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1. Grand-Canonical Ensemble Theory

Grand-Canonical Potential:

FB
GC =

1

β

∑

k

ln
{

1 − e−β(Ek−µ)
}

Average Particle Number:

〈Nk〉 =
1

eβ(Ek−µ) − 1

Ground-State Fraction:

〈NG〉/〈N〉
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Ground-State Number Fluctuation:

〈(∆NG)2〉 = 〈NG〉
[

〈NG〉 + 1
]

For β → ∞ in Thermodynamic Limit: 〈(∆NG)2〉 → 〈N〉2



2.1. N -Particle Propagator

Definition:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa)

(0)

≡
N
∏

n=1

(

xn(τb)=xn
∫

xn(τa)=x′
n

DDxn(τ)

)

exp

{

− 1

~
A(0)[x1, ...,xN ]

}

Action:

A(0)[x1, ...,xN ] ≡
N

∑

n=1

∫ τb

τa

dτ ′

[

M

2
ẋ

2
n(τ ′) + V (xn(τ ′))

]

Factorization:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa)

(0)

= (x1; τb|x′
1; τa)

(0) ... (xN ; τb|x′
N ; τa)

(0)

Group Property:
∫

dDx′′ (x; τb|x′′; τ)(0) (x′′; τ |x′; τa)
(0) = (x; τb|x′; τa)

(0)

Time Translation Invariance:

(x; τb+τ |x′; τa+τ)(0) = (x; τb|x′; τa)
(0)



2.2. N Identical Particles

Propagator:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa)

(0)B,F

=
1

N !

∑

P

(±1)p(P ) (xP (1), ...,xP (N); τb |x′
1, ...,x

′
N ; τa)

(0)

Partition Function:

Z
(0)B,F
N (β) ≡

∫

dDx1...d
DxN(x1,...,xN ;~β |x1,...,xN ;0)(0)B,F

=
1

N !

∑

P

(±1)p(P )

∫

dDx1...d
DxN

× (xP (1); ~β|x1; 0)(0) ... (xP (N); ~β|xN ; 0)(0)

Closed Cycle:



2.3. Cyclic Representation

Contribution of a Closed Cycle:

hn(β) ≡
∫

dDx1...d
Dxn (x1; ~β|xn; 0)(0)

× (xn; ~β|xn−1; 0)(0) ... (x2; ~β|x1; 0)(0)

General Result:

hn(β) = Z1(nβ)

Cycle Decomposition:

Z
(0)B,F
N (β) =

1

N !

∑

P

(±1)p(P )

(
P

nCn=N)
∏

n=1

[

Z1(nβ)
]Cn

Permutation Group:

(3,0,0)
3 3
2 2
1 1
(1)(2)(3)

(1,1,0)
3 3
2 2
1 1
(12)(3)

(1,1,0)
3 3
2 2
1 1
(1)(23)

(1,1,0)
3 3
2 2
1 1
(13)(2)

(0,0,1)
3 3
2 2
1 1
(132)

(0,0,1)
3 3
2 2
1 1
(123)

Cycle Length Representation:

Z
(0)B,F
N (β) =

(
P

nCn=N)
∑

C1,...,CN

N
∏

n=1

1

Cn!

[

(±1)n+1

n
Z1(nβ)

]Cn



2.4. Recursion Relation

Generating Function:

Z
(0)B,F
GC (β, z) ≡

∞
∑

N=0

Z
(0)B,F
N (β)zN

Cyclic Representation:

Z
(0)B,F
GC (β, z) = exp

{ ∞
∑

n=1

(±1)n+1 Z1(nβ)zn

n

}

N -Particle Part:

Z
(0)B,F
N (β) =

1

N !

∂NZ
(0)B,F
GC (β, z)

∂ zN

∣

∣

∣

z=0

Recursion for N -Particle Partition Function

Z
(0)B,F
N (β) =

1

N

N
∑

n=1

(±1)n+1 Z1(nβ)Z
(0)B,F
N−n (β)

with Z
(0)B,F
0 (β) = 1

Spectral Decomposition of a Cycle:

Z1(nβ) =
∑

k

e−nβEk



2.5. Weight of Ground State

Separation of Ground State Partition:

Z1(nβ) = γn(β) + ξn(β)

γn(β) ≡ e−nβEG = γn
1 (β) , ξn(β) ≡

∑

k

′
e−nβEk

Partition Function:

Z
(0)B
N =

(
P

nCn=N)
∑

C1,...,CN

C1
∑

m1=0

...

