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Motivation

M. Wouters, V. N. Gladilin, PRL 125, 215301 (2020)

M. Wouters, V. N. Gladilin, NJP 19, 105005 (2017)

How can we analytically describe vortices in 
photon Bose-Einstein condensates?
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Topics

• Hydrodynamic equations 

• Variational methods

• Solution without vortex

• Vortex solution

• Summary

• Outlook 
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o For closed systems

o Extension to open systems

o Action based principle

o Projector method



Hydrodynamic Equations: 
Closed System
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𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= −

ℏ2

2𝑚
𝛁2 + 𝑈 𝒙 + 𝑔 𝜓 𝒙, 𝑡 2 𝜓(𝒙, 𝑡)

Madelung transformation: 𝜓 𝒙, 𝑡 = 𝑛(𝒙, 𝑡)𝑒𝑖Φ(𝒙,𝑡)

𝜕Φ(𝒙, 𝑡)

𝜕𝑡
=

ℏ

2𝑚

𝛁2 𝑛 𝒙, 𝑡

𝑛 𝒙, 𝑡
− 𝛁Φ 𝒙, 𝑡 ² −

𝑈 𝒙

ℏ
−

𝑔𝑛(𝒙, 𝑡)

ℏ

𝜕𝑛(𝒙, 𝑡)

𝜕𝑡
= −

ℏ

𝑚
𝛁𝑛 𝒙, 𝑡 𝛁Φ 𝒙, 𝑡 + 𝑛 𝒙, 𝑡 𝛁2Φ(𝐱, t)



Hydrodynamic Equations:
Closed System
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Introduce velocity field: 𝒗 𝒙, 𝑡 =
ℏ

𝑚
𝛁Φ(𝒙, 𝑡)

𝜕𝑛(𝒙, 𝑡)

𝜕𝑡
+ 𝛁 ⋅ 𝑛 𝒙, 𝑡 𝒗 𝒙, 𝑡 = 0

𝑚
𝜕𝒗(𝒙, 𝑡)

𝜕𝑡
= −𝛁

1

2
𝑚𝒗 𝒙, 𝑡 2 + 𝑈 𝒙 + 𝑔𝑛 𝒙, 𝑡 −

ℏ2

2𝑚

𝜵2 𝑛 𝒙, 𝑡

𝑛 𝒙, 𝑡
 

Continuity equation

Newton equation

𝛁
𝒗 ⋅ 𝒗

2
= 𝒗 ⋅ 𝛁 𝒗 − 𝛁 × 𝒗 × 𝒗

𝜕𝒗(𝒙, 𝑡)

𝜕𝑡
+ 𝒗 𝒙, 𝑡 ⋅ 𝛁 𝒗 𝒙, 𝑡 = −𝛁

𝑈 𝒙

𝑚
+

𝑔𝑛 𝒙, 𝑡

𝑚
−

ℏ2

2𝑚2

𝛁2 𝑛 𝒙, 𝑡

𝑛 𝒙, 𝑡
 + 𝛁 × 𝒗 𝒙, 𝑡 × 𝒗(𝒙, 𝑡)

Euler equation/ Quantum Bernoulli equation
Vorticity:  𝝎(𝒙, 𝑡) = 𝛁 × 𝒗(𝒙, 𝑡)  

𝜕𝝎(𝒙, 𝑡)

𝜕𝑡
+ 𝒗 𝒙, 𝑡 ⋅ 𝛁 𝝎(𝒙, 𝑡) = (𝝎 𝒙, 𝑡 ⋅ 𝛁)𝒗 𝒙, 𝑡 − 𝝎 𝒙, 𝑡 ⋅ 𝛁 ⋅ 𝒗 𝒙, 𝑡

Helmholtz vorticity equation

൝ 

Current density



Vortex in 2D: Closed System
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𝜑𝑆 𝒙 = arctan
𝑦

𝑥
Phase for 𝒙 ≠ 𝟎: Velocity for 𝒙 ≠ 𝟎: 𝒗 𝒙 =

ℏ

𝑚
𝛁𝜑𝑆 𝒙 =

ℏ

𝑚

𝒆𝜑

𝑟

Singularity at origin:

𝛁 × 𝒗 =
𝜕2𝜑𝑆

𝜕𝑥𝜕𝑦
−

𝜕2𝜑𝑆

𝜕𝑦𝜕𝑥
𝒆𝑧 ≠ 𝟎 Theorem of Schwarz not valid.

