n<1—e 'BE")
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Theoretical Description
Viodel

ogoliubov Theory
Quantum, Thermal, Disorder Fluctuations

Condensate Depletion, n — ng = n’ + ny, + nr

@ Due to quantum fluctuations

/

h2k?
St 3 Tm
2v - Ex
@ Due to thermal fluctuations

! h2K2
Py, = Z Sm + nd 1
’ efbc — 1

@ Due to external random potential
1 <~ nRe [12k2\?
ng =— — | =—
R v; E} <2m

22\ 2 22 . . . .
Ex = (%) + ndth denotes Bogoliubov dispersion relation
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Zero-Temperature Results

Condensate Depletion (T = 0)

@ Due to quantum fluctuations
8 3
, 3
n =——(na)2 Qs(eqq
377 (1) @yean)
A. R. P. Lima and A. Pelster, PRA 84, 041604(R) (2011)
@ Due to external random potential

m?R,
9 fQ_ (€da)
8h47r2

C. Krumnow et al., PRA 84, 021608(R) (2011); B. Nikolic et al., PRA 88, 013624 (2013)

@ Functions describe dipolar effect expressed analytically

1 3 —3eqq
w(ad) =(1 — ead)® 2F
Qa(eaa) =(1 — €aa)” 2 1( 1505 l—édd>

2F1 denotes hypergeometric function
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Zero-Temperature Results

Function Plot

Qa' (Edd)

€dd

Figure: (1) Dipolar enhancement function Qa(€daa) versus relative dipolar
interaction strength eqq for different values of a: -5/2 (brown), -3/2 (pink),

-1/2 (red), 1/2 (black), 3/2 (blue), 5/2 (green).
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Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion

@ Inserting Galilean transformations x’ = x + ut, t = t/, and

field operator in Heisenberg picture ¢/(x, t') = {(x, t)er ™,
Hamiltonian reads

.1 h2k> sta L st A
k=3 [ - Meff:| (alac+ 3" a)
k

Meff = p — $mv2 + muvy denotes effective chemical potential
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Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion

Diagonalized Hamiltonian

@ Hamiltonian after disorder ensemble average

</€'> dis =V (—Meff”o + 1V0f7(2)>

2 2

+z Z{E"_[,: Meﬁ+”0(v0+vk):|}

+ Z [Ex + Tik(u — v3)] &y

B Z ”ORk — et + no Vo)

” [hk(u — vs)]2
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Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion

Grand-Canonical Effective Potential

e Up to second order in ik (u — vg)

1
Qeg =v (—Meffno + 2V0n(2))

+ = Z{Ek - {;12:12 — pest + no(Vo + Vk):|}

+ Z L1 e o8 Z pelt [nk(u —v.)]*

2 (ePE —1)°

R [R%K?
—Zno . { Meff—HmVo]

R h2k2
_ Z Mok [ — Heft + No vo] [Ak(u — v)]?

Mahmoud Ghabour Berlin, January 5, 2015

Page 21



Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion

System Momentum

@ Extremizing yields in zeroth order . = ngWVo

@ From thermodynamic relation P = <_W we find

v,T.p
P =mv (nvs + nyvy)
Normal fluid density decompose to nujj = nRrjj + Nnjj, Vo = U — Vs
o Contribution due to external random potential
1 2nR 2 kik;
nRU :; Z 212 22
kK m(ZK) <h o+ 2nd)

2m

@ Contribution due to thermal fluctuations
B 2
Ninji E —h*kikj———
thij — eB
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Bogoliubov Theory Revisited
Superfluid Zero-Temperature Depletion

Superfluidity

Superfluid Depletion (T = 0)

@ In direction parallel to dipole polarization

(€aa)

N|=

m?Ry [n
nR| =3/ -
2h4m2 ¥V 4

@ In direction perpendicular to dipole polarization

m?*Ry [n
3 ;[Q_%(fdd)_-]

1(caa)]

C. Krumnow et al., PRA 84, 021608(R) (2011); B. Nikolic et al., PRA 88, 013624 (2013)

@ Functions describe dipolar effect expressed analytically
35 —3cqq

R

7221 —eqq

1
(1—€mﬂa2FL<—

Ja(edd) = 3
Page 23

2F1 denotes hypergeometric function
Mahmoud Ghabour Berlin, January 5, 2015



Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion
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Figure: (2) Ratios of superfluid depletions ng; and nr1 and condensate
depletion ngr versus relative dipolar interaction strength eqq.

