Introduction Linear Response Correlation Functions Application to Ultracold Quantum Gases Outlook

Sum-Rule Approach for Collective

Excitations of Ultracold Quantum Gases
New Year Seminar 2013 of Research Group Kleinert/Pelster

Michael Herold

Freie Universitat Berlin

January 7, 2013

Michael Herold Freie Universitdt Berlin



Introduction Linear Response Correlation Functions Application to Ultracold Quantum Gases Outlook

Outline

Il Introduction

B Linear Response

B Correlation Functions

B Application to Ultracold Quantum Gases

B Outlook

Michael Herold Freie Universitdt Berlin



Introduction Linear Response Correlation Functions Application to Ultracold Quantum Gases Outlook

Introduction

Ultracold Quantum Gases

» Bose—Einstein codensate in 1995:
New playground for quantum
physics

» Phase transition at T¢: New phase

» Macroscopic occupation of ground

state: Quantum fluctuations Fig.: Formation of a BEC
(NIST)

Experimental Observation

» Comparing experimental and theoretical results for collective
excitation frequencies
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I. Linear Response

Hy = HO + HY = HO 4 £(£) B
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Interaction Picture

Evolution for systems with time-independent Hamiltonian

Uo(t — tg) = e H O (t—t0)/h
General time evolution
U(t, to) = Uo(t — to) Us(t, to)

Splitting of time dependence (Interaction picture)

[(t)) = Ui(t, to) )
G(t) = Ul(t — to) G Up(t — to)

First-order approximation

H t
Ur(t ) =1 é/ HO(@) dt' + O (H)

to
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System Hamiltonian

Hy = HO + HY = HO 4 £(1)B
B Modulated operator
f(t) Modulation in time (‘field’, ‘force’)

5(A(t)) = (A1), — (A(t)) ho

A Observed operator

0(A(t)) Deviation from equilibrium
st = 5 [ (40BN FE)de +.
(A(t)) Equilibrium average, short notation for (A(t)) )
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Response Functions

Deviation in first-order approximation (Kubo 1957)

t

SIA(E)) = 2i / Vit ) F() ¢’

to

Xas(t,¥) = o ([AQ), BE)]) = o ([AC — £),B])

\/s5 Time domain response function

Fourier transform
Xas(w) = F[xas](w)

)%Z\B Frequency domain response function
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Dynamic Susceptibility

Implementation of causality

xas(t — ) = 206(t — ) Xag(t — )
xAs Dynamic Susceptibility

Deviation from equilibrium in time

§{A(t)) = /OO xag(t —t') f(¢')dt’ = (xag * )(t)

—00

Deviation from equilibirum in frequency

3(A(w)) = F[xag * f](w) = %as(w) f(w)
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Il. Correlation Functions

cas(t —t') = (A(t) B(t")) = (A(t — t') B)
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Correlation Functions

cas(t — ') = (At — ) B) = (AB(t' — 1))

Eap(w) = F [cas] (w)
=21y pj (ilAL) (iIBli) §(w — wpi)
%

Relation to Response Functions: Fluctuation-Dissipation Theorem

Xiolt = ¢) = o1 [ens(t — ) — caa(t' — )]

~/ 1 _ e_hﬁw ~
Rhp(w) = ———Cap(w)
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Moments of Correlation Functions

(m_ L / " ()" Eas(w) dw = 3 ()" py (i1 AL) 1B 1)

m =
AB o7 -
I7J

c n_ :nd" —iwt
Replacing w" = i"{me |t:0

n 'nhn dn oo 5
m/(M; _ ! / e I Eap(w) dw

n
2m dt" ) =0

n

d
-nhn
' dt”

e (PA0)5)

CAB(t)
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Sum Rules |l

Inserting Heisenberg equation of motion
n nEn dnA
miy = i"h <dtn © B>
_ <[ [+ [A(t), HO] ... HO)] ... ,H(O)] B>

= (H"[A(2)] B) = (~1)* ((HA) (H*B))

t=0

where H[G] = [G(t), H] (0)

HIA, HKA n odd
—1k{q ) n=j+k

({H/A,H*A}) neven
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Estimates at Zero Temperature

Macroscopic occupation of ground state: p = |0) (0]
= ()" py (i | A1)
iJ
~ Y (Awio)" (i | Al 0)?

