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n(r)=no(r)+q(r)+nmu(r)
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Introduction

Introduction

@ Superfluid Helium in Porous Media: (persistence of superfluidity)
Reppy et al., PRL 51, 666 (1983)

@ Laser Speckles: (controlled randomness)
Inguscio et al., PRL 95, 070401 (2005)
Aspect et al., PRL 95, 170409 (2005)

@ Wire Traps: (undesired randomness)
Schmiedmayer et al., PRA 76, 063621 (2007)
Fortdgh and Zimmermann, RMP 79,235 (2007)

@ Localized Atomic Species:
Gavish and Castin, PRL 95, 020401 (2005) (theoretical suggestion)
Schneble et al., PRL 107, 145306 (2011) (experimental realization)

@ Incommensurate Lattices: (quasi-disorder)
Lewenstein et al., PRL 91, 080403 (2003)
Ertmer et al., PRL 95, 170411 (2005)
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Theory Model
Replica Trick
Self-Consistency Equations

Model System

@ Action of a Bose Gas

B . o B g 4
A:/O df/dr{w (r7) [ﬁg—mAﬁ-V(r)ﬁ-U(r)—u w(r,r)+5|w(m)\}

@ Properties

e trap potential V (r)

e disorder potential U(r)

e chemical potential p

e repulsive interaction g = 4”—,\'},2"

e periodic Bose fields 9 (r,7 + hB) = ¥ (r,T)
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Theory Model
Replica Trick
Self-Consistency Equations

Random Potential

@ Disorder Ensemble Average
::/DU.P[U], /DU:H/+OOdU(r), /DUP[U]:I

@ Assumption

U(r) =0, U(r)U(r2) = R®(r; — 12)

@ Characteristic Functional

exp{i/er(r)U(r)} :exp{i:/dr1---/drnR(”)(rl,...,rn)J(rl)---J(rn)}
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Theory Model
Replica Trick
Self-Consistency Equations

Grand-Canonical Potential

e Aim )
z = jépw*pwe‘““[‘”*’w]/ﬁ
@ Problem
mMZ#InZ
@ Solution: Replica Trick
1, Z&N-1
F=—g lim, =

G. Parisi, J. Phys. France 51, 1595 (1990)
M. Mezard and G. Parisi, J. Phys. | France 1, 809 (1991)
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Theory Model
Replica Trick
Self-Consistency Equations

Replica Trick

@ Disorder Averaged Partition Function

N N
ZN = { fpw Dy }e_ S Al el /b — ?{{H D¢;D¢a} e— A /R
a’=1

a=1

@ Replicated Action
A= [V [ a3 {wa ) [~ e V) ] v )

W&(’T'}*Z ( )" 1/Omjdﬁ /wdT,,/drl /dr,,

x Z Z RO(r1, .. tn) [oy (11, 71)[2 -+ [y (Fy 7) 2

ar=1 ap=1
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Theory Model
Replica Trick

Self-Consistency Equations

@ Bogoliubov background method v, (r,7) = W, (r, 7) + 8tb0 (r, 7)

@ Hartree-Fock theory

- In the replica limit .4/~ — 0 higher-order disorder cumulants are negligible:
only R®)(r) contributes
- Disorder amounts to attractive interaction for n = 2

@ Semiclassical approximations due to V(r)

@ Replica symmetry

Vo (r, 7) = v/no(r) , ,
= (6%a (r, T) 6/ (r’,r/)>:Q(r—r’,’*T',-r—T’)éaa/ﬁ—q('*; ,-r—r/>
n(r) = Vo (r, T)VE(r, 7) + (6%q (r, T) §¢a (1, 7))

Remark: Homogeneous case worked out in Ref.

R. Graham and A. Pelster, Int. J. Bif. Chaos 19, 2745 (2009)
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Theory Model
Replica Trick
Self-Consistency Equations

Self-Consistency Equations

n(r) = no(r) + q(r) + e (r)

2
{gno(r) + {\/*H +d2 +2gn(r) + V(r) + d} — 2I\/IA} Vno(r) =0

dno(r)
V=i + d? +2gn(r) + V(1)

M 3/2 e _
o (F) = (TWW) G372 (& =220t Ve

N:/n(r)dr

n 3/2
2 R@)(r — 1ry) = DS(ry — 1), d:ﬁD( M ) /

n 27h?

q(r) =

M8

where ¢, (z) =

n=1
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Self-Consistency Equations
Anisotropic Trap T =0 Densiti