CN
∑

mN=0

N
∏

n=1

γnmn
1 ξCn−mn

n

mn! (Cn−mn)!nCn

Weight of Ground State:

w
(0)B
N =

1

N Z
(0)B
N

(
P

nCn=N)
∑

C1,...,CN

C1
∑

m1=0

...

CN
∑

mN=0

(

N
∑

n=1

nmn

)

×γ

(

PN
n=1 nmn

)

1

N
∏

n=1

ξCn−mn
n

mn! (Cn−mn)!nCn

Efficient Formula:

w
(0)B
N (β) =

1

NZ
(0)B
N (β)

N
∑

n=1

e−nβEG Z
(0)B
N−n (β)



2.6. N -Particle Results

Heat Capacity:

CB
N(T ) = kB T

∂2

∂T 2

{

T lnZ
(0)B
N

(

1/kBT
)

}

Heat Capacity and Ground-State Occupancy:
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2.6. N -Particle Results

Heat Capacity and Ground-State Occupancy:
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2.7. Canonical Versus Grand-Canonical

Fluctuations of Ground-State:

∆N/N
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Ground-State Occupancy and Finite-Size Effect:

NG/N
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Critical Temperature Shift in a Box:

∆T
(sc)
c

Tc
=

lnC

N1/3 ζ2/3(3/2)
+

ln2 C + lnC

N2/3 ζ4/3(3/2)

− (π+1) ζ(1/2)

2N2/3 ζ1/3(3/2)
+ ... with C ≡ 0.6649N2/3

ζ2/3(3/2)

K. Glaum, H. Kleinert, and A. Pelster, in preparation



3.1. Dipolar Interacting System

Trapping Potential:

V (x) =
M

2

(

ω2
x x2 + ω2

y y2 + ω2
z z2

)

Interaction Potential:

V int(x) =
4π~

2as

M
δ(x) +

µ0m
2

4π

(

1

|x|3 − 3z2

|x|5
)

Configurations in 52Cr-Experiment:

m = mez

(I)

ωx = ω⊥

ωy = ω⊥

ωz = ω‖

m = mez

(II)

ωx = ω‖

ωy = ω⊥

ωz = ω⊥

Shift of Critical Temperature:

K. Glaum, A. Pelster,

H. Kleinert, and T. Pfau,

PRL 98, 080407 (2007)

K. Glaum and A. Pelster,

PRA 75 (in press)
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3.2. Interacting Particles

N -Particle Propagator:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa) ≡

N
∏

n=1

(

xn(τb)=xn
∫

xn(τa)=x′
n

DDxn(τ)

)

× exp

{

− 1

~

(

A(0)[x1, ...,xN ] + A(int)[x1, ...,xN ]
)

}

Action:

A(0)[x1, ...,xN ] ≡
N

∑

n=1

∫ τb

τa

dτ

[

M

2
ẋ

2
n(τ) + V (xn(τ))

]

A(int)[x1, ...,xN ] ≡ g

2

N
∑

n,m=1

′

∫ τb

τa

dτ V (int)(xn(τ),xm(τ))

First-Order Contribution:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa)

(1) ≡ − g

2~

N
∑

n,m=1

′

∫ τb

τa

dτ ×

N
∏

n=1

(

xn(τb)=xn
∫

xn(τa)=x′
n

DDxn

)

V (int)(xn(τ),xm(τ))e−A(0)[x1,...,xN ]/~



3.3. First-Order Perturbation

Factorization:

(x1, ...,xN ; τb |x′
1, ...,x

′
N ; τa)

(1) ≡ − g

2~

N
∑

n,m=1

′

∫ τb

τa

dτ

×
∫

dDx′′
1 ...dDx′′

N (x1, ...,xN ; τb |x′′
1 , ...,x′′

N ; τ)(0)

× V (int)(x′′
n, x′′

m) (x′′
1 , ...,x′′

N ; τ |x′
1, ...,x

′
N ; τa)

(0)

First-Order Partition Function:

Z
(1)B
N (β) ≡ 1

N !

