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for 3D box
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Experimental motivation for investigating bubble-shaped gases

ZARM’s Droptower in Bremen

NASA’s Cold Atom Lab (CAL) at ISS
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Generating potentials for neutral atoms

Zobay, O. & Garraway, B. M. Two-dimensional atom trapping in field-induced adiabatic
potentials. Phys. Rev. Lett. 86 (2001)

Lundblad N. et al. Observation of ultracold atomic bubbles in orbital microgravity Nature Vol.606 (2022)

Um(r) = mgFµB‖B(r)‖

Um(r)−Um(0) ∝ ‖r‖2
U∗1 (r) =

√
(U1(r)− ~ωrf )2 + (~Ω)2
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Experimental results of CAL

Lundblad N. et al. Observation of ultracold atomic bubbles in orbital microgravity Nature Vol.606 (2022)
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Ideal Bose gas on sphere

Single particle states

L̂2

2mR2
Ylm = elYlm

el =
~2l(l + 1)

2mR2

Grand canonical ensemble

Ω = (e0 − µ)N0 +
1

β

∞∑
l=1

l∑
m=−l

ln (1− e−β(el−µ))

N ≡ −
(
∂Ω

∂µ

)
T ,V

= N0 +
∞∑
l=1

l∑
m=−l

1

eβ(el−µ) − 1

N0 = ψ0ψ
∗
0 ∧

∂Ω

∂ψ0
= 0 ⇒ N0 = 0 ∨ µ = 0
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evaluating series

∞∑
l=1

· · · ≈


L∑

l=1

· · · partial sum

∞∫
l

· · · dl + 1
2
(· · · |l=1 + · · · |l=∞) integral approximation

Phase transition

101 102 103 104 105 106

N

0.05

0.10

0.15

0.20

0.25

m
k B 2

R
2 T

c
N

N = 2kBTc
e1 ln(1 e

e1
kBTc ) + 3

2
1

e
e1

kBTc 1

via integral approximation
via partial sum
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Ground state occupation
T ≤ Tc ⇒ µ = 0
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Chemical potential
T ≥ Tc ⇒ N0 = 0
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Heat capacity

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
T
Tc

0.0

0.2

0.4

0.6

0.8

1.0

C V N
k B

N = 100.0
N = 1000.0
N = 10000.0

mR2
2 kBT

CV
kB

= 1 (coth( 1
2 ) 1) 4ln(1 e1 ) + 4 2(e 1 ) for T < Tc

CV
NkB

= N
2

1
e N

2 1
+ 4N 2(1 e N

2 ) for T > Tc

via integral approximation
via partial sum

0.0000 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008

T
Tc

0.000000

0.000002

0.000004

0.000006

0.000008

0.000010

C V N
k B

N = 2000N = 10000
N = 100000

CV
NkB

2
N e 1

via integral approximation
asymptotic formula

2 3 4 5 6 7 8 9 10

T
Tc

0.2

0.4

0.6

0.8

1.0

C V N
k B

N = 100

N = 10000

N = 1000000

CV
NkB

1 (N )2

via integral approximation
asymptotic formula
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Including weak interaction

Ω ≡ −kBT ln(Z ) Z ≡ Tr

(
e
− Ĥ−µN̂

kBT

)

Ĥ =

∫
M

â†(r)

(
− ~2

2m
∆LB

)
â(r) dr +

1

2

∫
M

∫
M

â†(r)â†(r ′)gδ(r − r ′)â(r)â(r ′) dr dr ′

N̂ =

∫
M

â†(r)â(r) dr

[
â(r), â†(r ′)

]
= δ(r − r ′) ∧[

â(r), â(r ′)
]

= 0 ∧
[
â†(r), â†(r ′)

]
= 0
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Laplace Beltrami operator φ
M

