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1.1 Identical Quantum Particles

Bosons:

• integer spin

• symmetric wave function

Fermions:

• half-integer spin

• anti-symmetric wave function
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1.2 What is Bose-Einstein Condensation?

• λdB =
~√

2MkBT

• n =
1

d3

•
λdB

d
≈ 1

• Tc ≈
~
2n3/2

2MkB
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1.3 Cooling Techniques

magneto-optical trap

laser cooling evaporative cooling
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1.4 Experimental Apparatus

Costs about 1.000.000 EUR
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1.5 Time-of-Flight Absorption Pictures

JILA (1995): 87
37Rb , N=20 000 , ω1 = ω2 = ω3/

√
8 = 2π× 120 Hz
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1.6 Periodic Table of Chemical Elements
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1.7 Ground-State of Bosons

atoms photons
non-vanishing mass vanishing mass

Bose-Einstein condensate
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2.1 Set-Up of Bonn Experiment

Klärs, Vewinger, and Weitz, Nature Phys. 6, 512 (2010)

Klärs, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)
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2.2 Thermalization of Photons

photons are multiply absorbed and emitted
by dye molecules in resonator

Perylene-diimide (PDI)
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2.3 Quadratic Photon Dispersion
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2.4 Photon Trapping

• Harmonic potential from mirror curvature:

• 2D gas of massive photons:

E = meff c
2 +

~
2k2r

2meff

+
1

2
meffΩ

2r2 , meff =
~ωcutoff

c2

• BEC transition:

N > Nc =
π2

3

(

kBT

~Ω

)2

≈ 77 000 , N exp
c = (6.3± 2.4) · 104

T = 300 K, Ω = 2π · 4 · 1010 Hz, meff = 6.7 · 10−36 kg ≈ 10−10mRb
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2.5 Experiment

Bonn: Klärs, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)

[see also London: Marelic and Nyman, PRA 91, 033813 (2015)]
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2.6 Spectrum of Thermal Photon Gas in Cavity

Klärs, Vewinger, and Weitz, Nature Phys. 6, 512 (2010)

15



2.7 Photon Gas at Criticality

N < Nc N > Nc

Klärs, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)
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2.8 Spectrum of Photon Gas Around Threshold

Klärs, Schmitt, Vewinger, and Weitz, Nature 468, 545 (2010)
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2.9 Canonical Versus Grand-Canonical Ensemble

Klaers, Schmitt, Damm, Vewinger, and Weitz, PRL 108, 160403 (2012)
Schmitt, Damm, Dung, Vewinger, Klaers, and Weitz, PRL 112, 030401 (2014)
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2.10 Comparison

Photon BEC

• N > Nc

• thermal equilibrium

Laser

• gain > loss

• non-equilibrium

Arecchi, PRL 15, 912 (1965)
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3.1 Tavis-Cummings Model With Two Modes

• Hamilton operator:

Ĥ =
2

∑

i=1

~ωiâ
†
i âi +∆Ĵz +

g√
N

2
∑

i=1

(âiĴ
+ + â†i Ĵ

−)

• Population inversion: Dipole moment:

Ĵz =
1

2

N
∑

k=1

σz
k Ĵ± =

N
∑

k=1

σ±
k
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3.2 Lindblad-Master Equation

• Exchange with environment:

– decay of cavity modes: κ

– spontaneous emission: γ1
– pumping: γ2

• Theoretical description:

– thermodynamic limit N → ∞
– semiclassical equations

for light and matter
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3.3 Steady States

~ω1 = 2∆, ~ω2 = 4∆, γ1 = 0.1∆, γ2 = 0.2∆
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3.4 Bifurcation Scenario

g > 1.5∆: two stable fixed points with their respective attraction regions

24



3.5 Time-Delayed Feedback Control

• Fixed point / Limit cycle not changed

• Stability changed

• Application: chaos control

Pyragas, Phys. Lett. A 170, 421 (1992)

Just, Pelster, Schanz, and Schöll, Phil. Trans. Roy. Soc. A 368, 303 (2009)

SFB 910: Control of Self-Organizing Nonlinear Systems (TU Berlin)
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3.6 Lorenz Attractor

• Rayleigh-Bénard convection: Lorenz, J. Atmos. Sci. 20, 130 (1963)

• Laser model: Haken, Phys. Lett. A 53 (1975)

• Time-delayed feedback control: Pyragas, Phys. Lett. A 170, 421 (1992)
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3.7 Stabilization of Fixed Points

