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Experimental Realization - Setup
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Experimental Realization - Cavity

Paraxial approximation photon H A K;

in cavity f|xed
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Mapping to massive bosons in 2D GCJ 3/
harmonic trap ]
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Experimental Realization - Dye
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Experimental Realization - Thermalisation
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J. Klaers, et al., Nature 468, 545 (2010)

* Thermalisationto Ty .. = Tyoom N < N,

See also:
1. A. Pelster, Physik-Journal 10, Nr. 1, 20 (2011)
2. A. Pelster, Physik-Journal 13, Nr. 3, 20 (2014)
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Experimental Realization - Condensation
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Experimental Realization - Interaction

1 35 e Gross-Pitaevskii equation:
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1 15 TF _ , h ~n7 \1/4

=2 N,
e . do ﬁmﬂ (g O)
0.1 1 10 100

Condensate fraction (%) J. Klaers, et al., Appl. Phys. B 105, 1, 17-33 (2011)

J. Klaers, et al., Nature 468, 545 (2010)

* Dimensionless interaction constant g = ﬁ

« Bonn §=75x10""*
RPTU



Experimental Realization - Interaction

Photon-Photon Interaction Mechanisms

» Spatially/temporally varying refactive index leads to photon potential ===$ Photon-photon interaction
* Two contributions:

1. Kerr effect:

— Change of index of refraction due to light intensity

— Instantaneous interaction n=mngy+n,I(r)

2. Thermal lensing:
— Heating of dye

d
Thermo-optic coefficient 6_: ~ —4.7 X 107*=

— Change of index of refraction due to temperature A/n
— Non-local in space and time n=ngy+ ﬁT(r, t)
. I 2 9
— Main contribution \ Correction in wave equation: —————— T
n3 mnyoT
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Theoretical Approach

_ Refraction index Extinction coefficient
Photon wave function: A /

n? + 2in
(VZ Lt a,?) Y =0
¢ \ Electric field

/ 3D wave equation

 Paraxial approximation Vacuum light velocity

— Light propagates close to optical axis ——

* Starting point:

Photons behave like massive bosons
trapped in harmonic oscillator.

2
* Slowly varying amplitude Ocutoff = me 7hnn
N — m="—"~1x10"%kg
Y(r,z,t) = P(r, t) sin(k, (r)z) e eutortt ’
X ) . _cC 2
kz(r)=2—”[1+;—R Q= | g~ 1x10"Hz
0 0
 Add pump and temperature corrections . n?
Conversion factor N = 2 pump power p
Z
h? mQ? ih[ ¥ n —
ihdep = [—=—V? + r? + T} +—[1v —T+2 Np+D)T
) tY o > gr Y+ (Np N noaT( Pt )T | RPTU

on
Photon-temperature coupling gr = —mc?

n2oT

Loss rate I



Theoretical Approach

Temperature in Microcavity: 3D heating coefficient
* Diffusion equation: 0. = DV?T + B|y|?
T
Thermal diffusion coefficient
* Dimensional reduction: K="
A/ ’ LO
T(r,zt) = Z T, (r t) sin(kyz)
L3 . :
v T = —— temperature relaxation time
/ 41T Dl

— |0,T = (%]‘/+ DV2>T + Bly|?

2D diffusion equation

Exact solution:

t
T(r.t) = B j dt’ f d2r Gr—1't — t) (', t)|2
EA — 1 2 ¢ RPTU

1"




12

Theoretical Approach

Summary of Model:

mQ?
2

ho P = h2V2+ 24+ g-T +ih1v r+2
tho Y = > re+grT (Y > | VP

on
nOaT

(Np + DT |y

—1
0,T = <T + DV2> T + Bly|?

t
Reduces to one equation with T(r,t) =B J dt’j d’r' G(r—71',t —t)|YQa', t")|?

Paraxial approximation: Photons in microcavity behave like
massive bosons in harmonic trap

Open-dissipative system: Pump and dissipation explicitly
part of dynamics

Photon-photon interaction: Due to change of temperature
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Application: Homogeneous System

ihd,
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2 noaT

Bogoliubov-like ansatz for
stability analysis:

ut . | *
Y(r,t) =Poe ' m |1+ w(r, t)ellkr-wt) L ¥ (p t)e~ilkr-w 2]
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Application: Homogeneous System

Steady state:
0.5 3
0.4
L 2
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Ny x 10*
— Linear increase

‘ 4
(p - p(‘.rit)/p(:rit X ]_0_4

— Photon number increases rapidly
14
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Oscillation Re(w) |[MHz|

Application: Homogeneous System

Dynamical Stability:

0

15
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Goldstone theorem still valid,
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Hohenberg theorem is not
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Unstable condensate for
small wave vectors due
to large damping
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Application: Trapped System

t

r?2 + grB jdt’jdzr’ Gr—r,t—t)Ya' tH* |y

— 00
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t
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pre (Np +T)B j dt’ j d*r' G(r—1',t — t) (', t"|? Y
0

+ihN [+ 2
2 p n

* Problem for analysis: no action available
* |dea: Use properties of Gaussian ansatz function