∆LBϕ ≡
1√
|det(g)|

∇ ·
(√
|det(g)|g−1∇

)
ϕ g=̂ metric tensor

Eigenvalue Problem ∆LBϕν = − 2m
~2 Eνϕν

ϕ0 = const

⇒ ∆LBϕ0 = 0ϕ0

∆LBϕ = λϕ

⇒ ∆LBϕ
∗ = λϕ∗

{ϕν} complete and orthonormal
?→ ϕν∗ = ϕ∗ν

Plane: ϕk(x) =
1√
V
e ik·x ⇒ k∗ = −k

Sphere: ϕl,m = imYlm ⇒ (l ,m)∗ = l ,−m

Author: Möhnen, Til Bose gases in confinements of finite size 11/ 19



PHYSIK Exp I Sphere Interaction Exp II Divergence Outlook

Generalized Boguliubov theory

Ĥ − µN̂

= · · ·
∫
M

â†(r)
2
â(r)2 dr â(r) =

∑
ν

b̂νϕν(r)

= · · ·
∑

νν′µµ′
b̂†ν b̂
†
ν′ b̂µb̂µ′

∫
M

ϕ
∗
ν(r)ϕ∗ν′ (r)ϕµ(r)ϕµ′ (r) dr b̂0|N0· · ·〉 =

√
N0|N0−1· · ·〉 ≈

√
N0|N0· · ·〉

≈N0
0 · · · + N

1
2

0 · · ·︸ ︷︷ ︸
≈0

+N1
0 · · · + N

3
2

0 · · · + N2
0 · · ·

∫
M

ϕ0 · · · dr = ϕ0

∫
M

· · · dr∫
M

ϕνϕν′ dr =
∫
M

ϕ∗ν∗ϕν′ dr = δν′ν∗

≈N0

(
gN0
2V
−µ

)
+

gN0
2V

∑
ν 6=0

((
b̂
†
ν b̂
†
ν∗+b̂ν b̂ν∗

)
+

(
Eν−µ+

2gN0
V

)
b̂
†
ν b̂ν

) b̂ν = uν B̂ν + vν B̂
†
ν∗[

B̂ν , B̂
†
µ

]
= δµν

[
B̂ν , B̂µ

]
= 0

= · · · + B̂†ν B̂ν · · · +
(
B̂†ν B̂

†
ν∗ + B̂ν B̂ν∗

)
· · ·︸︷︷︸
=0

uν
vν

}
= ±

√√√√± 1

2
+

1

2

√
1 +

(
gN0

V εν

)2

=N0

(
gN0

2V
− µ

)
+
∑
ν 6=0

εν −
√
ε2
ν+
(

gN0
V

)2

2
+ εν B̂

†
ν B̂ν εν =

√(
Eν − µ + 2

gN0

V

)2

−
(

gN0

V

)2
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Effective grand-canonical potential

Ωeff = −kBT ln(Z) ≈ N0

(
gN0

2V
− µ

)
+
∑
ν 6=0

εν −
√
ε2
ν +

(
gN0
V

)2

2
+kBT

∑
ν 6=0

ln

(
1− e

− εν
kBT

)

εν =

√(
Eν − µ + 2

gN0

V

)2

−
(

gN0

V

)2

=̂ Bogoliubov dispersion

Elimination of ground-state occupation

∂Ωeff

∂N0

!
= 0 ⇒ N0 =

V

g
µ+

∑
ν 6=0

(
1−

2Eν + µ√
Eν (Eν + 2µ)

(
1

2
+

1

e

√
Eν (Eν+2µ)

kBT − 1

))
+ · · ·

Ω ≈ −
V

2g
µ2 +

∑
ν 6=0

√
Eν (Eν + 2µ)− Eν − µ

2
+ kBT

∑
ν 6=0

ln

(
1− e

−
√

Eν (Eν+2µ)
kBT

)
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Experimental motivation for investigating box-shaped gases

Digital micro-mirror device (DMD)

number of pixels: ∼ 106

pixel size: ∼ 10µm

refreshrate: ∼ 10kHz

first publication using this device:
Gaunt, A. L., Schmidutz, T. F., Gotlibovych, I., Smith, R. P.