Circulation:

න
𝐴

𝛁 × 𝒗 ⋅ 𝑑𝑨 = ර
𝑪

 

𝒗 ⋅ 𝑑𝒙 =
ℏ

𝑚
ර

𝑪

 

𝛁𝜑𝑆 ⋅ 𝑑𝒙 = 2𝜋
ℏ

𝑚

𝛁 × 𝒗 = 2𝜋
ℏ

𝑚
𝛿 𝒙 𝒆𝑧



Vortex in 2D: Stream Function
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Introduce function 𝜒 𝒙 : 𝒗 𝒙 =
ℏ

𝑚
𝛁𝜑𝑆 𝒙 = 𝛁 × −

ℏ

𝑚
𝜒 𝒙 𝒆𝑧

singular regular

𝛁 × 𝒗 𝒙 =
ℏ

𝑚
Δ𝜒 𝒙 𝒆𝑧 = 2𝜋

ℏ

𝑚
𝛿(𝒙)𝒆𝑧

Δ𝜒 𝒙 = 2𝜋𝛿(𝒙)

Poisson equation

𝜒 𝒙 =
1

2𝜋
ln 𝒙 + 𝐶

Green‘s function in 2D

Yield same velocity: 𝒗 𝒙 = 𝛁 × −
ℏ

𝑚
𝜒 𝒙 𝒆𝑧 =

ℏ

𝑚

𝒆𝜑

𝑟

𝜒 = const
𝜑𝑆 = const

𝒗 ∝ 𝛁𝜑𝑆

∇𝜒



Vortex in 2D: Open System
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𝒗 𝒙 =
ℏ

𝑚
𝛁𝜑𝑆 𝒙 +

ℏ

𝑚
𝛁𝜑𝑅(𝒙)

singular regular
𝜕2𝜑𝑅

𝜕𝑥𝜕𝑦
−

𝜕2𝜑𝑅

𝜕𝑦𝜕𝑥
= 0

𝒗 𝒙 = 𝛁 × −
ℏ

𝑚
𝜒 𝒙 𝒆𝑧 +

ℏ

𝑚
𝛁𝜑𝑅(𝒙)

Helmholtz vector decomposition theorem in 2D

𝜕2𝜑𝑆

𝜕𝑥𝜕𝑦
−

𝜕2𝜑𝑆

𝜕𝑦𝜕𝑥
≠ 0

H. Helmholtz, Journal für die reine 
und angewandte Mathematik, 1858



Hydrodynamic Equations: 
Open System
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𝜕𝑛(𝒙, 𝑡)

𝜕𝑡
+ 𝛁 𝑛 𝒙, 𝑡 𝒗(𝒙, 𝑡) = 2𝑛(𝒙, 𝑡) 𝛾 − Γ𝑛(𝒙, 𝑡) Continuity equation

Integration yields:
𝜕

𝜕𝑡
න 𝑑3𝑥 𝑛(𝒙, 𝑡) = 2 න 𝑑3𝑥 𝑛 𝒙, 𝑡 𝛾 − Γ𝑛 𝒙, 𝑡 2

0 = න 𝑑3𝑥 𝑛 𝒙 𝛾 − Γ𝑛 𝒙 2 Steady state 
continuity equation 

Gross-Pitaevski equation
Density dependent rate of loss

Particle rate of gain

J. Keeling, N. G. Berloff, PRL 100, 2008

𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= −

ℏ2

2𝑚
𝛁2 + 𝑈 𝒙 + 𝑔 𝜓 𝒙, 𝑡 2 + 𝑖 𝛾 − Γ|𝜓 𝒙, 𝑡 |² 𝜓(𝒙, 𝑡)