Project cumulants from —— « (Centre-of-mass
equation of motion —— + width

Ansatz:

(5= |—O (L ia©) (5= 20y ) + 6.0
R R PR R PR 7 i A A OB i

J
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Application: Trapped System

Equilibrium:
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No ><104

For vanishing diffusion:

~ 1/4
1 (14 M08)"
qO oSsc 277:

losc 1 X 107°m
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Neglecting diffusion leads to systematic
error in experimental analysis

—— Errorof 2%
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Application: Trapped System

Dipole Mode:

|

—frequency
—damping

-0.2

18

x10

%

}

X

Instantaneous interaction:
Kohn theorem: w = ()

Breakdown of Kohn theorem
due to retardation and
dipole frequency vanishes
for certain photon number
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Temperature Diffusion
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2
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[z Lo Lo L[
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Ly

2

E. Stein, et al., NJP 21, 103044 (2019)

* Temperature diffusion not negligible:

0,T = [0,(D(2)0,) + D(z)V?]T + Source

" : , ion: G o
* Boundary conditions: Connection to interaction: gr «< 7

— 0 1 4m%D, =D,
z=0 — 7 =0t
T Ly Ly

. T (Z _ 5) _0 A\ RPTU
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Summary of Part |

__—» * Kerr effect
— + Thermal lensing Theoretical 2D mean-field model:

Interaction
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Dimensional Crossover: Thermodynamics

2D harmonic trap:

+ A
]n(ﬂ)——hfl<]4-ﬂnﬂ+'—zf—>
. Q,
Trap-aspectratio ) = E

Effective 1D, if energy spacing in y-direction
larger than thermal energy:

2> A = BT L 160
1D — hﬂ ~
Grand-canonical potential:
Degeneracy g Chemical potential u
/ /
g _B(E]n()l) ,Ll)k
n=——zz = M,p + ATI(A)
p k
f jn=0k=1
23 _ 1
p= kgT
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Dimensional Crossover: Thermodynamics

oll 1 A=A
Particle number: N = —— o =MD = N
a'u Deep condensate limit —* N¢, 10
— Critical particle number: N = Ny + N, 2100 2D 1D

VAN

Critical particle number
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Dimensional Crossover: Thermodynamics

1D hQ N
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Dimensional Crossover: Thermodynamics

. N N
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N N
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K. K. Umesh, et al., arXiv: 2311.10485v1 (2023)
2 RPTU



Dimensional Crossover: Thermodynamics

* Specific heat:

Internal energy:

27

Cn =

aU

aT

au

U=T+TS+uN

10°

1072
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Dulong-Petit limit
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Dimensional Crossover: Thermodynamics

Phase diagram and effective dimension

b) 2.0
10%; .
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Dimensional Crossover: Thermo-Optic Interaction

Steady-State Model: Kerr interaction

thZ l
u¢=<— +V+gKIt/JI2+VAT>l/J

2m

Diffusion coefficient Heating rate

AT =T —T, l /

— AT = tDV?AT + o1B|y|?

T

Longitudinal Duty cycle

relaxation
xZ
o . 1 a2t ¢
Elimination of temperature difference G(x,t) = —e “ldiff
/ Amlg;et
0 N
AT(x) = o1B f dt f d2x' Glx -, O)lp(x)]? L = V7D
0

Diffusion length
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Dimensional Crossover: Thermo-Optic Interaction

Photon functional: gr = oytB

2m

thZ oo
uyp = (— +V + ggll? +grj dtj d*x' G(x —x/, t)|¢(x')|2>¢
0

—> Energy functional: E[Y*,y] = E [Y*, Y]+ Ex[Y*, Y]+ Er [, Y]
hz
- Bl ] = [ dx [ﬁlvwlz +V|¢|2]
¢ Bl ] = [ a2yl

. v o1 = 9T ” 2 2.1 o |2 2
Brly' 9] =% | e | dx [ dx G- X, 0GP o



Dimensional Crossover: Thermo-Optic Interaction

Variational approach: L,
A==
[
2 v 7
 Harmonic potential: V = > (xz + A4y2)
* Gauss ansatz function: - AN 1 [ x? , yz
Y= 7 exp| — 5|zt A"
A Ay Tl 2l \ax ay

—> Algebraic equations for  ay, a,

RPTU
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Dimensional Crossover: Thermo-Optic Interaction

General solution:

Increase Thermo-optic Kerr
3.0{ region saturation region
2.5 -
1.5
1.0- —
10! 10° 10* 102 10® 10*  10°
A/Agiss
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Dimensional Crossover: Thermo-Optic Interaction

Dimensional crossover:

O =10,
52
m()
* Harmonic potential: |y = + A%y?2
2 \az Y
: . AN 1 [x?
* Gaussian ansatz function: ) = — exp -o% — +
axaynlz az
Coupled algeraic \
. T .X'
——— equations for 1 = \/_I
variational parameters

8!

71 103 -
6.

5 :93'101-

34_ -E
3 10!
34 2] RPTU
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2v72 co
2 2.7 l IAY WA
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m 0
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