J̇z → J̇z − λ
[

Jz(t− τ)− Jz(t)
]

κ = 0.5∆, g = 5∆, ~ω1 = 2∆, ~ω2 = 4∆, γ1 = 0.1∆, γ2 = 0.2∆
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3.8 Selection of Fixed Points

measurement-based feedback: coherent feedback:

mean photon flux back coupling with mirror

ω1 → ω1 + λ
[

n2(t− τ)− n2(t)
]

ȧ1 → ȧ1 − λ
[

a1(t− τ)− a1(t)
]

κ = 0.005∆, g = 2∆, ~ω1 = ∆, ~ω2 = 4∆, γ1 = 0.1∆, γ2 = 0.2∆
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3.9 Summary

• Two-mode laser model:

– semiclassical equation in thermodynamic limit

– complex phase diagram due to multiple stable fixed points

• Time-delayed feedback control:

– steady-state selection and stabilization

– affects stability of all fixed points

• Farther away from fixed point:

– appearance of limit cycles or chaotic solutions

– typical for nonlinear dynamical systems with time delay

Wischert, Wunderlin, Pelster, Olivier, and Groslambert, PRE 49, 203 (1994)

Grigorieva, Haken, Kashchenko, and Pelster, Physica D 125, 123 (1999)

Simmendinger, Wunderlin, and Pelster, PRE 59, 5344 (1999)

Schanz and Pelster, SIAM J. Appl. Dyn. Syst. 2, 277 (2003)

Schanz and Pelster, PRE 67, 056205 (2003)
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3.10 Outlook

• Semiclassical approximation:

should be justified in thermodynamic limit N → ∞

• Quantum fluctuations for two-mode laser model:

Haken, Laser Theory, Springer (1970)

Sargent, Scully, and Lamb, Laser Physics, Addison-Wesley (1976)

• Quantum version of Pyragas control:

– unsolved yet

– entanglement control and light bunching by structured environment

Hein, Schulze, Carmele, and Knorr, PRA 91, 052321 (2015)

• Thermal fluctuations for two-mode laser model:

Kirton and Keeling, PRL 111,100404 (2013)

Kirton and Keeling, PRA 91, 033826 (2015)

Laser ⇐⇒ Photon BEC
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4.1 Optical Lattice

• Counter-propagating laser beams create periodic potential

• Different possible topologies at 1D, 2D, and 3D

• Hopping and interactions are highly controllable
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4.2 Time-of-Flight Absorption Pictures

• Superfluid phase:

delocalization in space, localization in Fourier space

• Mott phase:

localization in space, delocalization in Fourier space

Greiner, Mandel, Esslinger, Hänsch, and Bloch, Nature 415, 39 (2002)
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4.3 Theoretical Description

Bose-Hubbard Hamiltonian:

ĤBH = −t
∑

〈i,j〉

â†i âj +
∑

i

[

U

2
n̂i(n̂i − 1)− µn̂i

]

, n̂i = â†i âi

System Parameters:

Fisher et al., PRB 40, 546 (1989)
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4.4 Landau Theory

Quantum Phase Diagram (T=0):

Blue line: 3rd strong-coupling order

Blue dots: Monte-Carlo data

Red line: Landau theory

Black line: Mean-field

Santos and Pelster, PRA 79, 013614 (2009)

Extension to Higher Orders:

Teichmann, Hinrichs, Holthaus, and Eckardt, PRB 79, 100503(R) (2009)

Hinrichs, Pelster, and Holthaus, APB 113, 57 (2013)

35



4.5 Excitation Spectra

Graß, Santos, and Pelster, PRA 84, 013613 (2011)
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4.6 Single-Site Adressability

Bakr, Gillen, Pengh, Fölling, and Greiner, Nature 462, 74 (2009)
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5.1 Experimental Set-Ups

• Photonic crystal (IBM, New York):

periodic array of holes etched in silicon slab

• Micro-disk array (CMM-FBK, Povo, Italy):

integrated resonators with embedded light emitting Si quantum dots
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5.2 Highlights

• Huge distance between cavities:

local in-situ control and accessability

• Atoms isolated in cavities:

room temperature

• Strongly coupled light and matter:

– reduced spontaneous emission

– polaritons as quasi-particles

• Superfluidity of light:
Sound velocity tunable via detuning

Nietner and Pelster, PRA 85, 043831 (2012)
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6.1 Summary and Outlook

quantum simulation equilibrium/nonequilibrium

driven optical lattices superfluidity of light
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