Hamilton Variational Principle
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𝒜 = 𝒜 𝜓, 𝜓∗ = න 𝑑𝑡 න 𝑑𝑛𝑥 ℒ 𝜓, 𝜓∗, 𝜕𝜓, 𝜕𝜓∗, 𝒙, 𝑡Action:

𝛿𝒜

𝛿𝜓∗(𝒙, 𝑡)
= 𝑀 𝜓, 𝜓∗ 𝒙, 𝑡 = 0

Variational approach: 𝜓 𝒙, 𝑡 ≈ Ψ (𝒙, 𝜆𝑖 𝑡 )

𝒜 ≈ 𝒜 Ψ 𝜆𝑖 𝑡 , Ψ∗ 𝜆𝑖 𝑡 = 𝒜 𝜆𝑖(𝑡)

𝛿𝒜

𝛿𝜆𝑖(𝑡)
= 0  ∀𝑖

Equation for variational parameters 

Not applicable for open systems, because no action exists.

V. M. Perez-Garcia, H. Michinel, J. I. Cirac, 
M. Lewenstein, P. Zoller, PRL 77, 1996



Projector Method
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Assume action exists:
Known equation of motion

Known from ansatz 
function

Approximate wave functions: 𝜓 𝒙, 𝑡 ≈ Ψ (𝒙, 𝜆𝑖 𝑡 )

0 = න 𝑑𝑛𝑥 𝑀 ∗ Ψ, Ψ∗ (𝒙, 𝑡) ⋅
𝜕Ψ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖 𝑡
+ 𝑀 Ψ, Ψ∗ (𝒙, 𝑡) ⋅

𝜕Ψ 
∗ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖 𝑡

Projector method • Equation of motion
• Ansatz for wave functions 

without restriction
• Calculation of projector 

integrals

M. dos Santos Filho, F. E. A. dos Santos, private communication

Chain rule

𝛿𝒜 Ψ 𝜆𝑖 𝑡 , Ψ 
∗ 𝜆𝑖 𝑡

𝛿𝜆𝑖(𝑡)
= න 𝑑𝑛𝑥

𝛿𝒜

𝛿Ψ 𝒙, 𝜆𝑖 𝑡
⋅

𝜕Ψ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖 𝑡
+

𝛿𝒜

𝛿Ψ 
∗ 𝒙, 𝜆𝑖 𝑡

⋅
𝜕Ψ 

∗ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖(𝑡)
= 0



Projector Method vs. Cumulant Method
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𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= −

ℏ2

2𝑚
𝛁2 +

1

2
𝑚𝜔2𝒙2 + 𝑔 𝜓 𝒙, 𝑡 2 + 𝑖 𝛾 − Γ|𝜓 𝒙, 𝑡 |² 𝜓(𝒙, 𝑡)

J. Keeling, N. G. Berloff, PRL 100, 2008

𝜓 𝒓, 𝑡 =
𝑁

𝜋𝑞2
 𝑒

−
𝑟²

2𝑞² 𝑒−
𝑖
ℏ

𝜇𝑡Variational steady state 
ansatz function for small 
pumping:

Cumulant method:
∙ න 𝑑3𝑥 𝜓

∗

∙ න 𝑑3𝑥 𝑟2𝜓
∗

N = … 𝜇 = …

q² = …

E. Stein, F. Vewinger, A. Pelster, NPJ 10, 2019
N. Mann, M. R. Bakhtiari, A. Pelster, M. Thorwart, PRL 120, 2018

𝛼 =
2𝛾

ℏ𝜔
 , 𝜎 =

Γ

𝑔

Dimensionless quantities:
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Calculating 𝑁, 𝜇, 𝑞2 for both methods yield the same equations.

