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Physical Motivation
• Dipole-Dipole Interaction (DDI) potential

Vdd(x) =
Cdd

4π|x|3
[

1 − 3
z2

|x|2
]

• Magnetic systems:Cdd = µ0m
2, withm ∼ 10 µB

Exp.: 53Cr R. Chicireanu et al., PRA73, 053406 (2006)
173Yb T. Fukuhara et al., PRL98, 030401 (2007)
163Dy M. Lu et al., PRL104, 063001 (2010)

• Electric systems:Cdd = 4πd2, with d ∼ 1 Debye

Exp.: 40K87Rb S. Ospelkaus et al., Science32, 231 (2008)
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Variational Hartree-Fock
• Action A =

t2
∫

t1

dt〈Ψ|i~ ∂
∂t
−H|Ψ〉 Slater determinant

• Common-phase factorizationψi(x, t) = eiMχ(x,t)/~|ψi(x, t)|
• Time-evenSlater determinant

Ψ0(x1, · · · , xN , t) = SD [|ψ(x, t)|]
• Time-even one-body density matrix

ρ0(x, x
′; t) =

N
∏

i=2

∫

d3xiΨ
∗
0(x

′, · · · , xN , t)Ψ0(x, · · · , xN , t)

• Equations of motion δA
δχ(x,t) = 0, δA

δρ0(x,x′;t) = 0

• In this work, we switch to Wigner space

ν0 (x,k; t) =

∫

d3s ρ0

(

x +
s

2
,x − s

2
; t
)

e−ik·s
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Action
• Ansatz

χ(x, t) =
1

2

[

αx(t)x
2 + αy(t)y

2 + αz(t)z
2
]

ν0 (x,k; t) = Θ

(

1 −
∑

i

x2
i

Ri(t)2
−
∑

i

k2
i

Ki(t)2

)

• Action

A = −
t2
∫

t1

dt
R

3
K

3

3 · 27

{

M

2

∑

i

[

α̇iR
2
i + α2

i R
2
i + ω2

i R2
i

]

+
∑

i

~
2K2

i

2M

−c0K
3
[

f

(

Rx

Rz

,
Ry

Rz

)

− f

(

Kz

Kx

,
Kz

Ky

)]}

−
t2
∫

t1

dt µ(t)

(

R
3
K

3

48
− N

)

with c0 = 210Cdd

34
·5·7·π3 ≈ 0.0116 Cdd and• = (•x •y •z)

1

3
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Equations of motion (unitless)
• Auxiliary equations of motion αi = Ṙi/Ri

• Particle conservationR
3
K

3
= 1

• Momentum deformation⋆ K2
z−K2

x = 3c3ǫdd

R
3

[

−1+
(2K2

x
+K2

z
)

2(K2
x
−K2

z
) fs

(

Kz

Kx

)

]

with c3 = 2
38

3

3
23

6 ·5·7·π2

≈ 0.2791 andǫdd = Cdd

4π

(

M3ω
~5

)
1

2

N
1

6

• Finally 1

ω2
i

d2Ri

dt2
= −Ri +

∑

j

K2
j

3Ri
− ǫddQi (R,K)

Qx(r,k)=
c3

x2yz

[

f
(x

z
,
y

z

)

− x

z
f1

(x

z
,
y

z

)

− fs

(

kz

kx

)]

Qy(r,k)=
c3

xy2z

[

f
(x

z
,
y

z

)

− y

z
f2

(x

z
,
y

z

)

− fs

(

kz

kx

)]

Qz(r,k)=
c3

xyz2

[

f
(x

z
,
y

z

)

+
x

z
f1

(x

z
,
y

z

)

+
y

z
f2

(x

z
,
y

z

)

− fs

(

kz

kx

)]

⋆T. Miyakawa et al, PRA77, 061603(R) (2008)
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Static properties
• Aspect ratio in real space
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• Aspect ratio in momentum space and stability diagram
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Low-lying excitations
• Momentum anisotropic breathing oscillationsλx = λy = 5
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• Oscillation modes in real space
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Time-of-flight expansion
• Aspect ratio
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Estimation of τR
• Boltzmann-Vlasov eq. for DDI remains very hard to solve,

due to anisotropy

• Approximation of the DDI through an effective contact
interaction with scattering lengthadd = MCdd/(4π~

2) gives
1

ωτR

= (N 1/3add

√

Mω/~)2F (T/TF), with F (T/TF) ∼ 0.1 in
quantum regime
(L.Vichi and S. Stringari PRA,60, 4734 (1999))

• Thus, forN = 4 × 104 dipoles, one obtains
• ωτR ≈ 0.01 for KRb (d = .57 D) and
ωτR ≈ 2 × 10−7 for LiCs (d = 5.53 D) polar molecules

• ωτR ≈ 75 for 53Cr (m = 6 µB) and
ωτR ≈ 4 × 103 for 163Dy (m = 10 µB) atoms
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Equations of motion
• Anisotropy function

f(x, y)

x

y

fs(x)
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f(x, y) = 1 + 3xyE(ϕ,q)−F (ϕ,q)

(1−y2)
√

1−x2

⋆

F (ϕ, q), E(ϕ, q): elliptic integrals offirst andsecondkind
ϕ = arcsin

√
1 − x2, q2 = (1 − y2)/(1 − x2)

⋆K. Glaum and Axel Pelster, PRA76, 023604 (2007)
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