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How can we analytically describe vortices in
photon Bose-Einstein condensates?
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0 For closed systems
—_ _
o Extension to open systems

« Hydrodynamic equations

o Action based principle

* Variational meth
ariationa etods\

o Projector method

o Solution without vortex
* Vortex solution
 Summary

* Outlook
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Hydrodynamic Equations:

Closed System
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Madelung transformation:
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0P(x,t)  h |V2n(x,t)

m

dt
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Hydrodynamic Equations:
Closed System
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Introduce velocity field:

s

V(%)z(v-V)v—(va)xv

v(x,t) = %Vd)(x, t)

/ Continuity equation

on(x, t)
ot

\M/

Current density

= -V Fmv(x, t)? + U(x) + gn(x,t) —

ov(x,t)
m

at 2

+ V- [nlx,t)v(x,t)] =0 4/

h? v n(x,t)

— Newton equation

}«

2m  In(x,t)

ov(x,t)
dt

=

+ (v(x, t) - Vv(x,t) = =V

U(x) N gn(x,t) B h? Vi /n(x,t)
m m 2m? [n(x, t)

+ (Vxv(x,t)) x v(x,t)

Vorticity: w(x,t) =V X v(x,t)

Euler equation/ Quantum Bernoulli equation

dw(x,t)
= ot

+ (W(x,t) - Vo(xt) = (wxt) Vvixt) —wxt) (V-v(xt))
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Helmholtz vorticity equation



Vortex In 2D: Closed System - SFB/TR 185

y _ h h e,
Phase forx # 0:  @s(x) = arctan (;) mm) \elocityforx #0: v(x) = EchS(x) =

Singularity at origin:

Vxop— 0%p; 0%0p; ~ 0 .
V= oxdy  9ydx e, m=) | Theorem of Schwarz not valid.

Circulation:

Vi

h h
j(va)-dA=§v-dx=—fV<p5-dx=2n—
A C mjc m

A
) Vxv=2r—46(x)e,
: m 1, | | . . | RPTU
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Vortex in 2D: Stream Function SFB/TR 185

| A A v X Vo
Introduce function y(x): v(x) = — Vo (x) = V x ——X(x)ezl
m m
singular regular
Vx

h B A \
) VX v(x) =—Ay(x)e, = 2r—8§(x)e, X = const | > -

m m ¢@s = const

1
m— [ Ay(x) = 2m6(%) m— | @) = In(lx) + C

Poisson equation Green‘s function in 2D

4

Yield same velocity: v(x) =V X _EX(x)ez m T
7 RPTU
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Vortex in 2D: Open System | SFB/TR 185

h h
v(x) = achS(x) + aV(pR(x)

T T

0%ps  0%ps 0 inoul | 0%pp  0°¢y —0
oxdy  3yox * <«  singular regular —— I
h h
—) v(x) =V X —E)((x)ez + aV(pR(x)

Helmholtz vector decomposition theorem in 2D

H. Helmholtz, Journal fiir die reine
und angewandte Mathematik, 1858
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Hydrodynamic Equations: A
Open System SFB/TR 185

% [

Gross-Pitaevski equation
Particle rate of gain

J. Keeling, N. G. Berloff, PRL 100, 2008

- a"(a’;’ D | WinGx, v, )] = 2006 Oy — In(x, 0] | Continuity equation

d
Integration yields: aj d3xn(x,t) =2 ] d3x{n(x, )y — I'n(x, t)*}

. ' _ 3 _ 2 Steady state RPTU
0= fd x{n(x)y — I'n(x)7} continuity equation



Hamilton Variational Principle
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Action: A = A[Y,P*] Jdtjd"xlltplp oY, 0yY*, x, t]

A
S (0

Variational approach: Y (x,t) = P(x, {1}

M, y*](x,t) = 0

= A= APALOD, P {@OD] = A{(OD

OA

1,00 =0 Vi

—

== Equation for variational parameters

Not applicable for open systems, because no action exists.

10

V. M. Perez-Garcia, H. Michinel, J. I. Cirac,
M. Lewenstein, P. Zoller, PRL 77, 1996
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Projector Method .- SFB/TR 185

Approximate wave functions: Y (x,t) =P (x,{1;()}D

Known equation of motion

Assume action exists: Chain rule / \

SA[W ({2,(O), ¥*(AL,ON] ¥ f " 0A 0¥ ®) 04 0w @mOD] _
52:(¢) A I ARG O SO (x, (0D | an@ |
= | 0= [ [M*[w,w*](x, ki (a’;'_{éi)(”” MWW - L 2’323(”” fnowh from ansatz
Projector method e Equation of motion

* Ansatz for wave functions
I— without restriction

11 e Calculation of projector

integrals

M. dos Santos Filho, F. E. A. dos Santos, private communication
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Projector Method vs. Cumulant Method - SFO/TR 185

P

30

25 2m

2
ihw = {—h—VZ + %mwzx2 + gl (x, )|? +i[y — T|[Y(x, t)|2]}1,b(x, t)

2
10

Variational steady state N - _i
= _ 2 ut
’ ansatz function for small Y, t) = 1q>? e M en
oL 3 ; pumping:
J. Keeling, N. G. Berloff, PRL 100, 2008
. 3 * — _ _
Cumulant method: f d°x l/) N=.. H=.
Dimensionless quantities:

2 ) 3 2.0, F
a=_y’0-=_ fd .X'T'l/) —) q2=___

hw g

. E. Stein, F. Vewinger, A. Pelster, NPJ 10, 2019 RPTU

N. Mann, M. R. Bakhtiari, A. Pelster, M. Thorwart, PRL 120, 2018



Projector Method vs. Cumulant Method SFB/TR 185

Calculating N, u, g2 for both methods yield the same equations.