𝑞 =
4 𝑔𝑁

2𝜋
+ 1 ⋅ 𝑙𝑜𝑠𝑐

𝑔 =
𝑔𝑚

ℏ²
 , 𝑙𝑜𝑠𝑐 =

ℏ

𝑚𝜔

𝑁 =
2𝜋𝛾𝑞²

Γ
 𝜇 =

1

2
𝑔𝑁
2𝜋 + 1

+
1

2

𝑔𝑁

2𝜋
+ 1 +

𝑔𝑁

2𝜋
𝑔𝑁
2𝜋 + 1

Projector Method vs. Cumulant Method

𝜇 =
𝜇

ℏ𝜔



Vortex Solution
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𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= −

ℏ2

2𝑚
𝛁2 + 𝑔 𝜓 𝒙, 𝑡 2 + 𝑖 𝛾 − Γ|𝜓 𝒙, 𝑡 |² 𝜓(𝒙, 𝑡)

Steady states 

𝜓 𝑟, 𝜑, 𝑡 = 𝜓(𝑟, 𝜑)𝑒−
𝑖
ℏ

𝜇𝑡
𝜓 𝑟, 𝜑 = 𝑛 𝑟 𝑒𝑖Φ(𝑟,𝜑)

Madelung transformation

Singular phase 

Regular phase 

Incompressible part

Compressible part

Helmholtz decomposition theorem in 2D

M. Wouters, V. N. Gladilin, 
PRL 125, 215301 (2020)

𝒗 𝑟, 𝜑 =
ℏ

𝑚
𝛁Φ 𝑟, 𝜑 =

ℏ

𝑚
𝛁𝜑𝑆(𝜑) +

ℏ

𝑚
𝛁𝜑𝑅(𝑟)



Vortex Solution
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Large distance behaviour yields 
relation between 𝜇, g, 𝛾, Γ :

𝜇

𝑔
=

𝛾

Γ
= 𝑛∞

Introducing dimensionless quantities:

𝑔𝑛∞ =
ℏ²

2𝑚𝜉²
, 𝑟 →

𝑟

𝜉
 𝜒 𝑟 =

𝑛 𝑟

𝑛
∞

,

Yields dimensionless equation of motion:

One dimensionless parameter in system

𝑀 𝜒, 𝜑𝑅 𝑟 = 𝜒 𝑟 𝑒𝑖Φ 𝑟,𝜑 + 𝛁2𝜒 𝑟 −
𝜒 𝑟

𝑟2 − 𝜒(𝑟) 𝛁𝜑𝑅 𝑟 ² + 𝑖 𝜒 𝑟 𝛁2𝜑𝑅 𝑟 + 2𝛁𝜒 𝑟 𝛁𝜑𝑅(𝑟) 𝑒𝑖Φ(𝑟,𝜑)

−𝜒3 𝑟 𝑒𝑖Φ 𝑟,𝜑 − 𝑖
Γ

𝑔
1 − 𝜒2 𝑟 𝜒(𝑟)𝑒𝑖Φ(𝑟,𝜑)



Vortex Solution
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Consider variational 
ansatz function:

𝜒 𝑟 =
𝑟

𝑟2 + 𝛼

Treat 𝜑𝑅 𝑟  as variational function: 

𝑑²𝜑𝑅(𝑟)

𝑑𝑟²
+

𝑟2 + 3𝛼

𝑟(𝑟2 + 𝛼)

𝑑𝜑𝑅(𝑟)

𝑑𝑟
=

Γ

𝑔

𝛼

𝑟2 + 𝛼
1

4
−

1

2𝛼
= න

−∞

+∞

𝑑𝑟
𝑟3

𝑟2 + 𝛼 2

𝑑𝜑𝑅 𝑟

𝑑𝑟

²

Projector method yields:

𝑑𝜑𝑅(𝑟)

𝑑𝑟
=

𝛼Γ

2𝑔
ln

𝑟2 + 𝛼

𝛼

𝑟2 + 𝛼

𝑟3 −
1

𝑟

𝛼 =
𝑔

Γ

2

1 − 1 − 4
Γ

𝑔

2
Restriction: 0 ≤

Γ

𝑔
≤

1

2

𝑑𝜑𝑅(𝑟)