==>> finite localization time
R. Graham and A. Pelster, Int. J. Bif. Chaos 19, 2745 (2009)
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Bogoliubov Theory Revisited
Superfluidity Superfluid Zero-Temperature Depletion
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Figure: (3) Superfluid depletions ratio ng)/nrL versus relative dipolar
interaction strength €qq.
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Finite-Temperature Effects

Condensate Depletion (T > 0)

@ Condensate depletion due to thermal excitations

1
-1
Ngh v et
— =—F——— (v, €, 1)
n 2 % 3 3
w2 (¢(3))
Gas parameter v = na®, and relative temperature t = T/ 7Y,
2
T = 27rh2n%/ (¢(3))® mks non-interacting Bose gas critical temperature

@ The integral /(7y, €qq, t) reads

x sinf (1 + & 2>
I(, €dd t) / dX/ do 50
2
?6)(5 (e X Jr16@2 1)

2
with abbreviations o = [t/'y% (C(%))%} and © = 1+ €qq (3cos” 6 — 1)
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Finite-Temperature Effects

Depletion Plot
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Figure: (4) Thermal fractional depletion ng,/n versus relative temperature t
for different values of relative dipolar interaction strength eqq = 0 (solid),
€daa = 0.8 (dotted), and gas parameter v = 0.01 (red), v = 0.20 (blue).
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Finite-Temperature Effects

Zero-Temperature Vicinity (T

@ Below the critical temperature we approximate the condensate
depletion analytically

Ngh F%77%t2 W%77%t4
g s Qleaa) = g Qs (caa)
6(¢(2))° 480 (¢(3))°

This reproduces the isotropic contact interaction case for vanishing
dipolar interaction due to Q,(0) =1
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Finite-Temperature Effects

Validity Range

@ For fractional condensate depletion values limited to 2= < %

n
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Figure: (5) Validity range of Bogoliubov theory in the t — « plane for (a)

31
clean case, i.e. Ry =0, and (b) dirty case with Ry = 2mn2n3 for different

5m

values of relative dipolar interaction strength eqq = 0 (red), eaa = 0.5
(blue), eqaa = 0.8 (green).
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Finite-Temperature Effects

Condensate Depletion Versus Gas Parameter

@ The total fractional condensate depletion % versus -y

0.5 7

0.1k . . . . J
0.00 0.02 0.04 0.06 0.08 0.10

Y

Figure: (6) Fractional depletion An/n versus gas parameter  for
different values of relative dipolar interaction strength eqq = 0 (red),
€aa = 0.8 (blue) and relative temperature t = 0 (solid), t = 0.5 (dotted)

_ _ E
with the disorder strength Ry = & grmi“
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Finite-Temperature Effects

Superfluid Depletion (T > 0)

o Parallel to the dipoles

n

5 axt
Meh|| _ 5 t* x* sin 0 cos? feV >+ 1662
5 dx d9
§ 3
(2)

2
( X2+1692 - 1)

l
T2

@ Perpendicular to the dipoles

5
Nih ettt x*sin3 eV T 1602
= 5 dx d@
n % § 3 X2+ ax? 2
2 1602 — ]

2
with abbreviations a = [t/7} (¢(3))%] and © = 1+ caa (3c0s? 0 — 1)
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Finite-Temperature Effects

Superfluid Depletion Plot |
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Figure: (7) Superfluid thermal fractional depletions nyy)/n and ni, /n versus
relative temperature t for different values of relative dipolar interaction strength
€aa = 0 (solid), eaa = 0.6 (dotted) and gas parameter v = 0.01 (red), v = 0.20
(blue).

Mahmoud Ghabour Berlin, January 5, 2015 Page 32



Finite-Temperature Effects

Superfluid Depletion Plot Il

0.6F ‘ ‘ ‘ 71 06F ‘ ‘ ‘ ‘
0.5 ] 0.5
0.4} 1

£ £

= 12

=02 ;=

00 02 04 06 08 00 02 04 06 08
€dd €dd
Figure: (8) Superfluid thermal fractional depletions nyy/n and ni,1 /n versus
relative dipolar interaction strength eqq for different values of relative

temperature t = 0.2 (solid), t = 0.6 (dotted) and gas parameter v = 0.01
(red), v = 0.20 (blue).
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Finite-Temperature Effects

Superfluid Depletion Plot IlI
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Figure: (9) Ratios of thermal superfluid depletions gy /nen 1 versus relative
temperature t for different values of relative dipolar strength eqa = 0 (solid),
€ada = 0.6 (dotted) and gas parameter v = 0.01 (red), v = 0.20 (blue).
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Finite-Temperature Effects

Zero-Temperature Vicinity (T

@ Below the critical temperature we approximate the superfluid
depletion analytically

o Parallel to the dipoles

niy Tr%fyfgt‘l
t
H e (fdd) —|— ..

= J

5
3 2

T15(¢(3)”
@ Perpendicular to the dipoles

e
Meny _ w27y 6t [Q_g(edd)—-/_g(edd) T
m30(¢(d))

wloo
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Finite-Temperature Effects

Superfluid Depletion Plot 1V
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Figure: (10) Ratios of thermal superfluid depletions ngy,)/nen1 versus relative
dipolar interaction strength eqq for different values of the gas parameter

~v = 0.01 (red), v = 0.20 (blue) and relative temperature t = 0 (solid-gray),

t = 0.5 (dotted-dashed).
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Outlook

Outlook

Further investigations

o Sound velocities in the anisotropic
two-fluid model

o Anisotropic disorder potential

o Local density approximation

o Anisotropic trap potential
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