~ 2 1 1 [gN gN
N L N = 24 = T AR u
q = 27_["" osc T gN 2. 2m GN fi=-—
2 E-Fl 2T E-Fl hw

gm h

§=F, losc =

maw 104
174 800 A 87
1.6
154 600 - = 6 -
L 141 =
T 400 A 41
1.3
121 200 - 7
L1
0 25 50 75 100 125 150 175 200
1.0_ 0- T T T T T T T T T gN
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Vortex Solution
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Lot (R, 2 )
h——— = { o Vo T gl O +ily — T (e O] (%, 6)
i ,
P, @,t) = P(r, p)e 7 p(r, @) = n(r)e’®)
Steady states Madelung transformation

Incompressible part

Singular phase

o} \
| h h H h
@ — 0(r,0) = —VO(r,0) = —Vpy(9) + Vo (r)
L‘ Compressible part
. y Regular phase

M. Wouters, V. N. Gladilin,
PRL 125, 215301 (2020)

Helmholtz decomposition theorem in 2D

14
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Vortex Solution
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Large distance behaviour yields u vy Introducing dimensionless quantities:
. —_= — = noo
relation between u, g, v, I : g T o 72 o - " - r
g co mez ) X n, ’ 6
Yields dimensionless equation of motion:
— 1D(r,p) 2 )((T') 2 : 2 iD(r,p)
MIx, el (r) = x(r)e " ?) + 11V x(r) = =5~ = X () (Ver(r))?| + il (V2 pp(r) + 2V (VR ()] { €'

. r .
—x3(r)e' ) — 5l - X2M]x(r)et )

15

?_‘

One dimensionless parameter in system
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Vortex Solution - SFB/TR 185
Consider variational (r) = r Treat @, () as variational function:
ansatz function: V2 + a
Projector method yields:
11 T [deu)] d*a(r) | r*+3a dpy(r) T «a
2 2 )& a? rGrta) dr  gri+
4 2a (r2 4+ a)?| dr r r(r*+a) dr gre-+a
dep(T) r’+a|l [ala arl r’+a . : al’
— ] , Avoid divergencies: € = ——1[1 + In(a)]
I C S|t 2977 + 29 n(r? + a) 23 (a)

2 2
- d(pR(r):aFlln(r +a)r +a_1]

dr 29 a r3 r

g 2 F 2 o .
" ) a=(—) 1— [1—4(- mm) Restriction: ( <
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Vortex Solution

dop(r) al r’+a\r’+a 1 ,
= In —— (9 I
dr 29 a r3 r a=|=) |1— [1—-4(—

0.035 —— Variational solution
: —— Numerics 1.0 1
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T g

r
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Help for numerics: M. dos Santos Filho
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Vortex Solution
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velocity field near the origin
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Compare determined velocity with M. Wouters, V. N. Gladilin, NJP 19, 105005 (2017):
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Summary SFB/TR 185
Extended action based variational N " 0V (x, 14;(8)}) " ] 0¥ (x, 14:(0)))
method to open systems. ’ jd ¥ [M ¥, ¥ ) 04;(t) ML ¥ ) 02;(t)

Found vortex solution by using Helmholtz decomposition.

A A
v(r, @) = EV%(“”) + EVQDRO‘)

—— Variational solution
—— Numerics

velocity field far away the orlgln
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Outlook & Preliminary Results SFB/TR 185

M. Wouters, V. N. Gladilin,
PRL 125, 215301 (2020)

Ansatz: no vortex

N —r—z—iAr
= |— e 27
b= |2

20

Comparison of Wouters model with Keeling & Berloff model:

L 0P(x, 1) . , i
ih P —(1 —ik)J z Y, ) +VxO)yY(x, t) + 5 [B,;M,(x) — B;,M,(x) — yl¥(x,t)
I x'EN,
Biz _ ar
K = ZkBTBlel = 0.763 B,
aw(x t) h2V2
e, [ o T V(x) + gly(x, O)*+ iy — Ty (x, )9 | P(x, t)
Consider therefore continuous Wouters model:
oY(x,t h2vZ 1
WD 1= 1) G+ ol + g O+ Gy = T 019 |G
—%ut
gN
q | 2KAL%, N 2kAL,,. \° %n +1
lose  [4A21% +1 Q 4A215. +1)  4A%1E +1 RPTU
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