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The model
Ĥ = ∑

yz
ĥyz + Ĥhop

J’— NN hopping between the chains

Ĥhop = −
J′�
2 ∑

jyz
(b†

jyzbjy+1z + b†
jyzbjyz+1 + h . c . )

—single tube hamiltonianĥyz

Free bosons:

Bosons  
with on-site repulsion

ĥ0
yz = −

J
2 ∑

j
(b†

jyzbj+1yz + h . c . ) − μ1D ∑
j

̂njyz

If J’=0, Tc=0 —1D system

the model is equivalent to the Heisenberg XXZ spin chain in continuum limit [1] 

ĥyz = ∫
L

0 [ ℏ2

2m
∂xΨ†(x)∂xΨ(x) +

g
2

Ψ†(x)Ψ†(x)Ψ(x)Ψ(x) − μ1DΨ†(x)Ψ(x)] dx

[1] D.Straßel, PhD thesis, 2017, A. Seel et al. J. Stat. Mech. P08030 (2007)

Problem: Tc ∝ (J′ �)α,  α = α(g)
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Experimental realisation with   Rb 

[3] Andreas Vogler, Ralf Labouvie, Giovanni Barontini, Sebastian Eggert, Vera Guarrera, and Herwig Ott
Phys. Rev. Lett. 113, 215301 (2014)
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J′�(s) = 4Ers3/4e−2 s,  Er = h2/2λ2mRb

Tunneling amplitude between the chains

3D free Bose gas

Mean field+bosonisation [4]

HFBP corrections: [5] B.Irsigler and A.Pelster, Phys. Rev. A 95, 043610 (2017)

Recoil energy

[4] M. A. Cazalilla et al., New J. Phys. 8, 158 (2006)
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Crossover in free bosonic gas

3D, Continuum limit 

kBTc /J = 2πζ ( 3
2 )

−2/3

n2/3 ( J′�
J )

2/3

Continuum limit (quadratic spectrum) in the direction along the chains

kBTMF
c

J
= 2n

J′�
J

n =
a
λc

ζ1
2 (e−2βcJ′ �)

λeff = 3 λxλyλz ∼ n ⋅ a

λi = a
2πJi

kBTc

Mean-field result

kBTc

J
≃ 1.56n

J′�
J

J′�, J

J

J′�

kBT

kBT
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Crossover in interacting system

Chain Mean-field ansatz:

bjyz = ⟨bjyz⟩ + δbjyz

Mean-field Hamiltonian:

HMF = H0 − 2J′�∑
jyz

(−⟨b†⟩⟨b⟩ + ⟨b†⟩bjyz + ⟨b⟩b†
jyz)

Cumulant expansion (exact):

F = FMF −
1
β

∞

∑
n=1

(−1)n

n! ∫
β

0
dτ1 . . . ∫

β

0
dτnTτ ⟨VMF(τ1) . . . VMF(τn)⟩MF,c

Mean-field free energy Quantum fluctuations: VMF = H − HMF

Expansion in Ψ = ⟨bjyz⟩MF gives Landau free energy

F = a0 + a2Ψ†Ψ + a4(Ψ†Ψ)2 + . . .

From a2 = 0 one gets critical temperature
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Interacting bosons: mean-field level

1 = 2J′�∫
∞

−∞
dx∫

β

0
G(x, τ, T )dτ

Where G(x, τ, T ) = ⟨b†(x, τ)b(0,0)⟩ —correlation function of 1D tube [6]

[6] M. Dugave et al. J. Stat. Mech 1404, P04012 (2014)

[7] M. A. Cazalilla et al., New J. Phys. 8 158 (2006)         

⟨b†(x, τ)b(0,0)⟩ = A−+
00 ( πT

av )
1

2K 1

sinh [( x
v + iτ + iϵ) πT]

1

sinh [( x
v − iτ − iϵ) πT]

1
4K

+ subleading

Luttinger Parameter K(μ1D, g)

kBTc

J
= βMF

0 ( J′�
J )

α

, α =
1

2 − 1
2K

A+−
00 (μ1D, g), v(μ1D, g)and

βMF
0 =

1
π

(v)1−α (A−+
00 sin

π
4K

2 1
2K −1B2 ( 1

8K
,1 −

1
4K ))

α

Non-universal exponent! [7]

K → ∞, α → 1/2Free boson limit
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Interacting bosons: quantum corrections to Tc
We calculate the quantum correction to free energy (first order cumulant vanishes)

F(2) = −
1

2β ∫
β

0
dτ1 ∫

β

0
dτ2⟨TτVMF(τ1)VMF(τ2)⟩MF, VMF = H − HMF

And evaluate the quantum correction to a2

Quantum corrections do not change the critical exponent, but only renormalise the 
prefactor

kBTc

J
= βMF

0 ( J′�
J )

α

→ β0 ( J′�
J )

α

Prefactor satisfies the equation 

2 + C1β−1/α
0 + C2β−3/α

0 = 0
Originates from quantum corrections

C1 = −
3A−+

00

v ( π
v )

1
2K

sin
π

4K
21/2K ( v

2π )
2

B2 ( 1
8K

,1 −
1

4K ), C2 = − 2 ( vA−+
00

π2 )
3

( π
v )

3
2K

2 1
2K −2 sin

π
4K

B2 ( 1
8K

,1 −
1

4K ) ℐ[K ]

ℐ[K ] = ∫
π

0
dτ∫

π

0
dτ2 ∫

+∞

−∞
dx∫

+∞

−∞
dx2 [ 1

sinh[x − iτ]sinh[x + iτ] ]
1

4K

[ 1
sinh[(x − x2) − i(τ − τ2)]sinh[(x − x2) + i(τ − τ2)] ]

1
4K
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Critical temperature: QMC results, 

0 2/3 0,945
0.9 0,704 0,930
-0.9 0,552 0,934
-1 1/2 0,950

n = 0.15

Δ α β0/βMF
0

Free bosons

Fitted exponent
αfit = 0,637 ± 0.008
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Δ=0

Numerics

Mean-field

Quantum corrections

Numerical fit
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Δ=0.9

Numerics

Mean-field

Quantum corrections

Numerical fit
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Δ=-0.9

Fitted exponent
αfit = 0,704 ± 0.010

Fitted exponent
αfit = 0,668 ± 0.009

J′�/J

J′�/J

J′�/J

Tc /J

Tc /J

Tc /J

g = − J
1 + Δ

Δ
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Discrepancy for Δ = − 0.9
Grand canonical measurements in QMC (For more details see D.Straßel, PhD thesis (2017) ) 

n=0.15

=-0.9Δ

[8] W.Xu and M. Rigol, Phys. Rev. A 92, 063623 (2015)
�9



Conclusions

Further questions

1. Non-universal critical exponents, quantitative description by mean-field

3. Strong quantum corrections of higher orders to the critical temperature

2. Quantum corrections of the lowest order do not modify the exponent 

Superfluid density

Non-homogeneous order parameter: Bogoliubov spectrum 

Universality class of O(2) symmetric 
ϕ4 theory in 3D?
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