𝑑𝑟
= 𝐶

𝑟2 + 𝛼

𝑟3 +
𝛼Γ

2𝑔

𝛼

𝑟3 +
𝛼Γ

2𝑔
ln(𝑟2 + 𝛼)

𝑟2 + 𝛼

𝑟3
Avoid divergencies: 𝐶 = −

𝛼Γ

2𝑔
1 + ln(𝛼),



Vortex Solution
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𝛼 =
𝑔

Γ

2

1 − 1 − 4
Γ

𝑔

2

Used 
Γ

𝑔

Help for numerics: M. dos Santos Filho 

𝑑𝜑𝑅(𝑟)

𝑑𝑟
=

𝛼Γ

2𝑔
ln

𝑟2 + 𝛼

𝛼

𝑟2 + 𝛼

𝑟3 −
1

𝑟



Vortex Solution
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Compare determined velocity with M. Wouters, V. N. Gladilin, NJP 19, 105005 (2017):

𝑐 ∝
Γ

𝑔



Summary
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Extended action based variational 
method to open systems.

0 = න 𝑑𝑛𝑥 𝑀 Ψ, Ψ∗ (𝒙, 𝑡) ⋅
𝜕Ψ 

∗ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖 𝑡
+ 𝑀∗ Ψ, Ψ∗ (𝒙, 𝑡) ⋅

𝜕Ψ 𝒙, 𝜆𝑖 𝑡

𝜕𝜆𝑖 𝑡

Found vortex solution by using Helmholtz decomposition.

𝒗 𝑟, 𝜑 =
ℏ

𝑚
𝛁𝜑𝑆(𝜑) +

ℏ

𝑚
𝛁𝜑𝑅(𝑟)



Outlook & Preliminary Results
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M. Wouters, V. N. Gladilin, 
PRL 125, 215301 (2020)

Comparison of Wouters model with Keeling & Berloff model:

𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= − 1 − 𝑖𝜅 𝐽 

𝒙′∈𝒩
𝒙

𝜓 𝒙′, 𝑡 + 𝑉 𝒙 𝜓 𝒙, 𝑡 +
𝑖

2
𝐵21𝑀2 𝒙 − 𝐵12𝑀1 𝒙 − 𝛾 𝜓(𝒙, 𝑡)

𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= −

ℏ2∇2

2𝑚
+ 𝑉 𝒙 + 𝑔 𝜓 𝒙, 𝑡 2 + 𝑖 𝛾 − Γ|𝜓 𝒙, 𝑡 |2 𝜓(𝒙, 𝑡)

Consider therefore continuous Wouters model:

𝑖ℏ
𝜕𝜓(𝒙, 𝑡)

𝜕𝑡
= − 1 − 𝑖𝜅

ℏ2∇2

2𝑚
+

1

2
𝑚𝜔2 𝒙 2 + 𝑔 𝜓 𝒙, 𝑡 2 + 𝑖 𝛾 − Γ|𝜓 𝒙, 𝑡 |2 𝜓(𝒙, 𝑡)

𝜓 𝒓, 𝑡 =
𝑁

𝜋𝑞2  𝑒
−

𝑟²
2𝑞²

−𝑖𝐴𝑟2

 𝑒−
𝑖
ℏ

𝜇𝑡

Ansatz: no vortex

𝑞

𝑙𝑜𝑠𝑐
=

2𝜅𝐴𝑙𝑜𝑠𝑐
2

4𝐴2𝑙𝑜𝑠𝑐
4 + 1

+
2𝜅𝐴𝑙𝑜𝑠𝑐

2

4𝐴2𝑙𝑜𝑠𝑐
4 + 1

2

+

𝑔𝑁
2𝜋 + 1

4𝐴2𝑙𝑜𝑠𝑐
4 + 1

𝜅 =
1

2𝑘𝐵𝑇
𝐵12𝑀1 = 0.763

𝐵12

𝐵21
= 𝑒

ℏ𝜔
𝑘𝐵𝑇
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