∫

dDx1...d
DxN

×(xP (1), ...,xP (N); ~β |x1, ...,xN ; 0)(1)

Cyclic Decomposition:

Z
(1)B
N (β) = − 1

2~

N
∑

k=2

k−1
∑

l=1

{

I
(D)
l,k−l(β)+I

(E)
l,k−l(β)

}

Z
(0)B
N−k (β)

Recursion for Full Partition Function:

ZB
N(β) =

1

N

N
∑

n=1

{

Z1(nβ) − n

~

n−1
∑

l=1

[

I
(D)
l,k−l (β)

+ I
(E)
l,k−l (β)

]

+ ...

}

ZB
N−n(β)



3.4. Interacting Cycles

Interaction-Free Cycles:

τ

x

-

6

τ

x

-

6

Z1(β)Z1(2β) ≡ Z1(3β) ≡

Direct and Exchange Cycles:

I(D)
n,m (β) ≡ ~β

∫

dDx1d
Dx2 (x1; n~β |x1; 0)(0)

×V (int)(x1,x2) (x2;m~β |x2; 0)(0)

I(E)
n,m (β) ≡ ~β

∫

dDx1d
Dx2 (x1; n~β |x2; 0)(0)

×V (int)(x1,x2) (x2;m~β |x1; 0)(0)

τ

x

-

6

t

t

τ

x

-

6

t

t

I
(D)
1,2 (β) ≡ I

(E)
1,2 (β) ≡

Feynman Diagrams:

I
(D)
1,2 ≡ (1) (2) , I

(E)
1,2 ≡

(1)

(2)



3.5. Perturbative Contributions

Interacting Cycles:

I
(D,E)
l,n−l = ~β

(

Mω̃

2π~

)3/2
[

Z1(lβ)Z1([n − l]β)Z1(nβ)
]1/2

×
{

4π~
2a

M
− µ0m

2

3
f
(

κ
(D,E)
l,n [ω⊥, ω‖]

)

}

Anisotropy Factor in Configuration (I):

f (I)(κ) =
2κ + 1

1 − κ
− 3κ

(1 − κ)3/2
Artanh

√
1 − κ

Configuration (II):

f (II)(κ) = − 1

2
f (I)(κ)

f (I)(κ)

ln κ

0 2 4-2-4

-1

-2

1

Problem of Perturbation:

I
(D,E)
l,k (β) ∝ β =⇒ Further Resummation necessary



3.6. Self Energy

Energy Level Shift:

Ẽn = En − Σl(n)/~β

Self Energy:

Σl(x, τ ;x′, τ ′) = Σ
(D)
l (x, τ ;x′, τ ′) + Σ

(E)
l (x, τ ;x′, τ ′) + ...

Perturbative Contributions:

Σ
(D)
l (x, τ ;x′, τ ′) =

x τ x
′τ ′

(l)

, Σ
(E)
l (x, τ ;x′, τ ′) =

x τ x
′τ ′

(l)

Energy Representation:

Σl(n) =

∫

~β

0

dτdτ ′

∫

d3xd3x′ψ∗
n
(x,τ) Σl(x,τ ;x′,τ ′) ψn(x′,τ ′)

Ground-State Self Energy:

Σ
(D,E)
l (0) = ~β

(

Mω̃

2π~

)3/2

e−lβEG

[

Z1(lβ)
]1/2

×
{

4π~
2a

M
− µ0m

2

3
f
(

κ
(D,E)
l [ω⊥, ω‖]

)

}



3.7. Signature of Interaction

Heat Capacity: CB
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4. Outlook

• 4.1. Determine Superfluid Density

• 4.2. Calculate T-Matrix for Multiple Interactions

τ

x

-

6

t

t

τ

x

-

6

t

t

t

t

τ

x

-

6

t

t

t

t

t

t

+ + + ... = ???

• 4.3. Determine Depletion
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