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1 - Generating functional
Hamiltonian with inhomogeneous sources:

Ĥ(τ) = Ĥ0 −
∑

ij

tij â
†
i âj +

∑

i

[

ji(τ)â
†
i + j∗i (τ)âi

]

here: Ĥ0 =
∑

i fi(â
†
i âi)

Generalized grand-canonical partition function:

Z = tr
{

T̂ e−
R β
0 dτĤ(τ)

}

= tr
{

e−βĤ0ÛD(β, 0)
}

Generalized free energy: F = − 1
β logZ

Order parameter field:

ψi(τ) = β
δF

δj∗i (τ)
; ψ∗

i (τ) = β
δF

δji(τ)
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2 - Calculation tools
Double expansion in currents ji(τ), j∗i (τ)

and hopping parameters tij

F = F0

−
1

β

X

i

8

<

:

Z β

0
dτ1

Z β

0
dτ2

2

4a
(0)
2 (i, τ1|i, τ2)ji(τ1)j∗i (τ2) +

X

j

a
(1)
2 (i, τ1|j, τ2)tijji(τ1)j∗j (τ2)

3

5

+
1

4

Z β

0
dτ1

Z β

0
dτ2

Z β

0
dτ3

Z β

0
dτ4 a

(0)
4 (i, τ1; i, τ2|i, τ3; i, τ4)ji(τ1)ji(τ2)j∗i (τ3)j∗i (τ4)

+
1

2

Z β

0
dτ1

Z β

0
dτ2

Z β

0
dτ3

Z β

0
dτ4

X

j

tij

h

a
(1)
4 (i, τ1; i, τ2|j, τ3; i, τ4)ji(τ1)ji(τ2)j∗j (τ3)j∗i (τ4)

+ a
(1)
4 (i, τ1; j, τ2|i, τ3; i, τ4)ji(τ1)jj(τ2)j∗i (τ3)j∗i (τ4)

io
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2.1 - Hopping expansion
Coefficients in diagrammatic notation:

a
(0)
2 (i, τ1|i, τ2) = τ1 τ2

i
= iC

(0)
2 (τ1|τ2)

a
(1)
2 (i, τ1|j, τ2) = τ1 τ2

i j
=

∫ β

0
dτ iC

(0)
2 (τ1|τ)jC

(0)
2 (τ |τ2)

a
(0)
4 (i, τ1; i, τ2|i, τ3; i, τ4) =

τ1

τ2

τ4

τ3
i

= iC
(0)
4 (τ1, τ2|τ3, τ4)

a
(1)
4 (i, τ1; i, τ2|j, τ3; i, τ4) =

τ1

τ2

τ4

τ3
i
j

=

∫ β

0
dτ iC

(0)
4 (τ1, τ2|τ, τ4)jC

(0)
2 (τ |τ3)
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3 - Effective action
Free energy in Matsubara space:

F = F0 −
1

β

[

∑

ij

∑

ωm1,ωm2

Mij(ωm1, ωm2)ji(ωm1)j
∗
j (ωm2)

+
∑

ijkl
ωm1,ωm2
ωm3,ωm4

Nijkl(ωm1, ωm2, ωm3, ωm4)ji(ωm1)jj(ωm2)j
∗
k(ωm3)j

∗
l (ωm4)

]

Effective action:

Γ[ψi(ωm), ψ∗
i (ωm)] = F−

1

β

∑

i

∑

ωm

[ψi(ωm)j∗i (ωm) + ψ∗
i (ωm)ji(ωm)]

Equations of motion:

∂Γ

∂ψi(ωm)
= 0;

∂Γ

∂ψ∗
i (ωm)

= 0
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3.1 - Ginzburg-Landau theory
Hopping expansion gives:

Γ = F0 +
1

β

∑

i

{

∑

ωm

[

|ψi(ωm)|2

a
(0)
2 (i, ωm)

−
∑

j

tijψi(ωm)ψ∗
j (ωm)

]

−
∑

ωm1,ωm2
ωm3,ωm4

a
(0)
4 (i, ωm1; i, ωm2|i, ωm3; i, ωm4)

4a
(0)
2 (i, ωm1)a

(0)
2 (i, ωm2)a

(0)
2 (i, ωm3)a

(0)
2 (i, ωm4)

×ψi(ωm1)ψi(ωm2)ψ
∗
i (ωm3)ψ

∗
i (ωm4)

}

Static case:
ψi(ωm) = ψ

√

βδωm,0
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4 - Landau theory
Effective potential:

Γ = F0 +Ns







|ψ|2

a
(0)
2 (0)

−
βa

(0)
4 (0, 0|0, 0)

4
[

a
(0)
2 (0)

]4 |ψ|4






− |ψ|2

∑

ij

tij

Condensate density:

|ψ|2eq =
2(a

(0)
2 (0))3

[

Ns − a
(0)
2 (0)

∑

ij tij

]

βNsa
(0)
4 (0, 0|0, 0)

Particle density and compressibility:

〈n〉 = −
1

Ns

∂Γ

∂µ

∣

∣

∣

∣

ψ=ψeq

; κ = −
1

Ns

∂2Γ

∂µ2

∣

∣

∣

∣

ψ=ψeq
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5 - Superfluid density
Peierls phase factor: âi → âie

i
~xi
L
·~φ

Superfluid density:

ρ = lim
|~φ|→0

2m∗L2

Ns|~φ|2

[

Γ(~φ)
∣

∣

∣

ψ=ψeq(~φ)
− Γ(~0)

∣

∣

∣

ψ=ψeq(~0)

]

First hopping order:
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|~φ|→0

2m∗L2

Ns|~φ|2

8

<
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«
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(0)
4 (0, 0|0, 0)

4(a
(0)
2 (0))4
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˛
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4
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˛
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˛

ψeq(~0)
˛

˛

˛

4
«

#)

.

Taking the limit: ρ = |ψeq|
2
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6 - Dynamical quantities
Real time effective action from: τ → it

Dispersion relations are defined through:

δ2ΓR

δ(δψi(ω1))δ(δψ∗
j (ω2))

∣

∣

∣

∣

∣

δψ≡0

= 0

Amplitude ωA(~k) and phase ωθ(~k) dispersions from:

ψ → ψeq

√

βδωm,0 + δψi(ωm); ψ → ψeqe
iθi(τ)

Phonon dispersion: ωs(~k) =

√

ωA(~k)ωθ(~k) ≈ c|~k|

here c is the sound velocity
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7 - Results
Red: Mean-field Blue: Landau theory

Solid: T/U = 0 Dashed: T/U = 0.1/kB

Left: MI-SF phase boundary
reproduces the mean field result.

Left below: Condensate density

Below: Particles per site
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7.1 - Results

Amplitude and phase dispersion relations Second sound velocity

Solid: t = tc ≈ 0.028 U

Dotted: t = 0.03 U

Dashed: t = 0.035 U
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