Thomas-Fermi Radii

V(r) =M (wix?® + wf,y2 + w2z?) /2
Thomas-Fermi approximation
T=0

Length scales /; = ,/Miwl_, i =Xx,y,2

_ 2/5 A 1/3
Energy scale i = 12- <W> R (wxwyw;) /

Trap aspect ratios k = wy /wx, A = w,/wy

@ Dimensionless quantities

~ Mw? ~ln o~ gn(x,y,z
X = o ) n(vavz) = Q

p—d? g=d
T i

N Vi

=
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Self-Consistency Equations
Anisotropic Trap T =0 Densities

Thomas-Fermi Radii

Self-Consistency Equations

Superfluid Region: 7ig(X,7,2) # 0 and g(x,y,2) # 0

.12
o(X,7,2) = |V/=Fi + 27(%,7,2) + %2 + K272 + N7 + d]

~13
[\/,ﬁ+2,~,()~< V,2) + X2 + k22 +A222+d}

=R+ 20(%,5,2) + X2 + K252 + N222

—fi +2R(%,7,2) + X + K27+ N°22 =0
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Self-Consistency Equations
Anisotropic Trap T =0 Densities

Thomas-Fermi Radii

@ Discriminant of Cardan method in superfluid region for 7(F)

4pd | 4fi2d? 42 8pd? -
(L N +8jid* + 4d + (g—ﬁg—Sd“) (32 + K252 + 2232)

+ <_4M + 4d> ( +k2y2+)\2 2) + ("2+k2}72 +)\222)3

9
Z3
=0 2
=0 2|
Only one
5= . ?
Several non physical solution

physical'solu
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Self-Consistency Equations
Anisotropic Trap T =0 Densities

Thomas-Fermi Radii

@ Discriminant of Cardan method in superfluid region for 7(F)

4pd | 4fi2d? 42 8pd? -
(L N +8jid* + 4d + (g—ﬁg—Sd“) (32 + K252 + 2232)

+ <_4M + 4d> ( +k2y2+)\2 2) + ("2+k2}72 +)\222)3

9
z
Z3
J=0 2
=0 2
Only one
Several non - physcalFsqutlon BO gI
Copt
o
X
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Self-Consistency Equations
Anisotropic Trap T =0 Densities
Thomas-Fermi Radii

Densities

@ %"Rb, N =10° d = 0.107, /i = 1.165, w, = 3207 Hz, k =2, A =2
and a =5.29 nm
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Anisotropic Trap T =0

Thomas-Fermi Radii

@ % Rb, N =10°% wy, =3207 Hz, k=v2, A=2and a=5.29 nm

1 — Condensate radius along x
— Condensate radius along y
Condensate radius along z

]
]
= 1 ---Cloud radius along x
= --- Cloud radius along y

04 7 -~ Cloud radius along z

0.2 1

0 . . . . .

0.0 0.1 0.2 0.3 0.4 0.5 0.6
d

@ Condensate Radii

)?TFl = \/ﬂ — 382 — 6\/582 COs (%), )7TF1 = )?TFI//(7 ETF1 = )?TF1 /)\
o Cloud Radii

xrr, = Vi, yrr, = XTR, /K, Zrr, = Xrr, /A
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Anisotropic Trap T =0

Thomas-Fermi Radii

@ %Rb, N =10% w, =3207 Hz, k=+2, A =2 and a=5.29 nm

1 — Condensate radius along x
— Condensate radius along y
Condensate radius along z

5
= ] ---Cloud radius along x
= --- Cloud radius along y

04 SF Bose—glass ] - Cloud radius along z

02 ]

Quantum phase trasition
0
0.0 0.1 0.2 0.3 0.4 0.5 0.6
d

@ Condensate Radii

Sar, = \Jfi— 382 — 6v3d cos (&), Fre, =Saw, /k, Zve, = Sow, /A
@ Cloud Radii
%rry = Vi, yrr, = Xrr, /K, Zrr, = ST, /A
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Self-Consistency Equations
Densitie
Isotropic Trap T > 0 Thomas-Fermi Radii

o V(r)=3iMQ%r?
@ Thomas-Fermi approximation
@ Length scale | = \/%
2/5
@ Energy scale ug = #(#) hQ2
@ Dimensionless quantities
_— MQ?2 ~r~\ _ gn(r) ~ _ pu—d? 5 d
"=V 2w D A(F) = po ’ P= " d_\/lTO
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Self-Consistency Equations
Densities
Isotropic Trap T > 0 Thomas-Fermi Radii

Self-Consistency Equations

Superfluid Region: 7ig(F) # 0, g (¥) # 0 and i, (F) # 0
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Self-Consistency Equations
Densities
Isotropic Trap T > 0 Thomas-Fermi Radii

Self-Consistency Equations

@ Decoupled self-consistency equations in superfluid region
e T = S o

_ {\/ I»L-i:2n(r~)-%—r j—d} +€( M )3/2(3/2 (eﬁ"' [,;,—2n(r)—r2])
V= + 20(F) + 72 o \2mBh?