> Interested in lowest contributing wjg
» One summand & only one excitation: fuvp g = m/(f)/ mi\l)
» More summands:
k
(hwmin)* >~ (hwio) [(i] A] 0} Z (i|Al0)
i

) -
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Estimates at Zero Temperature — Résumé

» Estimates for lowest excitation frequency

(ﬁwm;n)k < mg)/ mI(A") with k+j=n

» Estimate exact if only one excitation frequency exists

» Moments given via sum rules

) _ 1(_1 (A HFA])  j+ K odd
2 <{HJA,H"A}> Jj+ k even
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I11. Application to Ultracold Quantum

Gases

H(O) — Hkin + Htrap + Hint

N N
Hkln = B~ ZAI s Htrap = Z V(rl Hint = Z Z U(I’,‘ = rj)

i=1j(>1)
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Breathing Mode

Isotropic harmonic trap

V(ri) = %mQ2 r?

ho'i

Modulation of trapping frequency

N
m_1 2 2 _
Hy = ZmQ (t);r, = —f(t)M

First Moment

mp) = 2 {[[M, HO), M]) ~ () ~ (Huap) = Euvap
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Further moments

. Moment ~ <r4>

0
1. Moment ~ Egrap

2. Moment ~ 1+ (r-V)+{((r-V)?)

3. Moment Depends on interaction potential U(r;)

Third Moment: Interaction Potentials

Consider interaction potentials U(rj;) :

U(Ary) = A"U(rj) YA>0 (positive homogeneity)

SEES
delta interaction (n = —D) Us(rij) = gd(rjj)

dipole-dipole interaction (n = 3) Uga(ry) = D2/r3 — (D - ry)* /r}
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Third Moment: Result

For interaction potential positive homogenous of degree n

md) = <[[[A HOY, HO)] [HO), A]D ~ 4Eyin + 4Eiap + n?Eint

Upper Bound for Breathing Mode Frequency

General result regarding contact and dipole-dipole interaction

D) 4Ek|n + 4Etrap A D EJ + 9Edd
2Etrap

(hwmin)2 < ms) /m(l) 7129

» Independent of underlying statistics (bosons, fermions, ...)
» Independent of modulation form f(t)
» Further simplification using virial identity

2Eyin — 2Eivap + DEs + 3E44 = 0
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Breathing Mode Frequency: Exact Limit

» Recall: Frequency estimate exact if (j|M|0) # O for only one j

» Direct calculation of matrix element for bosons and fermions
with Hi,: = 0 verifies that

Results are exact in the non-interacting case!
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Bose Gas: Breathing Mode Frequency

Using virial identity the upper bound & reads

wmin/Qho < \/ 5= Ekin/Etrap =w

Interested in dependence on interaction strength P. Limits:
P — 0 Then Eyn = Etrap and & =2
P > 1 Then Eg, — 0 and & = /5 (Thomas—Fermi limit)

Bose Gas: Mean-Field Approach

» Gross—Pitaevskii equation, obtained by minimizing Langrange
density L(|V|?) = —E(|V|?)

» Variational approach: Approximative solution from minimizing
L with Gaussian trial function with width parameter £

» Also suited to implement time dependence

Michael Herold Freie Universitdt Berlin



Introduction Linear Response Correlation Functions Application to Ultracold Quantum Gases Outlook

Bose Gas: Breathing Mode Frequency

Variational approach gives expressions for Eyj, and Eirap

W= \/S_Ekin/Etrap: 5_674

Minimization gives defining equation for &:

-2 P =0 (+)

» Equation (x) is equivalent to virial identity

» Same result as with time dependent variational approach
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Bose Gas: Breathing Mode Frequency (Stringari 1996)
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Dipolar Fermi Gas: Breathing Mode Frequency

» Variational ansatz with Heaviside theta as Wigner function

» Variational parameters R, , and K, for density and
momentum distribution

(Lima and Pelster 2010)

D X-2 D k2

— E J § J
l/o(X,k)—@ 1— —2— W
Jj=1 J j=1 J

With expressions for Eyj, and Eirap (Sogo et al. 2009)

» K22+ (Kz/K)?
c‘,_\/M\/ R2[1+ 2(R/R:)Y
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Fermi Gas: Breathing Mode Frequency
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» Different excitation modes
» Anisotropic trapping potentials

» Collective modes for modulated interaction strength (Pollack
et al. 2010)

Boson-fermion mixed condensate (Miyakawa et al. 2000)

\4

\4

Spin-orbit coupled quantum gas (Li et al. 2012)
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Thank you for your attention

Questions?
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