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1. Density Matrix in Canonical Ensemble

N-Particle Propagator:

(x1, . . . ,xN ; τb | x
′

1, . . . ,x
′

N ; τa) =
N∏

n=1

(∫
xn(τb)=xn

xn(τa)=x′n

D3xn(τ)

)
exp

{
−

1

~
A[x1, · · ·xN ]

}

Action:

A[x1, · · ·xN ] =
N∑

n=1

∫ τb

τa

dτ ′

[
M

2
ẋ

2
n(τ ′) +

M

2
ω2

x
2
n(τ ′)

]

Partition Function:

ZB
N(β) =

∫
d3x1 · · · d3xN (x1, . . . ,xN ; ~β | x1, . . . ,xN ; 0)

B

Indistinguishability:

(x1, · · · ,xN ; ~β|x1, · · · ,xN ; 0)B =
1

N !

∑

P

(
xP (1); ~β|x1; 0

)
· · ·
(
xP (N); ~β|xN ; 0

)
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Possible Permutation for 3 Particles:

Closed Cycle:

hm(β) =

∫
d3x1 · · · d

3xm (x1; ~β |xm; 0) (xm; ~β |xm−1; 0) (x2; ~β |x1; 0)

=Z1(mβ) =
∑

k

e−mβEk

Two-Point-Function:

hm(x1,x
′

1, β) =

∫
d3x2 · · · d

3xm (x1; ~β | xm; 0) (xm; ~β | xm−1; 0) · · · (x2; ~β | x′

1; 0)

= (x1;m~β | x′

1; 0)
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N-Body Density Matrix:

ρB
N(x1,x

′

1, β) =
1

ZB
N(β)

∫
d3x2 · · · d

3xN
1

N !

∑

P

(
xP (1); ~β|x1; 0

)
· · ·
(
xP (N); ~β|xN ; 0

)

Relation for Density Matrix:

ρB
N(x1,x

′

1, β) =
1

N ZN(β)

N∑

m=1

hm(x1,x
′

1, β)ZB
N−m(β)

One-Particle Propagator:

(x;m~β|x; 0) =
[

Mω

2π~ sinh(m~βω)

]3/2

exp

{
−

Mω

2~ sinh(m~βω)

[
(x2 + x

′2) cosh (m~βω) − 2xx
′

]}
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Normalization Condition:
∫

d3x1ρN(x1,x1, β) = 1

Recursion Relation for Partition Function:

ZB
N(β) =

1

N

N∑

m=1

Z1(mβ)ZB
N−m(β), Z0(β) = 1

Density Distribution in Isotropic Harmonic Trap for N = 1000:
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, T 0
C =

~ω

kB

[
N

ζ(3)

]1/3

, ρN(r) = ρN(x,x), r = |x|, a =

√
~

Mω
5



2. Density Matrix in Grand-Canonical Ensemble

ρGK(x) = ρ0(x) + ρT (x) = N0|Ψ0(x)|2 +
∑

k

e−βEk|Ψk(x)|2eβµ

Thermal Density:

ρT (x) =
1

λ3

{
ζ̃3/2(e

β[µ̃−V (x)]) +
3~βω

2
ζ̃1/2(e

β[µ̃−V (x)]) + · · ·

}

µ̃ = µ −
3~ω

2
, λ =

√
2π~2

MkBT

Density Distribution for Isotropic Harmonic Trap at T
T 0

C
= 1.1:
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Treatment of Polylogarithmic Functions:

ζ̃n(z̃) =
1

Γ(n)

∫
∞

β(E1−E0)

dx
xn−1

z̃−1ex − 1

z̃ = eβeµ
E0

E1

Thermal Partical Number:

NT =

∫
d3xρB

T (x,x, β)

=
1

(β~ω)3

{
ζ̃3(z̃) +

3~βω

2
ζ̃2(z̃) +

(~βω)2

8
ζ̃1(z̃) + · · ·

}

Treatment of ζ1(z):

ζ̃1(z̃) =

∫
∞

β(E1−E0)

dx
1

z̃−1ex − 1
= − log(1 − e−β(E1−E0)z̃)

ζ̃1(1) ≈ − log(~βω)
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3. Finite-Size Corrections of Critical Temperature

Expansion for Critical Temperature:

TC =
~ω

kB

(
N

ζ(3)

)1/3{
1 −

ζ(2)

2N1/3ζ(3)2/3
+

3ζ(2)2 + 4/3 log[ζ(3)/N ]

12N2/3ζ(3)1/3
+ · · ·

}
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Grand-Canonical Results:
- First Order Finite-Size Correction
- Second Order Finite-Size Correction

· Canonical Result

N TC/T 0
C

100 000 0.98
1000 0.93
100 0.85
10 0.73
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