& Hadzibabic, Z. Bose–Einstein condensation of atoms in a

uniform potential. Phys. Rev. Lett. 110, 200406 (2013)
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Experimental realization so far
Varying trap dimensionality and particle type

Navon, N., Smith, R.P. & Hadzibabic, Z. Quantum gases in optical boxes. Nat. Phys. 17 (2021)
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Experimental success so far
Varying degree of perturbation

Bose-Einstein condensation

Navon, N., Smith, R.P. & Hadzibabic, Z. Quantum
gases in optical boxes. Nat. Phys. 17 (2021)

Sound in BKT superfluid

Ville, J. L. et al. Sound propagation in a uniform superfluid two-dimensional Bose gas. Phys.
Rev. Lett. 121, 145301 (2018)

Kibble-Zurek phenomena

Navon, N., Gaunt, A. L., Smith, R. P. & Hadzibabic, Z. Critical dynamics of spontaneous
symmetry breaking in a homogeneous Bose gas. Science 347 (2015)
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Cancelling ultraviolet divergencies for 3D box

Ek =
~2‖k‖2

2m

Regularization of quantum fluctuations

1

2

∑
k∈ 2π

L
Z3\0︸ ︷︷ ︸

≈( L
2π )3 ∫

R3
dk=( L

2π )3
4π lim

Λ→∞

Λ∫
0
dk k2

 ~‖k‖
√

2m

√
~2‖k‖2

2m
+ 2µ−

~2‖k‖2

2m
− µ



≈
L3

(2π)2
lim

Λ→∞

(
1

5

~2

2m
Λ5 +

1

3
µΛ3 −

1

2
µ2 2m

~2
Λ +

4

15
µ

(
~

√
4mµ

)−3

−
[
~2

2m

1

5
k5 + µ

1

3
k3

]Λ

0

)

=
8

15π2

m
3
2

~3
L3µ

5
2 −

1

4π2

m

~2
L3µ2 lim

Λ→∞
Λ
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Renormalization of interaction strength

σ =
1

4π
(

~2

mg
+ (2π)−3

∫
R3

1
‖k‖2 dk

)2

!
=

1

4π
(

~2

mgR

)2

1

g
=

1

gR
−

m

~2
(2π)−3

∫
R3

1

‖k‖2
dk

︸ ︷︷ ︸
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Λ∫
0

k2

k2 dk=4π lim
Λ→∞

Λ

Finite grand-canonical potential

Ω ≈ −L3

2
µ2

(
1

gR
− 1

2π2

m

~2
lim

Λ→∞
Λ

)
+

8

15π2

m
3
2

~3
L3µ

5
2 − 1

4π2

m

~2
L3µ2 lim

Λ→∞
Λ + · · ·

= − 1

2gR
L3µ2 +

8

15π2

m
3
2

~3
L3µ

5
2 + kBT

∑
k∈ 2π

L
Z3\0

ln

1− e
−

~‖k‖√
2m

√
~2‖k‖2

2m
+2µ

kBT


Author: Möhnen, Til Bose gases in confinements of finite size 18/ 19



PHYSIK Exp I Sphere Interaction Exp II Divergence Outlook

Outlook for master’s thesis
Finite-size effects of 2D Box

Derivation of grand-canonical potential analogous to 3D box except...

Infrared divergency in addition to ultraviolett divergency

Scattering theory more complicated

Include superfluidity by considering additional contribution in Hamiltonian

T

ns
n

TBKT

1

0
0

n0
n

=TBEC T~TBKT

1

0
0

ns
n

TBEC=0
?

Thermodynamic limit Finite system

h2ns
mkBTBKT

= π
2

Nelson criterion

n0
n ?
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