- 4
@ lgm 1@ a(m) |am 1 (@ (7
b o =43 (F) | - = Dy — 4G (F
252 (F) [ 2 2 2 @ d 2 oV & ()
2 | a2 (F ¢
2 _E<2r6h2) ©3/2 ¢ =0

gy (F) =

T NN o 2
32 . [\3/6d +i 2nth(,; P2 +iy/ a(r)+\3/6d2+p. 2,1“,(,)2 72 ’mfza]
(27rﬁf2> c3/2 €

T |

where a(F) = £ {27d6 + 5444 [g — Mgy, (F) — } + 942 [—ﬂ 4 2fep (F) + ?2] ? [ﬂ — 2y (F) — 72] 3}
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Self-Consistency Equations
Densities
Isotropic Trap T > 0 Thomas-Fermi Radii

Self-Consistency Equations

Bose-glass Region: fig(F) =0, § (%) # 0 and iy, (F) # 0

Thermal Region: 7io(F) = ¢ () = 0 and iy, (F) = A(F) #0

g M 3/2 P N
ﬁth (?) = ﬁ (27rﬂﬁ2> S 3/2 (eﬁﬂ [=2en (F) =7 ]>
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Self-Consistency Equations
Densiti

Isotropic Trap T > 0 Thomas-Fermi Radii

@ Robinson Formula ¢, (eX) =T (1 - v) (—x)"~ 1+2Xk— (v—k), x<0

@ Discriminant of Cardan method in superflmd region for fg(F)

453 4p2d? 452 8pd? - 45 4d? 4
§—_ M “3 +8ud4+4d6+<g“8d4 P4 *%‘FT s

1o(F)
0<0 0>0 0<0 0>0
. 1 Real solution 3 Real solutions: 1 Real increasing
3 Real solutions: R -
7ig(7) jumps upwards | 1 7ig(F) jumps upwards solution

1= tg(F)> (F)
2= 71g(7) too small

3— accepted

2- jig(F) increases
3— fig(7) increases

~t
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Self-Consistency Equations
Densiti
Thomas-Fermi Radii

Isotropic Trap T > 0

@ Robinson Formula ¢, (e¥) =T (1 —v) (—x)"~ 1+Zxk— (v —k)

@ Discriminant of Cardan method in superﬂmd region for fig(F)

453 4pRd? 452 8jd? ~ 4 442 4
== +8d4+4d6+<“—“ —8d4>?2+<—:+3>?4+27F6

1o(F)
0<0 6>0 0<0 6>0
1 Real solution | 3 Real solutions: 1 Real increasing
3 Real solutions: J— .

4SO N jio() jumps upwards | 1— ji(F) jumps upwards | solution
1= fig(7)> () i
2— fi(P) too small -~ fo(F) increases

3 fig() increases

3— accepted

SE Bose—glass/

73

~ Thermal
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Isotropic Trap T > 0

@ ¥Rb, N = 10°, d = 0.088, ji = 0.535, Q = 100 Hz, T = 60 nK and

a=>5.29 nm

0.35F

Self-Consistency Equations
Densities
Thomas-Fermi Radii

030F

—~

025\
0.20! \
0.15] \
0.10 \

0.05/

0.00L.

- (D)
— fig(7)
i@

— Np(7)

0.0
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Isotropic Trap T > 0

Thomas-Fermi Radii

@ 8 Rb, N =10% Q=100 Hz, T = 60 nK and a = 5.29 nm

— Condensate radius
1.0 — Bose—glass radius

0.0 0.1 0.2 0.3 0.4 0.5
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Isotropic Trap T > 0

Thomas-Fermi Radii

@ Y Rb, N =10°% Q =100 Hz, T = 60 nK and a = 5.29 nm

— Condensate radius

1.0 — Bose—glass radius
0.8
E_g
& 06
3
[= Bose—glass/
0.4
SF Thermal
0.2
Phase trasition
0.0
0.0 0.1 0.2 0.3 0.4 0.5
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onsistency Equations
Densities

Isotropic Trap T > 0 Thomas-Fermi Radii

Thomas-Fermi Radii

@ Y Rb, N =10°% Q =100 Hz, T = 60 nK and a = 5.29 nm

— Condensate radius
— Bose—glass radius
... Condensate radius 7=0
... Cloud radius 7=0

E_g
51 '
& i
= % Bose—glass/

0.4 \

SF \-.\ Thermal
0.2 1
Phase lrasiti(‘yn
0.0 :
0.0 0.1 0.2 03 0.4 05
d
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Outlook

Beyond Thomas-Fermi approximation

Comparison with numerics

General correlation function

Time dependence of densities and Thomas-Fermi radii

o
o
@ General interaction potential
o
o

Replica Symmetry Breaking?
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Thank You For Your Attention
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