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Dirty BEC

+

Uncontrolled disorder:

Wire Traps

Schmiedmayer group:
PRA 76, 063621 (2007)

Controlled disorder:

Laser Speckles

Inguscio group: PRL 95, 070401 (2005)
Aspect group: PRL 95, 170409 (2005)
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2-point function lim
|x−x′|→∞

〈ψ(x, τ)ψ∗(x′, τ)〉 =
√

n0(x)n0(x′)

4-point function lim
|x−x′|→∞

|〈ψ(x, τ)ψ∗(x′, τ)〉|2 = [n0(x) + q(x)] [n0(x′) + q(x′)]

Superfluid (SF) Bose-Glass (BG) Thermal

n(x) = n0(x) + q(x) + nth(x) n0(x) = 0 q(x) = n0(x) = 0

n(x) = q(x) + nth(x) n(x) = nth(x)

Superfluid (SF) Bose-Glass (BG) Thermal

n(x) = n0(x) + q(x) + nth(x) n0(x) = 0 q(x) = n0(x) = 0

n(x) = q(x) + nth(x) n(x) = nth(x)

Region: with respect to spatial coordinates
Phase: with respect to disorder strength or temperature
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Self-Consistency Equations

n(x) = n0(x) + q(x) + lim
η↓0

∞∑

m=−∞
e iωmη

Qm(x)

~β
︸ ︷︷ ︸

nth(x)

[
−µ + 2gn(x) + V (x)− gn0(x)−

D

~
Q0(x)−

~2

2M
∆

] √
n0(x) = 0

q(x) = DΓ

(
2−

n

2

) (
M

2π~2

)n/2 [q(x) + n0(x)]
[
−µ + 2gn(x) + V (x)− D

~Q0(x)
]2− n

2

Qm(x) = Γ

(
1−

n

2

)
~
(

M

2π~2

)n/2 [
−i~ωm − µ + 2gn(x) + V (x)−

D

~
Qm(x)

] n
2
−1

Matsubara frequencies ωm = 2πm/ (~β)
T. Khellil and A. Pelster, arXiv:1511.08882
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Thomas-Fermi Approximation (TF)

[
−µ + 2gn(x) +

1

2
MΩ2x2 − gn0(x)−

D

~
Q0(x)−

~2

2M
∆

] √
n0(x) = 0, g = 2a~ωr

Energy scale µ̄ = ~ωr

(
3

2
√

2
N a

l

√
Ω
ωr

)2/3
, l =

√
~
MΩ

, coordinate scale RTF = l
√

2µ̄
~Ω

, density scale

n = µ̄
g

, dimensionless disorder strength D̃ = ξ3

L3 , ξ = l2

RTF
, and L =

(
~4

M2D

)1/3

87Rb, N = 106, Ω = 2π × 50 Hz,

ωr = 2π × 179 Hz, and a = 5.29 nm

Length scales: lr =
√

~
Mωr

= 806.04 nm,

l = 1.52µm, ξ = 45.6 nm, and RTF = 50.9µm

Quasi one-dimensional regime: a� lr < l
TF approximation: ξ � RTF

D̃ = 0.016
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Methods

Numerical method
Gross-Pitaevskii equation for the ground state[
− ~2∆

2m
− µ+ U(x) + V (x) + g

2
ψ∗(x)ψ(x)

]
ψ(x) = 0

Gaussian correlation function D(x) = D√
2πλ

exp

{
− x2

2λ2

}

Generating random potential U(x) = 1√
N

∑N−1
n=0 [An cos(kn x) + Bn sin(kn x)]

J. Majda and P. Kramer, Phys. Rep. 314, 237 (1999)

C program for solving time-(in)dependent Gross-Pitaevskii equation in 1D

D. Vudragovic et al., Comput. Phys. Commun. 183, 2021 (2012)

Particle density n(x) = ψ(x)2, condensate density n0(x) = ψ(x) 2 ,
deviation q(x) = n(x)− n0(x)

Problem: TF-approximated and numerical results are not compatible

Solution: variational method

Variational method

ñ0 (x̃) = αe−σx̃
2
, ñ0 (x̃) + q̃ (x̃) = γe−θx̃

2
, Q̃0(x̃) =

q̃ (x̃) + ñ0 (x̃)

D̃
−
(
ζ + ηx̃2

)

Extremise F̃ with respect to α, σ, γ, θ, ζ, and η
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Comparison of Analytical, Numerical, and Variational Results
D̃ = 0.016

D̃ = 0.386

TF Radii
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Isotropic 3D T = 0 for d̃ = 0.2

Quantum phase transition from superfluid to Bose-glass in agreement with

T. Nattermann and V. L. Pokrovsky, Phys. Rev. Lett. 100, 060402 (2008) d̃c = 0.115

Tama Khellil, Antun Balaž, and Axel Pelster Weakly Interacting Bose Gas in Random Environment 8/10



Introduction
Quasi 1D T = 0

Isotropic 3D T = 0
Comparison of 1D and 3D

Isotropic 3D Finite Temperature

Comparison of 1D and 3D

1D 3D

QPT in homogeneous case QPT in homogeneous case

qualitative agreement with Huang-Meng theory qualitative agreement with Huang-Meng theory

Factor of 2
√

2 discrepancy with Huang-Meng Factor of
√

2 discrepancy with Huang-Meng

µ decreases with disorder strength µ increases with disorder strength

Tiny TF approximation disorder validity range Larger TF approximation disorder validity range

TF and variational results disagree totally TF and variational results agree qualitatively

Weak disorder: BG region at the trap border BG region at the trap center

Strong disorder: BG region at the trap center

No QPT in weak and intermediate disorder regime QPT in intermediate disorder regime

T. Khellil, A. Balaž, and A. Pelster, arXiv:1510.04985 T. Khellil and A. Pelster, arXiv:1512.04870
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Isotropic 3D Finite Temperature (TF)

87Rb, N = 106, Ω = 100Hz, T = 60 nK , d̃ = 0.088, and a = 5.29nm

with Robinson expansion ς ν (ex ) = Γ (1− ν) (−x)ν−1 +
∞∑
k=0

xk

k!
ς (ν − k) , x < 0
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