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Introduction: History of Many-Body theory

• Functional integral with Grassmann fields

• Hubbard-Stratonovich transformation:

Effective action of bosonic pairing field (*)

• Saddle point approximation: BCS-pairing below 𝑇pair
• Gaussian fluctuation of pairing field around

saddle point: BCS-BEC crossover at 𝑇c
• Technical problems:

1. Above 𝑇pair: ideal Fermi gas

2. Gaussian fluctuation is numerically demanding

Fig.: BCS-BEC crossover phase diagram (**), originally published in (*).

(*) C. A. R. Sá de Melo, Mohit Randeria, and Jan R. Engelbrecht, Phys. Rev. Lett. 71, 3202 (1993)

(**) C. A. R. Sá de Melo, Physics Today (2008)
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Mean-field approach: HFB-approximation
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Mean-field HFB-approximation

MF-BCS theory (*)

(*) A. Becker, Master thesis, Technical University of Kaiserslautern (2021)

(*)

• Second quantised Hamiltonian

• Two-body contact interaction 𝑔 ∝ 𝑎s
• Quartic interaction → quadratic operators with 

mean-field expectation values

• Classification of interaction channels: 

HFB-approximation



• Fourier transformation for diagonalisation

• Choice of interaction channels leads to different 
models:

-BCS-Bogoliubov model (*): 

• Condensation below 𝑇pair
-Hartree model:

• Normal fluid with Hartree-interaction

• Fock Contribution vanishes due to contact 
interaction

-Hartree-Bogoliubov model:

• Condensation + Hartree-interaction

Mean-field approach: Different models
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(*) A. Becker, Master thesis, Technical University of Kaiserslautern (2021)



• Bogoliubov channel for condensation

• Diagonalisation: Bogoliubov transformation

• Thermodynamic potential

→Order parameter equation:

→Particle number equation:

• Equivalent to saddle point approximation of 
functional integral formulation

Mean-field approach: BCS-Bogoliubov model
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BCS-density equation

renormalised

BCS-order parameter equation

r



Mean-field approach: Hartree model

• Hartree-interaction between fermions

• Thermodynamic potential

→Particle number equation:

→Hartree equations:
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Coincidence with result from effective 

single-body approximation approach of 

Hartree-Fock theory (*), ΓF = 0 for 

contact interaction

(*) G. Czycholl, Theoretische Festkörperphysik Band 1 (4 ed.), Springer (2016)

Li𝑠(𝑥)

= ∑
𝑛=1

∞ 𝑥𝑛

𝑛𝑠

Hartree-density equation 𝜆 =
2𝜋ℏ2
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• Taking Hartree- and Bogoliubov channels:

Interaction and condensation

• Extremalisation of thermodynamic potential:

: Order parameter equation

: Hartree equation

: Particle number equation

• Results:

- 𝑇pair
(B)

 < 𝑇pair
(HB)

- Δ(B) < Δ(HB)

Mean-field approach: Hartree-Bogoliubov model
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renormalised

HB-order parameter equation

HB-density equation

r



Mean-field approach: Trapped Fermi gas with LDA

• Harmonic trapping potential:

𝑉( Ԧ𝑥) =
𝑀

2
∑
𝑖=1

3

𝜔𝑖
2𝑥𝑖

2

• Local Density Approximation (LDA)

𝜇 → 𝜇 − 𝑉( Ԧ𝑥) ⇒ 𝑛 → 𝑛( Ԧ𝑥)

• Experimental parameters and measured quantities: 

   1/𝑘F𝑎s ,(𝜔1, 𝜔2, 𝜔3) ,𝑁

• Free fitting parameters: 𝑇, 𝜇

⇒ Choose 𝑇 and fit 𝜇 for 𝑁 = ∫ 𝑑3𝑥𝑛( Ԧ𝑥)
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Fig.: Critical temperatures of homogenous(h)(*)- and trapped(t)(**) gas. 

The plot is taken from (***).

(*) C. A. R. Sá de Melo, Mohit Randeria, and Jan R. Engelbrecht, Phys. Rev. Lett. 71, 3202 (1993)

(**) A. Perali, P. Pieri, L. Pisani, and G. C. Strinati, Phys. Rev. Lett. 92, 220404 (2004)

(***) G.C. Strinati, Ch.4: Pairing Fluctuations Approach to the BCS–BEC Crossover, The BCS-BEC Crossover and the Unitary Fermi Gas, Springer (2012)
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Experiment: Normal fluid phase
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1/𝑘F𝑎s = −1.324 → 𝑇 = 0.187𝑇F

Experimental data due to Widera Group



Experiment: Superfluid phase
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1/𝑘F𝑎s = −1.119 → 𝑇 = 0.073𝑇F

Experimental data due to Widera Group



(*) A. Perali, P. Pieri, L. Pisani, and G. C. Strinati, Phys. Rev. Lett. 92, 220404 (2004)

Experiment: Overview
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Experimental data due to Widera Group

(*)

∘  Thermometry by Hartree theory

⋅  Thermometry by HB theory



Conclusion and Outlook
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• Interaction effect is important in both normal- and superfluid phase

→ Hartree-interaction should be included

• Direct thermometry of trapped interacting Fermi gas in BCS-limit achieved

• Application: Machine learning for phase diagram of interacting Fermi gas (*)

→ Supervised learning method with HFB theory

• Problem: Closer to unitarity fluctuations get so important that MF theories fail

→ Remedy: Beyond mean-field HFB theory, or extend variationally HFB theory

(*) M. Link, K. Gao, A. Kell, M. Breyer, D. Eberz, B. Rauf, and M. Köhl, Phys. Rev. Lett. 130, 203401 (2023)



Variational multi-channel mean field theory with finite range
(N. Kaschewski, A. Pelster and C.A.R Sá de Melo)

• Variational approach to action S

• Distribute action between pairing (Bogoliubov) and direct (Hartree) channel via 
variational parameter α:

• Introduce additional saddle point conditions for the Hartree energy and the 
variational parameter

• Renormalization of effective pairing interaction 

 → Dependence on interaction range and density
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Preliminary Result: Homogeneous 6Li gas
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